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Abstract
A number of scientific and technical problems need the calculation of the intersection
volume of spheres with different radii and distances between centers. Present work aims to
summarize previous attempts made in this direction and solve the six-sphere problem for a
special case of practical interest.
1. Problem of intersection volume of spheres
1.1. A single sphere
The problem of intersection volume of spheres is reduced to a trivial problem of classical
geometry [1]: determination of the volume V of the sphere with given radius R1 , which as a
whole is contained inside the intersection of all other spheres:
4 R13
.
(1)
V ( R1 ) 
3
1.2. Two spheres
In the engineering practice, e.g., for determining the moments of inertia of machine
parts [2], the volume of intersection of two spheres with given radii R1 and R2 , and distance
D12 between their centers are calculated numerically. As for the general solution of this
geometrical problem, it was done by us analytically [3] in relation to the physical problem of
calculation of crystalline band structures within an approximation of quasi-classical type. The
matrix elements of the secular equation determining the band structure were expressed by the
volume of intersection of two spheres and then the corresponding formula was obtained:
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V ( R1 , R2 , Di12 ) 

(2)

4 R13
,
3
4 R23
,

3
 ( R1  R2  D12 )2 (( R1  R2  D12 )2  4( R12  R1R2  R22 ))

12 Di12


Di12  R2  R1
Di12  R1  R2
| R1  R2 |  D12  R1  R2

0
D12  R1  R2 .
One can see that, V ( R1 , R2 , Di12 ) is a piecewise algebraic function. It and its partials
derivative V ( R1, R2 , Di12 ) / D12 in the argument D12 are continuous at both of boundaries of
analyticity Di12  | R1  R2 | and D12  R1  R2 . As for the partial derivatives of higher-orders,
they are discontinuous functions.
1.3. Three spheres
It seems that, before 1997 there were made no attempts to determine the volume of the
intersection of three spheres in general – as an explicit function of their radii R1 , R2 , R3 and
distances D12 , D13 , D23 between centers. Although, it was considered a several cases, when
spheres’ parameters are related to each other in a special way [2, 4, 5]; and Gibson & Scheraga
[6, 7] summarizing the previous efforts performed in this direction had generalized Powell’s
formula [4] for the spheres of equal radii. The expressions were derived not only for the case of
spheres of unequal size that insect in pair of points (Figure 1), but also for other types of triple
intersection. However, we should note that these expressions being analytical at the same time
are only implicit representations of the function V ( R1, R2 , R3 , Di12 , D13, D23) .

Figure 1. Representation of tetrahedron formed by centers of spheres at
points A , B , C and point P , which is one of two points common to surfaces
of all three spheres [6]. Here: R1   , R2   , R3   , D12  c , D13  b , D23  a .
In 1997, developing the method of analysis of crystalline electronic energy spectrum
based on the quasi-classically calculated characteristics of atomic orbitals, Chkhartishvili had
demonstrated [8] that the energy and configuration characteristics of quasi-classical electronic
states of crystals can be expressed by the analytical combinations of elliptic integrals. In
particular, the volume of intersection of three spheres was expressed by the linear combination
of elliptic integrals. In 2001, Chkhartishvili had found out [9] that (Figures 2 and 3), the
integrand part standing under the square root is a perfect square. This finding allowed to
conduct the integration in elementary functions and express the required volume as a piecewise
analytic combination of algebraic and inverse trigonometric functions.
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Figure 2. “Three apples”. Cover of
1995 August 21 issue of magazine
‘Chemical & Engineering News’.

Figure 3. First page of paper
(Math. Notes, 2001, 69, 3, 421-428)
bearing explicit analytical solution
of problem of intersection volume
of three spheres.
In particular, when intersection region is bounded by parts of all three spheres or they
intersect in pair of points (Figure 4):
(3)
V ( Ri , R j , Rk ; Dij , Dik , D jk )  Vi  V j  Vk
i, j, k ,  1,2,3 ,

where
Vi 




(4)

H (2d ij d ik  (d  d ) cos ti )
2
ij

2
ik

3 sin ti
dij (3Ri2  dij2 )
3

arccos



dik  dij cos ti
rij sin ti



d  dik cos ti
dik (3Ri2  dik2 )

arccos ij

3
rik sin ti

dij dik  Ri2 cos ti
2 Ri3

arccos
.
3
rij rik
Here H is the half-length of common chord connecting the pair of points, where all
three spheres intersect:
(5)
H2 
2 2
2
2
2
2
2
( Ri R j  Rk Dij )( Dik  D jk  Dij )


2( Dij2 Dik2  Dij2 D 2jk  Dik2 D 2jk )  ( Dij4  Dik4  D 4jk )
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Figure 4. Intersection region, when it is bounded by parts
of all three spheres or they intersect in pair of points.

Figure 5. Line segments linking centers
of spheres and angles between them.

Figure 6. Radius of intersection circle between two spheres
and distances between that circle and centers of spheres.
t i is the angle between line segments linking center of i -sphere with j - and k -spheres

(Figure 5),
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cos ti 

Dij2  Dik2  D 2jk
2 Dij Dik

,

(6)

rij  rji are the radius of the intersection circle between i - and j -spheres (Figure 6),

rij  r ji 

2( Ri2 R 2j  Ri2 Dij2  R 2j Dij2 )  ( Ri4  R 4j  Dij4 )
2 Dij

,

(7)

and d ij and d ij are the distances between that circle and centers of i - and j -spheres,
respectively (Figure 6),
Ri2  R 2j  Dij2
d ij 
2 Dij

(8)

and

d ji 

R 2j  Ri2  Dij2
2 Dij

.

(9)

We can see that, the V ( R1, R2 , R3 , Di12 , D13, D23) is a piecewise combination of algebraic
and inverse trigonometric functions. It and its partials derivatives V ( R1, R2 , Di12 ) / D12 ,
V ( R1, R2 , Di12 ) / D13 , V ( R1, R2 , Di12 ) / D23 , respectively, in arguments D12 , D13 , D23 are

continuous at corresponding boundaries of analyticity. As for the partial derivatives of higherorders, they are discontinuous functions.
In some cases, the intersection volume between three spheres is reduced to that of a pair
of spheres or even a sphere from these three. The general constructing principles of an
algorithm of numerical calculations, according to the obtained formulas, have been formulated
in the Annex of our Monograph [10].
Above solution of the geometrical problem was provoked by the development of a quasiclassical theory of substance [11]. Within this approach, matrix elements of the secular equation,
determining electronic structure of a substance, are analytically expressed by linear
combinations of three-center volume integrals, each of which is reduced to a intersection
volume of threes spheres. The distances between centers of spheres are the distances between
atomic sites of the substance structure; and the radii of spheres are the inner or outer radii of
radial layers of quasi-homogeneity of overlapping electron densities of pairs of constituent
atoms and electric field potential formed by a third atom. Quasi-classical method, including
obtained analytical expression of V ( R1, R2 , R3 , Di12 , D13, D23) , was successfully tested, e.g., for
boron nitride (BN) structural modifications [12].
The application of this expression seems to be useful in the old intersecting spheres
model of molecules developed by Antoci [13 – 16]. Relatively recently, same formula was
utilized [17] to calculate the total energy of protein structures used in biotechnology.
1.4. More than three spheres and applications
Cases of more than spheres are too difficult to be solved in general. Only attempt of such
kind for four, six and twelve spheres belongs to Lustig [5]. All other available reports describe
the numerical algorithms.
A fast computer algorithm was presented [18] for complete analytical calculation of van
der Waals volumes. This algorithm computes overlaps of any order, not only second- and third115
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order atomic spheres overlaps like previously suggested analytical algorithms giving insufficient
numerical approximations of the exact van der Waals volumes. It was noted that, practical
situations frequently involve six-order overlaps. Computed volumes of 63 chemicals were
compared with Monte Carlo measured values.
Frequently, packings of spheres serve as useful models of the geometry of many physical
systems and the description of the void region (not occupied by the spheres), in general,
composed of disconnected cavities is crucial. An algorithm for decomposing void space into
cavities and determining the exact volumes of such cavities in 3D packings of monodisperse and
polydisperse spheres was presented in [19].
In [20], it was presented a simple algorithm for the calculation of the volume of a union
of spheres of different radii based on the ideas of [18]. Analytical formulas for atomic volumes
were derived. This could be achieved without explicit calculation of multiple intersections of
the overlapping atoms. Such ideas were implemented for the calculation of the occupied
volume inside the polyhedra defined by power Voronoi diagram. This allows calculating the
required values for spheres with different radii. Algorithm was applied to the calculation of the
solvation shell volume for complex solute molecules in molecular dynamics models of solutions.

Figure 7. Beta-decomposition idea for 2D molecule [21].

Figure 8. All of 3D space volume primitives
together (including 3D atomic shells) [21].
The mass properties such as the volume of the union of the atoms – given in 3D space set
of spherical balls called atoms – are important for many disciplines, particularly for
computational and structural chemistry and biology. In [21], algorithms that compute the mass
properties of both the union of atoms and their offsets both correctly and efficiently have been
proposed. They employ the beta-decomposition approach (Figure 7) to decompose the target
mass property – volume into a set of primitives (Figure 8) – using the simplexes of the betacomplex. Then, the volume is computed by appropriately summing up the volume
corresponding to each simplex.

Figure 9. Magnetic and fluorescent silica microspheres fabricated by incorporating
maghemite (g-Fe2O3) nanoparticles and CdSe / CdZnS core / shell quantum dots
into silica shell around preformed silica microspheres of sizes  500 nm [24].
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Figure 10. Scanning electron microscopy image of monodisperse hollow
single crystalline magnetite microspheres synthesized at temperature 180 °C
by one-step process through a template-free hydrothermal method [25].

Figure 11. Scanning electron microscopy image of gas-atomized Fe-based
powder with nominal composition Fe74Mo4P10C7.5B2.5Si2. The powder particle
size extends from few up to 50 m and particle surfaces are very smooth [26].

Figure 12. Schematic illustration of the preparation of BN foams with
richly exposed plane edges that terminated with hydroxyl groups [27].
In general, determination of intersection volume of an union of spheres is important for
morphological studies of porous / powdered materials (Figures 9 – 12) – see, e.g., [22 – 27].
2. Determination of constant orientation workspaces
of 6-DOF parallel manipulator “Stewart platform”
Determining the volume of workspace of a Stewart platform is an important technical
problem in the field of robotics because currently the 6-DOF parallel manipulator “Stewart
platform” (Figure 13) is widely industrialized (one of its principal applications is flight
simulator). The results of geometrical optimization of different workspaces of this robot [28]
have to be used in various applications and also helpful in a better analysis of the Stewart
platform itself. So far determination of workspaces of a 6-DOF parallel manipulator has been
done only through analytical and numerical methods.
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Volume of intersection of six spheres:A special case of practical interest.

Figure 13. Stewart platform.

Figure 14. Stewart platform with workspace (big)
spheres and void (small) spheres inside them.

Figure 15. Final volume of intersection of six
spheres, whose value needs to be find out.
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In the geometrical approach, one has to try to find the workspace of the mobile platform
(regular hexagon), resting on all the six legs. For each leg, its workspace is a part of a sphere
whose size depends upon the dimensions of the leg or a void sphere presented inside each of
these spheres (Figure 14). The net volume of workspace of a platform is the sum of these parts.
We have found out the various combinations in which these spheres will intersect. In Figure 15,
it is shown a specific case in combinations of spheres of the legs to achieve the theoretical
workspace of the platform.
So, in general we need to calculate the volume of intersection of six spheres to determine
the workspace volume. On the system under the consideration, the constraints are: (1) equal
radii for all six spheres, and (2) equal distances between centers of nearest pairs of spheres, so
that all centers of the spheres are in the same plane and are the vertices of a regular hexagon.

Figure 16. Intersection of six spheres
and void spheres of different radii.
Apart from the intersection of six spheres, which is the theoretical workspace, due to the
combination of two legs, to which the mobile platform is attached, another (void) sphere crops
up, which intersects with this six sphere intersection. Then, the real workspace, through which
the platform moves, is the six sphere intersection minus the void sphere intersection. Thus,
there are many specific cases, where to compute the final volume we have to find out the
volume of intersection of the intersection of six spheres of equal radii with another sphere of a
different radius. In the Figure 16, the volume of intersection of six spheres and the spheres of
different radii, whose intersection with the former should be calculated, are shown together.
3. Volume of intersection of six spheres in special case
3.1. Volume of intersection of six spheres of equal
radii centered at vertices of regular hexagon
Thus, we consider six spheres with equal radii of R centered at the vertices of a regular
hexagon with sides of D . Denote their intersection volume by the function of these two
variables: V  V ( R, D) . From the Figure 18, we can see that at R  D a pair of spheres centered
at the ends of a hexagon’s large diagonal do not intersect and then the required volume
identically equals to zero: V ( R, D)  0 .
The volume V ( R, D)  0 only at R  D . Let’s analyze this case. Assume that centers of
all the spheres are placed in the xOy plane, i.e., the Oz axis is perpendicular to the hexagon
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plane. When its center coincides with the origin O , at the altitude of z the intersection of a
sphere with the plane parallel to the xOy plane is a circle of radius
(10)
R( z )  R 2  z 2
(Figure 17). At z  0 , spheres are intersected if R( z )  D , which is a condition analogous to the
condition at z  0 .

Figure 17. Regular hexagon with sides of D .

Figure 18. Radius R(z ) of circle of intersection of sphere
with plane parallel to hexagon plane at altitude of z .

Figure 19. Intersection of six identical spheres.
The intersection of six identical spheres is a convex figure bounded by six identical
fragments of all the spheres (Figure 19), for which Oz is the axis of symmetry of order of 6 and
xOy is the plane of mirror reflection. The coordinates of the vertices of the figure are the
solutions of the equation R( z )  D :

z    R 2  D2
and, therefore, the height of the intersection figure is
H  z   z  2 R 2  D2 .

(11)
(12)
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Let S (z ) denotes the cross section area of the figure at the altitude of z . It is evident
that the volume can be calculated as the following integral:
z

R2 D2

z

0

V ( R, D)   dz S ( z )  2

 dz S ( z) .

(13)

In this section, there are six line-segments that connect the spheres’ endpoints with the
central point placed at the Oz axis, which divide this cross section into six identical parts. If we
denote their areas by s(z ) we will have
R2 D2

V ( R, D)  12

 dz s( z) .

(14)

0

Each of these plane figures are bounded by an arc of a circle of radius R(z ) and the two
sides of an equilateral triangle, the third side of which is a chord subtending the said arc
(Figure 20). Consequently, the area s(z ) is equal to the sum of areas of the circle-segment

sSegment(z ) of radius R(z ) and the equilateral triangle sTriangle
(z ) , one side of which coincides
with the chord bounding the segment. Denote the side of the triangle, i.e., chord length, by
X (z ) . The area of the circle-segment can be calculated as the difference between the areas of

(z ) with slopes of R(z ) and base
the corresponding sector sSector (z ) and isosceles triangle sTriangle
of X (z ) . Thus we can write down:

s( z )  sSegment( z)  sTriangle
( z) 

(15)



 (sSector ( z )  sTriangle
( z))  sTriangle
( z) 


 sSector ( z)  (sTriangle
( z )  sTriangle
( z )) .

Figure 20. One of six identical parts of cross section of
intersection of six identical spheres at altitude of z (I).
According to the law of cosines,

R 2 ( z )  D 2  X 2 ( z )  2 DX ( z ) cos

5
6

(16)

and then
121

Volume of intersection of six spheres:A special case of practical interest.

1
3
X ( z)  R2  D2  z 2 
D.
(17)
4
2
Since the base of the isosceles triangle equals to a side of the equilateral triangle X (z ) ,
and the difference in heights of these triangles at any altitude is D , the difference of their areas
is easily calculated:
1
1 
1
3 


sTriangle
( z )  sTriangle
( z )  DX ( z )  D  R 2  D 2  z 2 
D.
(18)
2
2 
4
2 
It is convenient to calculate separately its contribution in the required integral:
R2 D2

VTriangles  6 D


0




1
3 
dz  R 2  D 2  z 2 
D  
4
2



(19)

3
R2  D2
3
D(4 R 2  D 2 ) arcsin 2
 D 2 3( R 2  D 2 ) .
2
2
4
4R  D
2

Figure 21. One of six identical parts of cross section of
intersection of six identical spheres at altitude of z (II).
From Figure 21, we find the sector angle  (z ) :

1
3
R2  D2  z 2 
D
1
4
2
 ( z )  2 arcsin
.
2
R2  z 2
Thus, area of the sector is

(20)

1
3
R2  D2  z 2 
D
1
1
2
2
2
4
2
sSector ( z )   ( z ) R ( z )  ( R  z ) arcsin
.
2
2
R2  z 2
As for the corresponding contribution in the required integral, it equals to

(21)
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R2 z2

VSector  12


0

 8R3 arcsin

1
3
R2  D2  z 2 
D
1
4
2
dz ( R 2  z 2 ) arcsin

2
R2  z 2

(22)

R2  D2 1
R2  D2 1 2
2
2

D
(
12
R

D
)
arcsin
2
 D 3( R 2  D 2 )
2
2
2
2
4R  D
4
4R  D
2

and we get
V ( R, D)  VSector  VTriangles 

(23)

R 2  D 2 (12 R 2  D 2 ) D
R2  D2

arcsin
2
 D 2 3( R 2  D 2 ) .
2
2
2
2
4R  D
2
4R  D
As expected the resulting formula gives 0 when R  D ,
V ( R, D) R D  0 ,
 8R3 arcsin

while at R  D asymptotically tends to the volume of sphere:
4 R3
V ( R, D) R  D 
.
3
Finally, the problem’s solution is the following expression:
V ( R, D) 
0

 8R3 arcsin

R2  D2  2 D2 
R2  D2



6
R

D
arcsin
2
 D 2 3( R 2  D 2 )
4 R 2  D 2 
2 
4R2  D2

(24)

(25)
(26)

RD
R  D.

3.2. Volume of intersection of six spheres of
equal radii with spheres of different radii
Is the intersection of the intersection of six spheres of equal radii, centered at vertices of
a regular hexagon, with the sphere of a different radius, centered in the hexagon plane, same as
the intersection of two spheres of unequal radii? In general, it is not. But, for some constrains
for geometric parameters, the standard formula of the volume of intersection of two spheres
will work.
As above R is the radius of a sphere, one of six spheres with equal radii centered at the
vertices of a regular hexagon, D is the side of that regular hexagon, and R  D is the condition
of existence of the intersection between these six spheres. For given R and D , the shortest
distance X from the center of the regular hexagon to the surface of a sphere with radius R can
be calculated as:

D2
3D

.
(27)
4
2
Let’s introduce two additional geometric parameters: r – the radius of the sphere that
intersects with one of six spheres with radius of R and d – the distance between centers of
spheres with radii R and r . Note that, here we consider the symmetric case, when centers S
and s of two spheres with radii R and r , respectively, and center O of regular hexagon are
located at same line (Figure 22).
Asymmetric cases also can be considered analytically, but relations will be significantly
complicated.
X  R2 
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Figure 22. Radii and distances between
centers of two intersected spheres.

Figure 23. Critical radii and critical distances
between centers of two intersected spheres.
From the Figure 23, one can see that there are two critical distances, d1 and d 2 , between
centers of spheres with radii R and r :
(28)
d1  D
and
2X
d2  D 
,
(29)
3
and correspondingly two critical values r1 and r2 of the sphere with radius r :
dD
r1 
(30)
2
and

r2  (d  D)2  3 (d  D) X  X 2 .

(31)

There are three different cases:
–
when 0  d  d1 general formula for intersection of two spheres does not work;
–
when d1  d  d2 general formula for intersection of two spheres works if 0  r  r1 ; and
–
when d2  d   general formula for intersection of two spheres works if r1  r  r2 .
When the formula works, the volume V ( R, r , d ) of intersection of two spheres is
continuous piecewise algebraic function of variables R , r and d :
(32)
V ( R, r , d ) 


4 r 3
3

0d  Rr
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 ( R  r  d )2 (( R  r  d )2  4( R 2  Rr  r 2 ))
12d

| R  r | d  R  r

0
Rr d .
Note that, the condition 0  d  r  R , when the volume of intersection of two spheres
coincides with the volume 4 R3 / 3 of a sphere of radius R is excluded in the system under the
consideration because the intersection of six spheres is only a part of a sphere with radius R .
4. Conclusions
Above described general procedure on how to determine the volume of intersection of
six spheres with all the constraints was successfully applied to volume computation in a number
of specific cases in the field of parallel manipulators.
Regarding the numerical application of the formula for intersection volume of two
spheres in the Stewart platform problem, it has proven that in  30 % of tested cases it was
found to be applicable. In the rest  70 % of cases, if d is between d1 and d 2 , r was found to
be greater than r1 (which is violation of a condition) and if d is itself greater than d 2 , then r
was greater than r2 (violation of other condition), what makes these cases indeterminable.
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