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Abstract 

 

The Medium domination Number is a notation which uses neighbourhood of each pair of vertices. If 

any two adjacent vertices that are dominating each other, then the domination number of that vertices 

is atleast one. For any connected, undirected, simple graph 𝐺 of order p, the Medium Domination 

Number  𝑀𝐷(𝐺)  =
𝑇𝐷𝑉(𝐺)

𝑝𝐶2
 , where 𝑇𝐷𝑉(𝐺)  is the total number of vertices that dominate every pair 

of vertices. A decomposition (𝐺1, 𝐺2, … , 𝐺𝑛 )  of a graph   G is said to be Medium Domination 

Decomposition (MDD) if ⌊𝑀𝐷(𝐺𝑖)⌋ =  𝑖 − 1, 𝑖 = 1,2, . . . , 𝑛.The number of subgraphs of a Medium 

Domination Decomposition   (𝐺1, 𝐺2, … , 𝐺𝑛 ) of a graph G is said to be Medium Domination 

Decomposition Number of G and is denoted by  𝜋𝑀𝐷(𝐺). Here, we have investigated some new 

bounds on Medium Domination Decomposition  Number of  join of  graphs. 

 

Keywords: Join of Graphs , Central vertex join, Central edge join 
 

 

DOI: 10.53555/ecb/2022.11.03.14 

 

1. Introduction 

The graph G is considered here simple, 

connected, undirected and finite graphs 

with p vertices and q edges and Gi be the 

subgraph of G with pi vertices and qi 

edges, where 1 ≤ i ≤ n, n is the number of 

subgraphs of G. The length of a shortest 

𝑢 − 𝑣  path in a connected graph G is 

called the distance from a vertex 𝑢   to a 

vertex 𝑣 . 𝑑(𝑢, 𝑣)  denotes the distance 

between 𝑢  and  𝑣 . Two 𝑢 − 𝑣  paths are 

internally disjoint if they have no vertices 

in common, other than 𝑢  and 𝑣 . The 

degree of a vertex 𝑣  in a graph 𝐺  is the 

number of edges  incident with 𝑣  and 

denoted by d(𝑣) . The minimum degree 

among the vertices of a graph 𝐺 is denoted 

by 𝛿(𝐺) . The maximum degree among 

vertices of a graph 𝐺 is denoted by ∆(𝐺). 

The concept of Medium Domination 

Number was introduced by Vargor and 

Dunder which finds the total number of 

vertices that dominate all pairs of vertices 

and evaluate the average of this value and 

call it Medium Domination Number. A 

graph join is a binary operation on graphs. 

Speacifically it is an operation that takes 

two graphs 𝐻1  and 𝐻2  and produces a 

graph 𝐺  with the property that all the 

edges that connect the vertices of the graph 

𝐻1with the vertices of the graph 𝐻2. It is a 

commutative operation. Let  𝐶(𝐺)  be the 

central graph of  𝐺 with 𝑝𝑐vertices and 𝑞𝑐 

edges.  For basic terminologies in graph 

theory we refer [3], [4] and [5]. The 

following are the basic definitions and 

results needed for the main section. 
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Definition 1.1.[1] For 𝐺 = (𝑉, 𝐸)  and 

∀ 𝑢, 𝑣 ∈ 𝑉 , if 𝑢  and 𝑣  are adjacent they 

dominate each other, then atleast 

𝑑𝑜𝑚 (𝑢, 𝑣) = 1.  

Definition 1.2.[1] For 𝐺 = (𝑉, 𝐸)  and 

∀ 𝑢, 𝑣 ∈ 𝑉 , the total number of vertices 

that dominate every pair of vertices is 

defined as 𝑇𝐷𝑉(𝐺) =
Σ∀𝑢,𝑣∈𝑉(𝐺)𝑑𝑜𝑚 (𝑢, 𝑣). 

Definition 1.3.[1] For any connected, 

undirected, loopless graph 𝐺 of order 𝑝 the 

Medium Domination Number of 𝐺  is 

defined as 𝑀𝐷(𝐺) =
𝑇𝐷𝑉(𝐺)

𝑝𝐶2
. 

Theorem 1.4.[1] For 𝐺  has 𝑝  vertices, 

𝑞 edges and for 𝑑( 𝑣𝑖) ≥ 2,  𝑇𝐷𝑉(𝐺) =

𝑞 + ∑ (𝑑( 𝑣𝑖)
2

).𝑣𝑖∈𝑉  

Definition 1.5.[5] Let 𝐻1  and 𝐻2  be any 

two graphs on 𝑠, 𝑡 vertices and 𝑠′, 𝑡′  edges 

respectively. The join 𝐻1˅𝐻2   of disjoint 

graphs 𝐻1 and 𝐻2 is the graph obtained 

from 𝐻1 + 𝐻2  by joining each vertex of 

𝐻1 to each vertex of 𝐻2. Note that the join 

𝐻1˅𝐻2   has 𝑠 + 𝑡   vertices and 𝑠′  + 𝑡′ + 

𝑠𝑡  edges. 

Definition 1.6. [7] The central graph 𝐶(𝐺) 

of a graph 𝐺  of order 𝑝  and size 𝑞 is a 

graph of order 𝑝𝑐(= 𝑝 + 𝑞)  and size 

𝑞𝑐(= (𝑝
2
) + 𝑞)  which is obtained by 

subdividing each edge of 𝐺  exactly once 

and joining all the non-adjacent vertices of 

𝐺 in  𝐶(𝐺). 

Definition 1.7. [6] Let 𝐻1  and 𝐻2  be any 

two graphs on 𝑠, 𝑡 vertices and 𝑠′, 𝑡′  edges 

respectively. The central vertex join of 𝐻1 

and 𝐻2  is the graph  𝐻1˅ ̇ 𝐻2, is obtained 

from 𝐶(𝐻1)and 𝐻2 by joining each vertex 

of 𝐻1  with every vertex of 𝐻2 . Note that 

the central vertex join 𝐻1˅ ̇ 𝐻2  has 𝑠′+ 𝑠 + 

𝑡 vertices and 𝑠′ + 𝑡′+ 𝑠𝑡 +
𝑡(𝑡−1)

2
  edges. 

Definition 1.8. [6] Let 𝐻1  and 𝐻2  be any 

two graphs on 𝑠, 𝑡 vertices and 𝑠′, 𝑡′  edges 

respectively. Then the central edge join of 

two graphs 𝐻1  and 𝐻2  is the graph   𝐻1  ˅ 

𝐻2 is obtained from 𝐶(𝐻1)  and 𝐻2  by 

joining each vertex corresponding to edges 

of 𝐻1with every vertex of 𝑉(𝐻2). Note that 

the central edge join 𝐻1 ˅ 𝐻2 has 𝑠′+ 𝑠 + 

𝑡 vertices and 𝑠′ + 𝑡′+ 𝑠′𝑡 +
𝑡(𝑡−1)

2
  edges. 

2. Medium Domination Decomposition 

of Graphs: 

Definition 2.1.[2] A decomposition 
(𝐺1, 𝐺2, … , 𝐺𝑛) of a graph 𝐺 is said to be a 

Medium Domination Decomposition 
(𝑀𝐷𝐷)  if ⌊𝑀𝐷(𝐺𝑖)⌋ = 𝑖 − 1, 𝑖 =
1,2,3, … . , 𝑛. 

Example: 2.2 

 

 

 

Here, ⌊𝑀𝐷(𝐺1)⌋ = 0, ⌊𝑀𝐷(𝐺2)⌋ = 1  and 

𝑀𝐷(𝐺3) = 2 

Definition 2.3. The number of subgraphs 

of a medium domination decomposition 

(𝐺1, 𝐺2, . . . , 𝐺𝑛) of a graph 𝐺 is said to be 

Medium Domination Decomposition 

Number of 𝐺 and is denoted by 𝜋𝑀𝐷(𝐺). 

From the above example, 𝜋𝑀𝐷(𝐺) = 3. 

Theorem 2.4:[2] If a graph 𝐺  admits 

MDD, then 𝑝 ≥ 4 and 𝑞 ≥ 3. 

Theorem 2.5:[2] Star graph does not 

admit MDD. 

Theorem 2.6:[2]The complete graph 𝐾4 

does not admit MDD. 
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Theorem 2.7: For any 𝑝 ≥ 5, 𝜋𝑀𝐷(𝐾𝑝) ≤

𝑝 − 2. 

Theorem 2.8: For any 𝑚1 ≥ 2 and 𝑚2 ≥

2,  𝜋𝑀𝐷(𝐾𝑚1,𝑚2
) ≤ min {𝑚1, 𝑚2}. 

3.  Medium Domination Number and 

Medium Domination Decomposition 

Number of Join of Graphs: 

Theorem 3.1: For any graphs 𝐻1 and 𝐻2, 

then MD (𝐻1˅𝐻2) =
1

𝑝𝐶2
 [ 𝑞 +

∑ (𝑑( 𝑣𝑘)𝐶2) + ∑ (𝑑( 𝑣𝑘)𝐶2)𝑝
𝑘=(𝑠+1)

𝑠
𝑘=1 ] ,  

where  𝑣𝑘𝜖 𝑉 (𝐻1˅𝐻2) and 𝑘 = 1,2, … , 𝑝. 

Theorem 3.2: Let 𝐻1 be the  𝑟1  regular 

graph and  𝐻2 be the  𝑟2  regular graph. 

Then 𝑀𝐷(𝐻1˅𝐻2) =
1

𝑝𝐶2
[𝑞 +

𝑠((𝑡 + 𝑟1)𝐶2) + 𝑡((𝑠 + 𝑟2)𝐶2]. 

Corollary 3.3:  For any  𝑟-regular graph 

𝐻1  and 𝐻2 ,  𝑀𝐷(𝐻1˅𝐻2) =
1

𝑝𝐶2
[𝑞 +

𝑠((𝑡 + 𝑟)𝐶2) + 𝑡((𝑠 + 𝑟)𝐶2]. 

Result 3.4: For any connected graphs 𝐻1 

and 𝐻2  with 𝑠 ≤ 2  and 𝑡 ≤ 2 ,  𝐻1˅ 𝐻2 

does not admit 𝑀𝐷𝐷. 

Proof: Let 𝐻1  and 𝐻2  be the connected 

graph with 𝑠 ≤ 2  and 𝑡 ≤ 2 . Let 𝐺 =
𝐻1˅ 𝐻2. If 𝑠 = 2 and 𝑡 = 2 then 𝐻1˅𝐻2  is 

a complete graph with four vertices. By 

Theorem 2.7, 𝐺 does not admit 𝑀𝐷𝐷. By 

Theorem 2.5, the graph  𝐺 does not admit 

𝑀𝐷𝐷  for all the remaining cases. Hence 

𝐻1˅𝐻2  does not admit 𝑀𝐷𝐷 , for 𝑠 ≤ 2 

and 𝑡 ≤ 2.  

Theorem 3.5: Let 𝐻1  and 𝐻2  be null 

graphs. 

(i) If 𝑠 = 1 and 𝑡 ≥ 1, then 𝐻1˅𝐻2 

does not admit 𝑀𝐷𝐷. 

(ii) If 𝑠 ≥ 2  and 𝑡 ≥ 2 , then 

𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ min {𝑠, 𝑡}. 

Proof: (i) Let 𝐻1  be the null graph with 

one vertex and 𝐻2 be the null graph with 

𝑡 ≥ 1 . Let 𝐺 = 𝐻1˅𝐻2 . Then 𝐺  is a star 

graph 𝐾1,𝑡 . By Theorem 2.6, 𝐺  does not 

admit 𝑀𝐷𝐷.  

(ii)Consider the null graph with 𝑠 ≥ 2 and 

𝑡 ≥ 2 . Then the join of 𝐻1  and 𝐻2  is a 

complete bipartite graph with 𝑠 + 𝑡 

vertices. By Theorem 2.9, 𝜋𝑀𝐷(𝐻1˅ 𝐻2) ≤
min {𝑠, 𝑡}. Hence the proof. 

Result 3.6: Let 𝐻1 be the (𝑠 − 1)-regular 

graph and 𝐻2 be the (𝑡 − 1)-regular graph 

with  𝑠 + 𝑡 = 5. Then 𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ 𝑠 +
𝑡 − 2. 

Proof: Since 𝐻1  is the (𝑠 − 1) -regular 

graph and 𝐻2 is the (𝑡 − 1)-regular graph 

with  𝑠 + 𝑡 = 5 ,  𝐻1 and 𝐻2  are the 

complete graph with  𝑠  and 𝑡  vertices 

respectively. Therefore, 𝐻1˅𝐻2  is also a 

complete graph with 𝑠 + 𝑡 vertices. Thus, 

by Theorem 2.8, 𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ 𝑠 + 𝑡 −
2. Hence the proof. 

Theorem 3.7: Let 𝐻1 and 𝐻2 be connected 

graphs and 𝐻1 and 𝐻2 admits 𝑀𝐷𝐷 . Then 

𝜋𝑀𝐷(𝐻1) + 𝜋𝑀𝐷(𝐻2) ≤ 𝜋𝑀𝐷(𝐻1˅𝐻2). 

Proof: For proving this theorem we have 

to consider the following two cases. 

Case(i): 𝐻1 and 𝐻2 are complete graphs. 

Since 𝐻1  and 𝐻2  admits 𝑀𝐷𝐷 , 𝐻1  and 𝐻2 

are complete graphs with 𝑠  and 𝑡 ≥ 5 

vertices. Then 𝐻1˅𝐻2  is also a complete 

graph with 𝑠 + 𝑡  vertices. By Result 3.6, 

𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ 𝑠 + 𝑡 − 2 .We have 

𝜋𝑀𝐷(𝐾𝑝) ≤ 𝑝 − 2.  Therefore 𝜋𝑀𝐷(𝐻1) +

𝜋𝑀𝐷(𝐻2) ≤ 𝑠 − 2 + 𝑡 − 2. That is, 

𝜋𝑀𝐷(𝐻1) + 𝜋𝑀𝐷(𝐻2) ≤ 𝑠 + 𝑡 − 4 . Thus,  

𝜋𝑀𝐷(𝐻1˅𝐻2) > 𝜋𝑀𝐷(𝐻1) + 𝜋𝑀𝐷(𝐻2). 

Case(ii): 𝐻1 and 𝐻2 are non-complete. 

Subcase(i): 𝐻1 and 𝐻2 are acyclic graphs. 

If 𝑠 = 4 and 𝑡 = 4, then the graph 𝐻1 and 

𝐻2 is a path graph with four vertices. We 

have 𝜋𝑀𝐷(𝑃4) = 1. Therefore, 𝜋𝑀𝐷(𝐻1) +
𝜋𝑀𝐷(𝐻2) = 2 . Now to find the medium 

domination decomposition of 𝐺.  Let 

{𝑣𝑘: 1 ≤ 𝑘 ≤ 8}  be the vertices of 𝐺 . 
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Since, there exists a subgraph of 𝐺   with 

medium domination number three, we can 

decompose the graph 𝐺  into four 

subgraphs with medium domination 

number zero, one, two and three. Construct 

a subgraph 𝐺1  from 𝐺  with vertex set 

𝑉(𝐺1) = {𝑣1, 𝑣2, 𝑣7, 𝑣8}  and edge set 

𝐸(𝐺) = {𝑣7𝑣1, 𝑣1𝑣8, 𝑣8𝑣2} . Construct the 

subgraph 𝐺2  with vertex set 𝑉(𝐺2) =
{𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8}  and edge set 

𝐸(𝐺2) = {𝑣3𝑣4, 𝑣3𝑣5, 𝑣3𝑣8} ∪ {𝑣4𝑣𝑖: 5 ≤
𝑖 ≤ 8} ∪ {𝑣7𝑣8} . Construct the subgraph 

𝐺3 with vertex set 𝑉(𝐺3) = {𝑣2, 𝑣3, 𝑣6, 𝑣7} 

and edge set 𝐸(𝐺3) =
{𝑣2𝑣3, 𝑣2𝑣3, 𝑣3𝑣6, 𝑣3𝑣7, 𝑣6𝑣7} . Construct 

the subgraph 𝐺4  with vertex set 𝑉(𝐺4) =
{𝑣1, 𝑣2, 𝑣5, 𝑣6}    and  𝐸(𝐺4) =
  {𝑣1𝑣5, 𝑣1𝑣2, 𝑣1𝑣6, 𝑣2𝑣5, 𝑣2𝑣6, 𝑣5𝑣6} . The 

graphical representation of 𝐺1, 𝐺2, 𝐺3  and 

𝐺4 are given in figure. 

 

                                         

Here, ⌊𝑀𝐷(𝐺1)⌋ = 0 , ⌊𝑀𝐷(𝐺2)⌋ = 1 , 
⌊𝑀𝐷(𝐺3)⌋ = 2  and ⌊𝑀𝐷(𝐺4)⌋ = 3 . Thus 

𝜋𝑀𝐷(𝐺) = 4 . Therefore 𝜋𝑀𝐷(𝐻1) +
𝜋𝑀𝐷(𝐻2) < 𝜋𝑀𝐷(𝐻1˅𝐻2). 

If 𝑠 > 4 and 𝑡 > 4, then 𝜋𝑀𝐷(𝐻1) = 2 and 

𝜋𝑀𝐷(𝐻2) = 2 . We have 𝜋𝑀𝐷(𝐻1˅𝐻2)  is 

atleast four, since by case(i). Thus 

𝜋𝑀𝐷(𝐻1) + 𝜋𝑀𝐷(𝐻2) ≤ 𝜋𝑀𝐷(𝐻1˅𝐻2)  

whenever 𝐻1 and 𝐻2 are acyclic graphs. 

subcase(ii): 𝐻1 and 𝐻2 contains atleast one 

cycle. 

 Then we have 𝜋𝑀𝐷(𝐻1) and 𝜋𝑀𝐷(𝐻2) are 

atleast two. But 𝜋𝑀𝐷(𝐻1˅𝐻2)  is atleast 

four. Thus, 𝜋𝑀𝐷(𝐻1) + 𝜋𝑀𝐷(𝐻2) ≤
𝜋𝑀𝐷(𝐻1˅𝐻2). Hence the proof. 

Theorem 3.8: For any positive integers  𝑎 

and 𝑏  with 𝑎 ≥ 4  and = ∑ 𝑖𝑎−2
𝑖=1  , there 

exists a graph 𝐺 such that 𝜋𝑀𝐷(𝐺) = 𝑎. 

Proof: Let 𝑃𝑎  be the path graph with 𝑎 ≥
4  vertices, where {𝑥1, 𝑥2, … , 𝑥𝑎}  are  the 

vertices of 𝑃𝑎 . Let 𝐾𝑏 , 𝑏 ≥ 1  be the 

complete graph with 𝑏 vertices. Thus, the 

graph 𝐻1  is formed by connecting the 

{𝑥2, 𝑥3, … , 𝑥𝑎−1}  vertices of 𝑃𝑎  to 

𝐾1, 𝐾2, … , 𝐾𝑎−2  respectively by an edge. 

Let 𝐺 = 𝐻1˅𝐾1 . The graphical 

representation of 𝐺 is given below: 

 

Now to find the medium domination 

decomposition number of 𝐺.  

For 𝑎 = 4 , there exists a subgraph of 𝐺  

with medium domination number three, 

Therefore, we can decompose the graph 𝐺 

into four subgraphs with medium 

domination number zero, one, two and 

three. Construct the subgraph 𝐺1  from 𝐺 

with vertex set 𝑉(𝐺1) = {𝑥𝑖: 1 ≤ 𝑖 ≤ 4} ∪
{𝑦1}  and the edge set 𝐸(𝐺1) =
{𝑥𝑖𝑥𝑖+1: 1 ≤ 𝑖 ≤ 3} ∪ {𝑥4𝑦1} . Construct 

the subgraph 𝐺2  from 𝐺  with vertex set 

𝑉(𝐺2) = {𝑥1, 𝑦1}  and edge set  𝐸(𝐺2) =
{𝑥1𝑦1}.Construct the subgraph 𝐺3  from 𝐺 

with vertex set 𝑉(𝐺3) = {𝑥2, 𝑧1, 𝑦1}  and 

edge set 𝐸(𝐺3) = {𝑥2𝑧1, 𝑥2𝑦1, 𝑧1𝑦1} . 

Construct the subgraph 𝐺4  from 𝐺  with 

vertex set 𝑉(𝐺4) = {𝑥3, 𝑧2, 𝑧3, 𝑦1}  and 
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edge set 𝐸(𝐺4) =
{𝑥3𝑧2, 𝑥3𝑧3, 𝑥3𝑦1, 𝑧2𝑧3, 𝑧2𝑦1, 𝑧3𝑦1} . Here 

𝐿𝑀𝐷(𝐺1) = 0, 𝑀𝐷(𝐺2) = 1, 𝑀𝐷(𝐺3) = 2  

and 𝑀𝐷(𝐺4) = 3. Thus 𝜋𝑀𝐷(𝐺) = 4. 

For 𝑎 = 5 , there exists a subgraph of 𝐺  

with medium domination number four, 

Therefore, we can decompose the graph 𝐺 

into five subgraphs with medium 

domination number zero, one, two, three 

and four. Construct the subgraph 𝐺1 from 

𝐺  with vertex set 𝑉(𝐺1) = {𝑥𝑖: 1 ≤ 𝑖 ≤
5} ∪ {𝑦1}  and edge set 𝐸(𝐺1) =
{𝑥𝑖𝑥𝑖+1: 1 ≤ 𝑖 ≤ 4} ∪ {𝑥5𝑦1} . The vertex 

set and edge set of 𝐺2, 𝐺3 and 𝐺4 are same 

as in the above part. Construct the 

subgraph 𝐺5  from 𝐺  with vertex set 

𝑉(𝐺5) = {𝑥4, 𝑧4, 𝑧5, 𝑧6, 𝑦4}  and edge 

set 𝐸(𝐺5) =
{𝑥4𝑧4, 𝑥4𝑧5, 𝑥4𝑧6, 𝑥4𝑦1, 𝑧4𝑧5, 𝑧4𝑧6, 𝑧4𝑦1, 

𝑧5𝑧6, 𝑧5𝑦1, 𝑧6𝑦1} . Here 𝑀𝐷(𝐺1) = 0,
𝑀𝐷(𝐺2) = 1, 𝑀𝐷(𝐺3) = 2, 𝑀𝐷(𝐺4) =
3, 𝑀𝐷(𝐺5) = 4. Thus 𝜋𝑀𝐷(𝐺) = 5. 

Continuing in this way, for any 𝑎 , there 

exists a subgraph of 𝐺   with medium 

domination number 𝑎 − 1 , Therefore, we 

can decompose the graph 𝐺  into 𝑎 

subgraphs with medium domination 

number 0,1,2,…,  𝑎 − 1 . Construct the 

subgraph 𝐺1  from 𝐺  with vertex set 

𝑉(𝐺1) = {𝑥𝑖: 1 ≤ 𝑖 ≤ 𝑎} ∪ {𝑦1}  and edge 

set 𝐸(𝐺1) = {𝑥𝑖𝑥𝑖+1: 1 ≤ 𝑖 ≤ 𝑎1} ∪
{𝑥𝑎𝑦1}. The remaining subgraphs are 𝐺2 =
𝐾2, 𝐺3 = 𝐾3, … , 𝐺𝑎 = 𝐾𝑎 . Thus the 

medium domination number of 

𝐺1, 𝐺2, … , 𝐺𝑎  is 0,1,2, … , 𝑎 − 1 

respectively. Thus 𝜋𝑀𝐷(𝐺) = 𝑎. Hence the 

proof. 

4.  Medium Domination Number and 

Medium Domination Decomposition  

Number of Central Vertex Join and 

Central edge Join  of Graphs: 

Theorem 4.1:For any graphs 𝐻1  and 𝐻2 , 

then 𝑀𝐷(𝐻1˅ ̇ 𝐻2) =
1

𝑝𝐶2
[𝑞 + 𝑠′ +

∑ (𝑑( 𝑣𝑘)𝐶2) + ∑ (𝑑( 𝑣𝑘)𝐶2)𝑝
𝑘=(𝑠+1)

𝑠
𝑘=1 ]. 

Proof: Let 𝐻1  be the (𝑠, 𝑡) graph and 𝐻2 

be the (𝑠′, 𝑡′) graph. Let 𝑉(𝐻1) = {𝑥𝑖: 1 ≤
𝑖 ≤ 𝑠}  and 𝑉(𝐻2) = {𝑦𝑗: 1 ≤ 𝑗 ≤ 𝑡} . Let 

𝐶(𝐻1) be the central graph of 𝐻1 with 𝑠 +

𝑠′  vertices and (𝑠
2
) + 𝑠′  edges. Let 

𝑉(𝐶(𝐻1)) = {𝑥𝑖: 1 ≤ 𝑖 ≤ 𝑠} ∪ {𝑐𝑘: 1 ≤

𝑘 ≤ 𝑠′}. Let 𝐻1˅ ̇ 𝐻2 be the central vertex 

join of the graphs 𝐻1 and 𝐻2 with 𝑝(= 𝑠 +

𝑠′ + 𝑡)  vertices and 𝑞 (= 𝑠′ + 𝑡′ + 𝑠𝑡 +
𝑡(𝑡−1)

2
)  edges, where {𝑣𝑘: 1 ≤ 𝑘 ≤ 𝑝}  are 

the vertices in 𝐻1˅ ̇ 𝐻2 . Since the graph 

𝐻1˅ ̇ 𝐻2 is obtained from 𝐶(𝐻1) and 𝐻2 by 

joining each vertex of 𝐻1  with every 

vertex of 𝐻2 , each vertex of 𝐻1  have 

degree 𝑡 + 𝑑𝑒𝑔 𝑥𝑖 , for each 𝑖 =
1,2, … , 𝑠 ,each vertex of 𝐻2  have degree 

𝑠 + 𝑑𝑒𝑔 𝑦𝑗  , for each 𝑗 = 1,2, … , 𝑡  and 𝑠′ 

vertices have degree two. 

Therefore, 𝑇𝐷𝑉(𝐻1˅ ̇ 𝐻2) = 𝑞 + 𝑠′(2𝐶2) +
∑ ((𝑡 + 𝑑𝑒𝑔𝑥𝑖

𝑠
𝑖=1 )𝐶2) + ∑ ((𝑠 +𝑡

𝑖=1

𝑑𝑒𝑔𝑦𝑗)𝐶2). That is, 𝑇𝐷𝑉(𝐻1˅ ̇ 𝐻2) = 𝑞 +

𝑠′ + ∑ (𝑑( 𝑣𝑘)𝐶2) +𝑠
𝑘=1

∑ (𝑑( 𝑣𝑘)𝐶2)𝑝
𝑘=(𝑠+1) , where ∑ (𝑡 +𝑠

𝑖=1

𝑑𝑒𝑔𝑥𝑖) = ∑ (𝑑( 𝑣𝑘)𝐶2)𝑠
𝑘=1 , ∑ (𝑠 +𝑡

𝑖=1

𝑑𝑒𝑔𝑦𝑗) = ∑ (𝑑( 𝑣𝑘)).𝑝
𝑘=(𝑠+1) Hence 

𝑀𝐷(𝐻1˅ ̇ 𝐻2) =
1

𝑝𝐶2
[𝑞 + 𝑠′  +

∑ (𝑑( 𝑣𝑘)𝐶2) + ∑ (𝑑( 𝑣𝑘)𝐶2)𝑝
𝑘=(𝑠+1)

𝑠
𝑘=1 ]. 

Hence the proof. 

Theorem 4.2: For any graphs 𝐻1 and 𝐻2, 

then 𝑀𝐷(𝐻1 ˅ 𝐻2) =
1

𝑝𝐶2
[𝑞 +

∑ (𝑑( 𝑣𝑘)𝐶2) + ∑ (𝑑( 𝑣𝑘)𝐶2)𝑝
𝑘=(𝑠+1)

𝑠
𝑘=1 ) +

𝑠′((𝑡 + 2)𝐶2)]. 

Proof: The proof is similar to Theorem 

4.1. 

Result 4.3:(i) Let 𝐻1  be the null graph 

with 𝑠 = 2 and 𝐻2 be the connected graph 

with 𝑡 = 2 , then 𝐻1˅ ̇ 𝐻2  does not admit 

𝑀𝐷𝐷 . (ii)Let 𝐻1  be the connected graph 

with 𝑠 = 2 and 𝐻2  be the null graph with 

𝑡 = 2, then𝐻1˅𝐻2 does not admit 𝑀𝐷𝐷. 
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Theorem 4.4: For any connected graphs 

𝐻1  and 𝐻2  with 𝑠 ≥ 2  and 𝑡 ≥ 2 , 𝐻1˅ ̇ 𝐻2 

and 𝐻1 ˅ 𝐻2 admits 𝑀𝐷𝐷. 

Proof: Since 𝐻1  and 𝐻2  are connected 

graphs with 𝑠 ≥ 2  and 𝑡 ≥ 2 , 𝐻1˅ ̇ 𝐻2 

and  𝐻1 ˅ 𝐻2  are also a connected graph 

with 𝑝 ≥ 4 and 𝑞 ≥ 4. Thus, by Theorem 

2.5, 𝐻1˅ ̇ 𝐻2 and 𝐻1 ˅ 𝐻2 and admits 𝑀𝐷𝐷.  

Theorem 4.5: Let 𝐻1  and 𝐻2  be null 

graphs with 𝑠 ≥ 2  and 𝑡 ≥ 2 . Then 

𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑠 − 1 + 𝑚𝑖𝑛 {𝑠, 𝑡 − 1}.  

Proof:Let 𝐻1  and 𝐻2  be null graphs with 

𝑠 ≥ 2 and 𝑡 ≥ 2. Let {𝑥1, 𝑥2, … , 𝑥𝑠} be the 

vertices in 𝐻1  and {𝑦1, 𝑦2, … , 𝑦𝑡}  be the 

vertices in 𝐻2 . Let 𝐶(𝐻1)  be the central 

graph of 𝐻1 . By the definition of central 

graph, we join all the non-adjacent vertices 

in 𝐻1 . Therefore 𝐶(𝐻1)  is a complete 

graph with 𝑠  vertices. Consider 

𝐻1˅ ̇ 𝐻2. Since we join all the vertices in 𝐻1 

to all the vertices in 𝐻2 , {𝑥1, 𝑥2, … , 𝑥𝑠} ∪
{𝑦1} form a complete graph 𝐾𝑠+1  and the 

remaining graph form a complete bipartite 

graph 𝐾𝑠,𝑡−1 . We have 𝜋𝑀𝐷(𝐾𝑠,𝑡−1) ≤
𝑚𝑖𝑛 {𝑝1, 𝑝2 − 1} . Thus 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤
𝑠 − 1 + 𝑚𝑖𝑛 {𝑠, 𝑡 − 1}. Hence the proof. 

Remark 4.6: The bound in Theorem 4.5 is 

sharp. For the graphs 𝐻1 and 𝐻2 with 𝑝1 =
2 and 𝑝2 = 2 , 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) = 2. 

Corollary 4.7: Let 𝐻1  and 𝐻2  be  null 

graphs with 𝑠 ≥ 4  and 𝑡 = 1 . Then 

𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑠 − 1. 

Proof: By  Theorem 4.5, the vertices in 𝐻1 

and 𝐻2 form a complete graph with 𝑠 + 1 

vertices. We have 𝜋𝑀𝐷(𝐾𝑠+1) ≤ 𝑠 + 1 −
2. Thus 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑠 − 1. Hence the 

proof. 

Theorem 4.8: Let 𝐻1  be the null graph 

and 𝐻2 be the complete graph with 𝑠 + 𝑡 ≥
5. Then 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑠 + 𝑡 − 2. 

Proof: Let {𝑥𝑖: 1 ≤ 𝑖 ≤ 𝑠} be the vertices 

of 𝐻1  and let {𝑦𝑗: 1 ≤ 𝑗 ≤ 𝑡}  be the 

vertices of 𝐻2 . Since 𝐻1  is a null graph 

with 𝑠 vertices, 𝐶(𝐻1) is a complete graph 

with 𝑠  vertices. Consider the graph 

𝐻1˅ ̇ 𝐻2 . Then 𝐻1˅ ̇ 𝐻2  form a complete 

graph 𝐾𝑠+𝑡  with 𝑠 + 𝑡 ≥ 5 . Therefore, 

𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑠 + 𝑡 − 2 . Hence the 

proof. 

Theorem 4.9: Let 𝐻1 be the 𝑟 - regular 

graph with 𝑠 ≥ 3 and 𝐻2 be the null graph 

with 𝑡 ≥ 1. Then  

(i) 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ ⌊
𝑠

2
⌋+min{𝑠, 𝑡} 

(ii) 𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ ⌊
𝑠

2
⌋+min{𝑠′, 𝑡} 

Proof:(i) Since 𝐻1is the 𝑟- regular graph, 

𝜋𝑀𝐷(𝐶(𝐻1)) ≤ ⌊
𝑠

2
⌋ . Also since by the 

definition of 𝐻1˅ ̇ 𝐻2 , we join all the 𝑠 

vertices in 𝐻1 to all the vertices in 𝐻2. Let 

𝐺 = 𝐻1˅ ̇ 𝐻2  and let 𝐻 = 𝐺\𝐸(𝐶(𝐻1). 
Consider the graph 𝐻 . Then 𝐻  is a 

complete bipartite graph with 𝑠 + 𝑡 

vertices. We have 𝜋𝑀𝐷(𝐻) ≤ min{ 𝑠, 𝑡} . 

Therefore, 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ ⌊
𝑠

2
⌋+min{𝑠, 𝑡}.  

(ii)The proof is similar to (i).  

Corollary 4.10: Let 𝐻1 be the (𝑠 − 1) - 

regular graph with 𝑠 ≥ 2  and 𝐻2  be the 

null graph with 𝑡 = 1 . Then 

𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) = 𝜋𝑀𝐷(𝐻1˅𝐻2) = 2. 

Proof: Since 𝐻1 is the (𝑠 − 1) - regular 

graph, ⌊𝑀𝐷(𝐶(𝐻1)) = 0⌋ . Consider 

𝐺 = 𝐻1˅ ̇ 𝐻2  and let 𝐻 = 𝐺\𝐸(𝐶(𝐻1).  
Then it is a star graph with 𝑠 end vertices. 

We have 𝑀𝐷(𝐻) = 1.  Thus, we can 

decompose the graph 𝐺  in to two 

subgraphs 𝐺1 and 𝐺2  with medium 

domination number 0 and 1 respectively. 

Hence 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) = 2 . Similarly, we 

can prove that 𝜋𝑀𝐷(𝐻1˅𝐻2) = 2.  Hence 

the proof. 

Theorem 4.11: Let 𝐻1 be the star graph 

𝐾1,𝑚  with 𝑚 ≥ 2  end vertices. Let 𝐻2  be 

the null graph with 𝑡 ≥ 1. Then 

(i) 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2) ≤ 𝑚 + 1 

(ii) 𝜋𝑀𝐷(𝐻1˅𝐻2) ≤ 𝑚 
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Proof: Let 𝐻1be the star graph 𝐾1,𝑚  with 

𝑚 ≥ 2 end vertices, where {𝑥𝑖: 1 ≤ 𝑖 ≤ 𝑠} 

are the vertices in 𝐻1  and {𝑥𝑖: 2 ≤ 𝑖 ≤ 𝑠} 

are the 𝑚 end vertices in 𝐻1.Let 𝐻2 be the 

null graph with 𝑡 ≥ 1, where {𝑦𝑗: 1 ≤ 𝑗 ≤

𝑡} are the vertices in 𝐻2. 

(i) Consider 𝐻1˅ ̇ 𝐻2. Here 𝑚 end vertices 

from 𝐻1  and one vertex from 𝐻2  form a 

complete graph with 𝑚 + 1  vertices. 

Therefore, 𝜋𝑀𝐷(𝐾𝑚+1) ≤ 𝑚 + 1 − 2 =
𝑚 + 1.  Also the medium domination 

decomposition number of remaining graph 

is two. Therefore 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2)  ≤ 𝑚 −
1 + 2 = 𝑚 + 1.  Hence 𝜋𝑀𝐷(𝐻1˅ ̇ 𝐻2)  ≤
𝑚 + 1. 

(ii) Consider  𝐻1˅𝐻2. Here 𝑚 end vertices 

form a complete graph with 𝑚  vertices. 

Therefore 𝜋𝑀𝐷(𝐾𝑚) ≤ 𝑚 − 2 . Also the 

medium domination decomposition 

number of remaining graph is two. 

Therefore 𝜋𝑀𝐷(𝐻1˅𝐻2)  ≤ 𝑚 − 2 + 2 =

𝑚 . Hence 𝜋𝑀𝐷(𝐻1˅𝐻2)  ≤ 𝑚 . Hence the 

proof. 

5. Conclusion 

 In this paper, we calculated the 

number of vertices that are capable of 

dominating both of u and v. The total 

number of vertices that dominate every 

pair of vertices is examined and the 

average of this value is calculated which is 

called “the medium domination number” 

of graph. Some theorems and bounds on 

the Medium Domination Decomposition 

Number of join of graphs, central vertex 

join of graphs  and   central    edge  join  of  

 

 

 

 

 

 

 

graphs are given. Also a realization 

theorem for such decomposition is 

obtained. Further this concept can be 

extended to product of graphs. 
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