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Abstract

Let G be a connected graph of order at least 2 and S < V(G), the Steiner distance d.(S) among
the vertices of S is the minimum size among all the connected subgraphs whose vertex sets
contains S. In this paper, we calculate the Steiner distance and Steiner distance parameters such
as Steiner Wiener index, Steiner degree distance, Steiner Gutman index, Steiner Harary index
and Steiner reciprocal degree distance of a double wheel graph.
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Introduction

All graphs considered in this paper are undirected, finite and simple. For a graph G(V, E) and
a set S € V(G) of at least two vertices, the S-steiner tree or Steiner tree connecting S is a
subgraph T(V,E) of G that is a tree with S € V. The Steiner distance d.;(S) among the vertices
of S is the minimum size among all connected subgraphs whose vertex set contains S. The
Steiner distance of a graph, introduced by Chartrand et al., is a natural generalization of the
concept of the distance in graphs[4] .

X.Li et al.[5] generalized the concept of Wiener index in terms of Steiner distance. The
Steiner Wiener index, SW, (G), of G is defined as

SW(G) = Z d; (S).

scv(G),
IS|=k

Recently, Gutman[7] generalized the concept of degree distance by using Steiner distance
and termed it as Steiner degree distance. The Steiner degree distance, SD D, (G), of the graph G
is defined by

SDD(G) = Z [Zdega(wlda(sy
SEV(G), VES
|S|=k
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Recently, Y. Mao and K.C. Das[9] introduced the concept of Steiner Gutman index by using
Steiner distance. The Steiner Gutman index, SGut; (G), of a graph G is defined by

[ [¢ess

Scv(6), |:1765
[S|=k

In 2018, Y.Mao[10] generalized the concept of Harary index in terms of Steiner distance.
The Steiner Harary index of a graph G is defined as

SGut,(G) = dg(S).

1

SH,(G) m

Scv(G),
[S|=k

In 2019, A.Babu et.al[1] introduced the concept of Steiner reciprocal degree distance of a
graph G and it is defined as

Xvesdege(v)]

SRDD,(G) = 705

scv(6)
IS|=k

A Double Wheel graph, denoted by DW,, is the graph 2C,, + K; in which there are two copies
of cycles of order n whose vertices are all connected to a central vertex. The vertex
corresponding to K; is known as apex. Clearly, |V(DW,,)| = 2n + 1 and |E(DW,)| = 4n. (See
FIGURE. 1)

’ 7

FIGURE 1. DWjg
X.Li et al.[6] computed the Steiner wiener index of wheel graphs. Followed by the results
in[6] , V.Sheeba Agnes et al.[12] obtained the Steiner degree distance, Steiner Gutman index,
Steiner Harary index and Steiner reciprocal degree distance of the wheel graphs.
In this paper, we obtain the Steiner distance and the Steiner parameters such as Steiner
Wiener index, Steiner degree distance, Steiner Gutman index, Steiner Harary index and Steiner
reciprocal degree distance of the double Wheel graph.
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Steiner Distance of Double Wheel graph

In this section, we obtain the Steiner distance of the double Wheel graph.

Theorem 1. Let G be a double wheel graph with n > 3 vertices. Let k > 2 be an integer and S
be a subset of G with |S| = k. Thenk —1<d;(S) <k,if2<k <2nandd;(S) =k —1,if
k=2n+1.

Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be
the apex of G and let U; = {uy,u,,...,u,} be the set of vertices of the cycle C; and U, =

{uy, uj,..., u,} be the set of vertices of the cycle C,. Then V(G) = U; U U, U {x}.

Let S < V(G) such that |S| = k, where k > 2 is an integer.

Case (i): 2 <k < 2n.

Here we consider two subcases;

Subcase (la:2<k<n

LetS € V(G) with |S| = k.Clearlyx e Sorx ¢ S.

Suppose x € S. Then the remaining k — 1 vertices belongs to U; U U,. Since x is adjacent to all
the vertices of U; and U,, we obtain an optimal steiner tree T with x as centre and k — 1 vertices
as leaves. Hence G[S] has k — 1 edges.

Now if x ¢ S, then S contains the set of vertices of the cycles of G.

Suppose S < U; with |S| = k.

If S is a set of k consecutive vertices, which belongs to U,, then the subgraph formed by S is a
path with k — 1 edges and we obtain a steiner tree on k vertices with k — 1 number of edges.
Thus G[S] has k — 1 edges.

If S is a set of k vertices which contains at least one non-consecutive vertex, then we obtain an
optimal steiner tree T which is a star with x as centre and k vertices as leaves. Thus the subgraph
G[S] has exactly k edges and hence d;(S) is either k — 1 or k.

If S < U,, by similar argument as above, we get d (S) as either k — 1 or k.

Now we consider aset S = S, U S, with |S| = k, where S; € U; and S, € U, with |S;| = a
and |S,| = b respectively, such that a + b = k. By the structure of G, x is adjacent to all the
vertices of U; and U,. Hence we obtain a connected subgraph induced by the vertices of S as a
star with x as centre and k vertices of S as leaves, which is the optimal steiner tree with k edges.
Thus d;(S) = k.

Subcase (i)b:n+1<k<2n

Clearlyx e Sorx ¢ S.

Suppose x € S. Then the remaining k — 1 vertices belongs to U; U U,. Since x is adjacent to all
the vertices of U, and U,, we obtain an optimal steiner tree T with x as centre and k — 1 vertices
as leaves. Hence G[S] has k — 1 edges.

Suppose x & S. We consider aset S = S; U S, with [S| = k, where S; € U; and S, € U, with
|S;:] = a and |S,| = b respectively, such that a + b = k. By the structure of G, x is adjacent to
all the vertices of U; and U,. We obtain a connected subgraph induced by the vertices of S as a
star with x as centre and the k vertices of S as leaves, which is the optimal steiner tree on k
edges. Thus d;(S) = k.
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Thus d;(S) is either k — 1 or k.
Case (ii):k=2n+1
Let S € V(G) with k = 2n + 1. By the structure of G, there exists a spanning tree with x as
centre and the remaining 2n vertices as leaves. This tree has 2n edges. Thus G[S] has 2n + 1 —
1=k —1edges. And hence d;(S) =k —1
This completes the proof.
Steiner Wiener index of Double Wheel graph
In this section we obtain the Steiner wiener index of double wheel graph.
Theorem 2. Let G = DW,, be a double wheel graph with n > 3 vertices. Let k be an integer
with2 < k < 2n+ 1. Let S be a subset of V(G) with |S| = k. Then

1. SW,(G) = 2n ifk=2n+1.

2. SW(G) = k n+1[2a k-1- n(Z) (k_rlz_a) (k = 1)]

T2 B () () O] ifn+1 < ke < 2n.

3. SW(G) = k_l)(k —D+2[k(}) —n] + 1o () (" DR, i 2 < k <.
Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be
the apex of G and let U; = {uy,u,,...,u,} be the set of vertices of the cycle C; and U, =
{uy, uj,..., u,} be the set of vertices of the cycle C,. Then V(G) = U, U U, U {x}.
Let S € V(G) such that |S| = k, where k > 2 is an integer.
Case (i): k =2n+ 1.
In this case S contains all the vertices of G. By Theorem 1, d;(S) = k — 1 = 2n. Therefore,

AGEEND WA
[S|=2n+1
= 2n.

Case (ii):n+1<k<2n.
Let S be a set of vertices with |S| = k. Clearly x € Sorx & S.
Suppose x € S. Then by Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all
the remaining k — 1 vertices of the cycles C; and C,. The k — 1 vertices can be chosen as
follows; either a number of vertices in C; and (k — 1) — a vertices in C, or a number of vertices
inC,and (k —1) —averticesinC;,1<a<k-—1.
Therefore, ¥isi=x dg (5) = EZns1[Zazk-1-2(3) (,1_o) (k — D],
Suppose x & S. By Theorem 1, We have d;(S) = k. Since x ¢ S, S contains the vertices of
U; U U,. Hence S is a set with a vertices of cycle C; and k — a vertices of the cycle C, or Sis a
set with a vertices of C, and k — a vertices of C;,1 < a < k. Therefore,

RACE 22 [ 2. kfa)(k)].

|S|=k k=n+1
Hence,
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o) (k)] .

SW(6) = [ )G=D|+
k=n+1 lLa=

1= k= n+1[a k—-n
Case (iii):2<k<n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the two cycles.
Here the remaining k — 1 vertices can be chosen from the vertices of cycles in (,*" ) ways.

Therefore, ¥ yes dg (S) = (") (k — 1).
Suppose x & S. Then by Theorem 1, we have k — 1 < d;(S) < k. Also S contains the vertices
of cycles of G. Therefore S € U, orS € U, or S € U; U U,.
Let S € U;. First we consider S to be set of consecutive vertices of the cycle C;. Then there are n
such sets for n > k and d;(S) = k — 1. Therefore we get, Y.scy, dg (S) = n(k — 1).

If S is a set of k vertices of C; which contains at least one non-consecutive vertex, then there
are [(7) — n] such sets with d(S) = k
Therefore Y5y, dg (S) = [(}) — n](k) +nk — 1).
Similarly, if S € U,, we have, Yscy, dg () = [(}) — n](k) + n(k — 1).
Now we consider aset S = §; U S, with |S| = k, where §; € U; and S, < U, with either
|S;] =aand |S,| =k —aor|S,| =aand |S;| =k —a,1 < a < k respectively.
By Theorem 1, we have d;(S) = k. Hence,

> dG(S)—ZL >, kfa)(k)].

[S|=k
SWi(6) = (kZ_n )(k—1)+2[k(Z)—n]+

1
Y O )k if 25ksn

1<ask

Therefore,

This completes the proof.

Steiner Degree Distance of Double Wheel Graph
In this section we obtain the Steiner degree distance of double wheel graph.
Theorem 3. Let G = DW,, be a Double wheel graph with n > 3 vertices. Let k be an integer
with2 < k < 2n + 1. Let S be a subset of V(G) with |S| = k. Then
1. SDD.(G) =16n?, if k=2n+1.

5 SDD(G) = T3ty (2n + 3k = 3) Xk 1 n(3) (1) (k = D]

+ Zil el @n 4+ 3K) Xion(3) (1) (R, if n+1 <k < 2n.
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3 SDD(G) = [[2n + 3k — 31(2")| Gk — 1) + 6k[k(}) — n] +

+Xk= 2[3k Yia=k- n(n) (kﬁa)(k)]. If 2<k<n.

Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be

the apex in G and Let U; = {u4, uy, ..., u,} be the set of vertices of the cycle C; and U, =

{uy, uy, ..., u,} be the set of vertices of the cycle C,. Then V(G) = U; U U, U {x}.

Let S € V(G) such that |S| = k, where k > 2 is an integer.

Case (i): k =2n+1.

In this case S contains all the vertices of G. By the structure of G, x is adjacent to all the vertices
of C; and C,. Hence we have deg; (v;) = 3, degs(u;) = 3,1 < i < n.and degs;(x) = 2n. Also
by Theorem 1, we have d;(S) =k —1 = 2n.and },csd eg; (v) = 8n. Therefore

SDD,(G) = dg(S)

[Z dege(v)
|S|=2n+1 Lves

= 8n(2n)

= 16n2.
Case(ii):n+1<k<2n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
remaining k — 1 vertices of C; U C,. The k — 1 vertices can be chosen as follows; either a
number of vertices in C; and (k — 1) — a vertices in C, or a number of vertices in C, and
(k —1) —averticesin C;,1 < a < k — 1. Also the degree of each vertex of the cycles is 3.
Therefore, Ydeg;(v) = 2n + 3k — 3. Hence,

[Z degG(v)] dg(S) = Z (2n + 3k — 3) Z (Z) (k _’1‘_ a) (k — 1)].
scv(G) Lves k=n+1 a=k—-1-n

IS|=k
Suppose x & S. By Theorem 1, we have d;(S) = k. Here we consider S = S; U S, with |S| =
where S; € U; and S, € U, with |S;| = aand |S,| =k —a,1 < a < k respectively. The degree
of each vertex of the cycles is 3. Therefore Zde ge () = 2n + 3k. Hence

[Z dege ()| dg(s) = Z (2n + 3k) Z " (k)]
scv(G) Lves k=n+1 a=k-n

|S|=k
Therefore,

SDDk(G)sznH (2n+3k—3)aZn _1_a)(k—1) +

n
(2n + 3k) (k)
2l 20
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Case (iii): 2 < k < n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the two cycles.

Here the remaining k — 1 vertices can be chosen from the vertices of cycles in (,*" ) ways.
Hence, Yscv ) d ege(v) = [2n + 3k — 3] szl).
Therefore,

45 = |@n+3k-3) (kz_"l)] (k1.

D degs)

Scv(G) Lves

IS|=k
Suppose x & S. By Theorem 1 we have k — 1 < d;(S) < k. Also S contains the vertices of
cycles of G. Therefore S € U; orS € U, or S € U; U U,.

Let S < U;. First we consider S to be a set of consecutive vertices of the cycle C; of G. Then
there are n such sets for n > k, and d;(S) = k — 1. The degree of each vertex in S is 3. Then
Yu, d egs(v) = 3kn. Therefore we get,

If S is a set of k vertices of cycle C; which contains at least one non-consecutive vertex, then
there are [(}) — n] such sets with d(S) = k. The degree of each vertex in S is 3. Then,

Zdegc(v) - 3k[()—n]

ScuU;
Therefore,

[ ] n

Z Z dege()|de(s) = 3k [(k) — 1| (k) + 3kn(k - 1).
scu; Lves ]

Similarly, if S € U,, we have,

Z Z dege()|de(S) = 3k [(Z) —n (k) + 3kn(k - 1).
scu, Lves

Now we consider another set S = 51 U S, with |S| = k, where S; € U, and S, < U, with

|Si] = aand |S,| = k —a,1 < a < k. Also the degree of each vertex of the cycles is 3. By

Theorem 1, we have d;(S) = k. Therefore ¥ ,esd ege (v) = 3k(“)(k” ). Hence,

d eg ()| dg(S) 3k BIG
Daenfu = Y ¥ () )]

SCU,uU2 LES a=k—-n

Therefore,
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SDDk(G)zl[2n+3k—3]<k2n1) (k—1)+6k[ ( )—n]+

Zn: [3k Zn: " (k)

k=2 =k—-n

This completes the proof.
Steiner Gutman index of Double Wheel Graph
In this section we obtain the Steiner Gutman index of double wheel graph.
Theorem 4. Let G = DW,, be a Double wheel graph with n > 3 vertices. Let k be an integer
with 2 < k < 2n + 1. Let S be a subset of V(G) with |S| = k. Then
1. SGuty(G) = 36n*, if k = 2n + 1.

5 SGut(G) = Xilpsa[Eomk-1-n[18an(k — 1 — )] (3)(,_7_ ) (k — D]

k n+1[2a k-n 18an(k - a)] (Z)(kfa)(k)]’

ifn+1<k<2n.

g SGute(6) = [on(k — (7)) + 23[k(}) — n] +

+ Y0 Bk X okn (D) (P )B)], if 2 <k <.

Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be

the apex in G and Let U; = {uy,u,,...,u,} be the set of vertices of the cycle C; and U, =

{uy, uy, ..., u,} be the set of vertices of the cycle C,. Then V(G) = U, U U, U {x}.

Let S < V(G) such that |S| = k, where k > 2 is an integer.

Case (i): k =2n+ 1.

In this case S contains all the vertices of G. By the structure of G, x is adjacent to all the vertices

of C, and C,. Hence we have deg;(v;) = 3, degg(u;) = 3,1 <i < n.and degs;(x) = 2n. Also

by Theorem 1, we have d;(S) = k — 1 = 2n. and [[,es d egs (v) = 18n3.

SGut(€) = ) [1_[ d eg(;(v)] dg(S)
|S|=2n+1 Lves

= 18n3(2n)

= 36n*.
Case (ii):n+ 1<k < 2n
Let S be a set of vertices with |S| = k. Clearly x € Sorx & S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
remaining k — 1 vertices of C; U C,. The k — 1 vertices can be chosen as follows; either a
number of vertices in C; and (k — 1) — a vertices in C, or a number of vertices in C, and
(k —1) —averticesin C;,1 < a < k — 1. Also the degree of each vertex of the cycles is 3.
Therefore, [[deg;(v) = 18an(k — 1 — a). Hence,
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2n n
do($)= ). [ [8ank—1-a1(0)(, _7_)k=D.
a=k—-1-n

k=n+1

[]_[ dego(v)
Scv(G) Lves
[S|=k

Suppose x & S. By Theorem 1, we have d;(S) = k. Here we consider S = S; U S, with |S| =k,
where S; € U; and S, € U, with |S;| = aand |S,| = k —a,1 < a < k respectively. The degree
of each vertex of the cycles is 3.

Therefore, [[deg;(v) = 18an(k — a).

Hence,

Ysev(e) [[vesd ege(v)] dg(S) = 12<Zn+1[ a=k-nl18an(k — a)] (n)(k a)(k)]
|S|=k

2n n
SGut(©) = ) [ [8ank - 1-a(0)(, 7 _ )Gk 1)]
a=k—1- n

o + Z [Z 18ante —a)] () (, _ ) (k)]'

k=n+1
Case (iii): 2 <k <n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the two cycles.

Here the remaining k — 1 vertices can be chosen from the vertices of cycles in (kz_”l) ways.
Hence, [Tscy ) d egs (v) = [6n(k — 1)](,>"). Therefore,

[H d egG(v)] d(S) [6n(k —1)2 ( an 1)] .

Suppose x & S. By Theorem 1, we have k — 1 < d;(S) < k. Also S contains the vertices of
cycles of G. Therefore SCc U;orSc U,orSc U; U U,
Let S € U,. First we consider S to be a set of consecutive vertices in the cycle C; of G. Then
there are n such sets for n > k, and d;(S) = k — 1. The degree of each vertex in S is 3. Then
[Ty, d ege(v) = 3*n Therefore we get

Also S is a set of k vertices of C; which contains at least one non-consecutive vertex, then
there are [(}) — n] such sets with d(S) = k. The degree of each vertex in S is 3. Then,

dege(v) = 3¢[(") =nl.
51;[1 9e () [(k) ]

Therefore,

Z [l_[ dege (v)] d.(S) = 3k [(Z) —n| (k) + 3*n(k - 1).
SCU,

VES
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Similarly, if S € U,, we have,

z 1_[ dege (v)] do(S) = 3k [(Z) —n| () + 3*n(k - 1).

ScU, Lves
Now we consider another set S = §; U S, with |S| = k, where S; € U, and S, € U, with
|Si] = aand |S,| = k —a,1 < a < k respectively. Also the degree of each vertex of the cycles

is 3. By Theorem 1, we have d(S) = k. Therefore [[,esd ege(v) = 3a.3(k — a)(7)(,")-

Hence,
[]_[deg(;(v)] () Z [9a(k—a) Z " (k)]
SCU,UU2 LveS a=k-n
Therefore,
SGut, (G) = [6n(k —1)? ( 2n1>] + 2.3k [k (Z) - n]
ey 0" o)

This completes the proof.

Steiner Harary index of Double Wheel Graph

In this section we obtain the Steiner Harary index of double wheel graph.

Theorem 5. Let G = DW,, be a Double wheel graph with n > 3 vertices. Let k be an integer
with 2 < k < 2n+ 1. Let S be a subset of V(G) with |S| = k. Then

1. SH.(G) = i if k=2n+1

2. SHk(G) = y2n [Zg=k—1—n(g)(k_1;_a)]

k=n+1 1

+2k n+1w, if n+l<k<2n
SH(®) = () e + 2 () -l + 5

ey zz=k_n£z>(kfa)1

if 2<k<n.

Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be
the apex in G and Let U; = {u4, uy, ..., u,} be the set of vertices of the cycle C; and U, =

{uy, uy, ..., u,} be the set of vertices of the cycle C,. Then V(G) = U; U U, U {x}.

Let S € V(G) such that |S| = k, where k > 2 is an integer.

Case (i): k =2n + 1.

In this case S contains all the vertices of G. By Theorem 1, d;(S) = 2n. Therefore,
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1
SHL(G) = 2 e

|S|=2n+1

1

-1

==

1
% .
Case (ii):n+1<k < 2n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S, By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the cycles C; and C,. The k — 1 vertices can be chosen as follows; either a number of

vertices in C; and (k — 1) — a verices in C, or a number of verticesinC, and (k — 1) —a
verticesinCy,1<a<k-1.

Therefore, ¥ysi-k dg (S) = Xilni1 [E“:"‘l_,?f“l)("‘l‘“)]-
Suppose x & S. By Theorem 1 we have d;(S) = k. Since x € S, S contains the vertices of
U; U U,. Hence S is a set with a vertices of cycle C; and (k — a) vertices of the cycle C,. or S is

a set with a vertices from C, and (k — a) vertices from C;,1 < a < k. And hence

o=y Ea@ )]

[S|=k k=n+1

Therefore,

SH,(G) = z [Zar-1- n( )(k -l |

k=n+1

Ya=i-n(g) (ioq
z[ ()( )]

k=n+1
Case (iii): 2 <k <n.
Let S be a set of vertices with |[S| = k. Clearly x e Sorx ¢ S
Suppose x € S, By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the two cycles.
Here the remaining k — 1 vertices can be chosen from the vertices of cycles in (kz_”l) ways.

Therefore, Y esdg (S) = ) (kl Y

Suppose x & S, Then by Theorem 1wehave k —1 < d;(S) < k. Also S contains the vertices of
cycles of G. Therefore SC U;orS € U, or S € U; U U,.
Let S € U;. First we consider S to be set of consecutive vertices of the cycle C;. Then there are n

1 n

such sets for n > k and d(S) = k — 1. Therefore we get Y.scy, e = o
B _

Also S is a set of k vertices of C; which contains at least one non-consecutive vertex, then
there are [(7) — n] such sets with d(S) = k
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Therefore ZSCU1 o (5) [(n) - ](k) (k 1)
Similarly, if S € Uz,
we have, Y.scy, —= . (S) [(n) - ]@“" (k-1)’

we consider aset S = S; U S, with |S| = k, where S; € U; and S, € U, with |S;| = a and
|S,] =k —a,1 < a < k respectively. By Theorem 1, we have d;(S) = k

Za=k-n(g) (g
ch(s) z[ ()( )|

2 1 2
SH"(G):(k—n1)(k—1)+E[( ) —1

2o (s
z[ 5{)( )|

This completes the proof.
Steiner Reciprocal Degree Distance of Double Wheel Graph
In this section we obtain the Steiner degree distance of double wheel graph.
Theorem 6. Let G = DW,, be a Double wheel graph with n > 3 vertices. Let k be an integer
with2 < k < 2n+ 1. Let S be a subset of V(G) with |S| = k. Then
1. SRDD,(G) =4,ifk =2n+1.
[(@n+3k=3) ¥a—k—1-n(a) (k=1-a)]

k-1 . <<
(090 YickenGGZY ifn+1<k<2n.

SRDDy(G) = k n+1

+2k =n+1
SRDD,(G) = [[Zn + 3k — 3](szl)] L +6 [(”) —nt- =

3. ny n
+2k=2 [3kza =k— n( )(k a)]

if2<k<n.

Proof. By definition, G is the join of K; and two copies C; and C, of cycles of order n. Let x be
the apex in G and Let U; = {uy,u,,...,u,} be the set of vertices of the cycle C; and U, =
{uy, uy, ..., u,} be the set of vertices of the cycle C,. Then V(G) = U; U U, U {x}.
Let S € V(G) such that |S| = k, where k > 2 is an integer.
Case (i): k =2n+1.
In this case S contains all the vertices of G. By the structure of G, x is adjacent to all the vertices
of C, and C,. Hence we have deg; (v;) = 3, degs(u;) = 3,1 < i < n.and degs;(x) = 2n. Also
by Theorem 1, we have d;(S) = k —1 = 2n.and },es d eg; (v) = 8n. Therefore,
Dresdegs(v)]

dg(S)

SRDD,(G) =
|S|=2n+1
=4
Case(i):n+1<k<2n
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.

9937
Eur. Chem. Bull. 2023, 12(Special Issue 4), 9926-9940



Steiner Distance and Steiner Distance Parameters of Double Wheel graph
Section A -Research paper

Suppose x € S, By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
remaining k — 1 vertices of C; U C,. The k — 1 vertices can be chosen as follows; either a
number of vertices in C; and (k — 1) — a verices in C, or a number of vertices in C, and

(k —1) —averticesin C;,1 < a < k — 1. Also the degree of each vertex of the cycles is 3.
Therefore, Ydeg;(v) = 2n + 3k — 3. Hence,

Sresdege@)] Zz [2n+ 3k =3) X2 (™ ()]
d:(S) B k—1 '
SQVUD k=n+1

IS|=k
Suppose x & S. By Theorem 1, we have d;(S) = k. Here we consider S = S; U S, with |S| =k,
where S; € U; and S, € U, with |S;| = aand |S,| = k —a,1 < a < k respectively. The degree
of each vertex of the cycles is 3. Therefore, Y.deg;(v) = 2n + 3k. Hence,

Xvesdege(v)] _ i [(2n + 3k) ZZ:k—n(Z) (kﬁa)] .

SEV(G) d(S) k=n+1 k
IS|=k
2n
B [(Zn + 3k —3) ZZ:k—1—n(Z) (k—rll—a)]
SRDD,(G) = k:znﬂ S +
i [@n+3K) 22 a(D) ()]
- .
k=n+1

Case (iii): 2 <k <n.
Let S be a set of vertices with |S| = k. Clearly x € Sor x ¢ S.
Suppose x € S. By Theorem 1, d;(S) = k — 1. By the structure of G, x is adjacent to all the
vertices of the two cycles.
Here the remaining k — 1 vertices can be chosen from the vertices of cycles in (szl) ways.

Hence, Yscy (o) d ege (v) = [2n + 3k — 3](,2"))- Therefore,

Xvesdege(v)] 2n 1
= [(2n+ 3k —3) -
SCV(G) dg(S) [ (k — 1)] (k—1)
|S|=k

Suppose x & S. Then by Theorem 1, we have k — 1 < d;(S) < k. And S contains the vertices in
cycles of G. Therefore SC U;orS € U, or S € U; U U,.

Let S € U;. First we consider S to be a set of consecutive vertices of the cycle C; of G. Then
there are n such sets for n > k, and d;(S) = k — 1. The degree of each vertex in S is 3. Then
Yu, d egs(v) = 3kn. Therefore we get,

If S is a set of k vertices of C; which contains at least one non-consecutive vertex, then there
are [() — n] such sets with d(S) = k. The degree of each vertex in S is 3. Then,
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z degs(v) = 3k [(Z) — n]

ScU;
Therefore,
Divesd ege(v)] n 1
SCZU NG Bk[(k)—n]z+3knk_1.
Similarly, if S € U,. we have,
Divesd ege(v)] n 1 1
z 2. (5) Bk[(k)—n]z+3knk_1.

SCU,
Now we consider another set S = S; U S, with |S| = k, where S; € U; and S, < U, with
|Si] = aand |S,| = k —a,1 < a < k respectively. Also the degree of each vertex of the cycles

is 3. By Theorem 1, we have d(S) = k. Therefore Y,csd ege(v) = 3k(7)(,",)- Hence,

Z Bresdege(] i[3k22=k_n(2) ()]
ds(S) -4 K '

SCU,uU2
Therefore,

SRDD,(G) = [[Zn +3k—3] ( an )

k-1 ;%[(Z)_"J’ = ]

k—1 k-1
- [3k ZZ:k—n(Z) (k:la)]
+ Z k

k=2

This completes the proof.
Conclusion

In this paper, we obtained the Steiner distance of double wheel graph. By using the Steiner
distance, we obtained the Steiner Wiener index, Steiner degree distance, Steiner Gutman index,
Seiner Harary index and Steiner reciprocal degree distance of double wheel graphs.
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