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Abstract

The Medium domination Number is a notation which uses neighbourhood of each pair of vertices. If
any two adjacent vertices that are dominating each other, then the domination number of that vertices
is atleast one. For any connected, undirected, simple graph G of order p, the Medium Domination

Number MD(G) = TDPVC(G) , Where TDV (G) is the total number of vertices that dominate every pair
2

of vertices. A decomposition (G4, G, ...,G, ) of a graph G is said to be Medium Domination
Decomposition (MDD) if |[IMD(G;)] = i —1,i = 1,2,...,n.The number of subgraphs of a Medium
Domination Decomposition (G4, G, ...,G,) of a graph G is said to be Medium Domination
Decomposition Number of G and is denoted by my,(G). Here, we have investigated some new

bounds on Medium Domination Decomposition Number of join of graphs.
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1. Introduction

The graph G is considered here simple,
connected, undirected and finite graphs
with p vertices and q edges and Gi be the
subgraph of G with p; vertices and q;
edges, where / <i <n, n is the number of
subgraphs of G. The length of a shortest
u —v path in a connected graph G is
called the distance from a vertex u to a
vertex v . d(u,v) denotes the distance
between u and v. Two u — v paths are
internally disjoint if they have no vertices
in common, other than u and v. The
degree of a vertex v in a graph G is the
number of edges incident with v and
denoted by d(v). The minimum degree
among the vertices of a graph G is denoted
by §(G). The maximum degree among
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vertices of a graph G is denoted by A(G).
The concept of Medium Domination
Number was introduced by Vargor and
Dunder which finds the total number of
vertices that dominate all pairs of vertices
and evaluate the average of this value and
call it Medium Domination Number. A
graph join is a binary operation on graphs.
Speacifically it is an operation that takes
two graphs H, and H, and produces a
graph G with the property that all the
edges that connect the vertices of the graph
H,with the vertices of the graph H,. It is a
commutative operation. Let C(G) be the
central graph of G with p.vertices and q,
edges. For basic terminologies in graph
theory we refer [3], [4] and [5]. The
following are the basic definitions and
results needed for the main section.
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Medium Domination Decomposition Number of Join of Graphs

Definition 1.1.[1] For G = (V,E) and
VYu,v eV, if uand v are adjacent they
dominate each other, then atleast
dom (u,v) = 1.

Definition 1.2.[1] For G = (V,E) and
VY u,v €V, the total number of vertices
that dominate every pair of vertices is
defined as TDV(G) =
2:Vu,veV(G)dOTn (u' 17).

Definition 1.3.[1] For any connected,
undirected, loopless graph G of order p the

Medium Domination Number of G is

defined as MD(G) = T’;VC(G).
2

Theorem 1.4.[1] For G has p vertices,
q edges and for d(v;) =2, TDV(G) =

q + ZviEV(d(zvi))'

Definition 1.5.[5] Let H; and H, be any
two graphs on s, t vertices and s’, t" edges
respectively. The join HyvH, of disjoint
graphs H; and H, is the graph obtained
from H, + H, by joining each vertex of
H, to each vertex of H,. Note that the join
H,vH, has s+t vertices and s’ + t'+
st edges.

Definition 1.6. [7] The central graph C(G)
of a graph G of order p and size q is a
graph of order p.(=p+q) and size
qc(= (%) +q) which is obtained by
subdividing each edge of G exactly once
and joining all the non-adjacent vertices of
Gin C(G).

Definition 1.7. [6] Let H; and H, be any
two graphs on s, t vertices and s', t' edges
respectively. The central vertex join of Hy
and H, is the graph H,v H,, is obtained
from C(H,)and H, by joining each vertex
of H, with every vertex of H,. Note that

the central vertex join H;v H, has s'+ s +
t(t-1)

t verticesand s’ + t'+ st + ——— edges.

Definition 1.8. [6] Let H; and H, be any
two graphs on s, t vertices and s', t" edges
respectively. Then the central edge join of
two graphs H; and H, is the graph H; v
H, is obtained from C(H;) and H, by
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joining each vertex corresponding to edges
of H,with every vertex of V(H,). Note that
the central edge join H; v H, has s'+ s +

£E=1) edges

t verticesand s’ + t'+ s't + 5

2. Medium Domination Decomposition
of Graphs:

Definition 2.1.[2] A decomposition
(G4, Gy, ..., G,) of a graph G is said to be a

Medium  Domination  Decomposition
(MDD) if IMD(G)| =i—1,i=
1,2,3,....,n.
Example: 2.2
(.::
U] (1)
Ul lp 1 Uy U U U U3
G Gy Gy

Here, |MD(G,)] =0,|MD(G,)| =1 and
MD(G3) = 2

Definition 2.3. The number of subgraphs
of a medium domination decomposition
(G4, G,,...,Gy) of a graph G is said to be
Medium  Domination  Decomposition
Number of G and is denoted by myp(G).
From the above example, m,p (G) = 3.

Theorem 2.4:[2] If a graph G admits
MDD, thenp > 4 and q = 3.

Theorem 2.5:[2] Star graph does not
admit MDD.

Theorem 2.6:[2]The complete graph K,
does not admit MDD.
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Theorem 2.7: For any p = 5, myp(K,) <
p—2.

Theorem 2.8: For any my > 2 and m, >
2, T[MD(Kml,mz) < min {m,, m,}.

3. Medium Domination Number and
Medium Domination Decomposition
Number of Join of Graphs:

Theorem 3.1: For any graphs H; and H,,
then MD (H,vH,) = p% [ g+
2

551 (d(Vi)C) + Th_ oy (A(2C)]
where v,e V (H;vH,) and k = 1,2, ..., p.

Theorem 3.2: Let H, be the r; regular
graph and H, be the r, regular graph.

Then MD(HyvH) = ~—[q +
s((t+1)C) + t((s + 1) C).

Corollary 3.3: For any r-regular graph
H, and H, , MD(HlvHZ)zpi[q+

C;
s((t + r)Cz) + t((s +1r)C,].

Result 3.4: For any connected graphs H,
and H, with s<2 and t <2, H;vH,
does not admit MDD.

Proof: Let H, and H, be the connected
graph with s<2 and t<2. Let G =
H,vH, Ifs=2andt =2then H;vH, is
a complete graph with four vertices. By
Theorem 2.7, G does not admit MDD. By
Theorem 2.5, the graph G does not admit
MDD for all the remaining cases. Hence
H,vH, does not admit MDD, for s <2
and t < 2.

Theorem 3.5: Let H, and H, be null
graphs.

Q) Ifs=1andt > 1, then H;vH,
does not admit MDD.

(i) If s>2 and t>2 , then
yp (HyvH,) < min {s, t}.

Proof: (i) Let H; be the null graph with
one vertex and H, be the null graph with
t>1. Let G =H;vH,. Then G is a star
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graph K; .. By Theorem 2.6, G does not
admit MDD.

(i)Consider the null graph with s > 2 and
t > 2. Then the join of H; and H, is a
complete bipartite graph with s+t
vertices. By Theorem 2.9, my,p (H;v Hy) <
min {s, t}. Hence the proof.

Result 3.6: Let H; be the (s — 1)-regular
graph and H, be the (t — 1)-regular graph
with s+t =5. Thenmyp(H;vH,) < s +
t—2.

Proof: Since H; is the (s —1) -regular
graph and H, is the (t — 1)-regular graph
with  s+t=5, H, and H, are the
complete graph with s and t vertices
respectively. Therefore, H;vH, is also a
complete graph with s + t vertices. Thus,
by Theorem 2.8, myp(H;vH,) < s+t —
2. Hence the proof.

Theorem 3.7: Let H, and H, be connected
graphs and H, and H, admits MDD. Then

Typ (Hy) + myp (Hy) < myp(HyvH,).

Proof: For proving this theorem we have
to consider the following two cases.

Case(i): H, and H, are complete graphs.

Since H, and H, admits MDD, H, and H,
are complete graphs with s and t > 5
vertices. Then H,vH, is also a complete
graph with s + t vertices. By Result 3.6,
myp(HyvH,) <s+t—2 We  have
mtup(Kp) < p — 2. Therefore 1y (Hy) +
myp(Hy) <s—2+t—2. That is,
yp (Hy) + typ(Hy) <s+t—4. Thus,
Ttyp (HyvHy) > myp (Hy) + myp (Ha).

Case(ii): H, and H, are non-complete.
Subcase(i): H; and H, are acyclic graphs.

If s =4 and t = 4, then the graph H; and
H, is a path graph with four vertices. We
have my,(P,) = 1. Therefore, myp(H,) +
yp(H,) = 2. Now to find the medium
domination decomposition of G. Let
{vi:1 <k <8} be the vertices of G .
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Since, there exists a subgraph of G with
medium domination number three, we can
decompose the graph G into four
subgraphs with  medium domination
number zero, one, two and three. Construct
a subgraph G; from G with vertex set
V(Gy) = {vi,v,,v7,v5} and edge set
E(G) = {v,v,, v vg, VgV, }. Construct the
subgraph G, with vertex set V(G,) =
{vs,v4,v5,06,v,, 73} and  edge  set
E(Gy) = {v3vs, v3v5, V3083 U {0402 5 <

i <8}U{v,vg}. Construct the subgraph
G5 with vertex set V(G3) = {v,, v3, Vg, U7}
and edge set E(G;) =
{v,v3, VyV3, V3V, V3V, VgV } . Construct
the subgraph G, with vertex setV(G,) =
{171,1]2,1]5,1]6} and E(G4) =
{V1V5, V1V, V1V, UaVs, Vo Vg, UsVg}. The
graphical representation of G4, G,, G; and
G, are given in figure.

vy

Here, [MD(G)|=0, [MD(G,)]=1,
IMD(G3)| = 2 and |MD(G,)] = 3. Thus
Typ(G) = 4 Therefore  myp(Hy) +
Ttyp (Hz) < myp (HyvHy).

If s >4 and t > 4, then myp(H,) = 2 and
myp(Hy) = 2. We have my,(H vH,) is
atleast four, since by case(i). Thus
Ttyp (Hy) + myp (Hy) < myp (HyvHy)
whenever H,; and H, are acyclic graphs.

subcase(ii): H; and H, contains atleast one
cycle.
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Then we have m,,(H,) and T, (H,) are
atleast two. But m,,(H;vH,) is atleast
four.  Thus, myp(Hy) + myp(H,) <
myp (HyvH,). Hence the proof.

Theorem 3.8: For any positive integers a
and b with a >4 and = Y% 2i , there
exists a graph G such that m,,, (G) = a.

Proof: Let P, be the path graph with a >
4 vertices, where {x;,x;,...,x,} are the
vertices of P,. Let K, , b >1 be the
complete graph with b vertices. Thus, the
graph H; is formed by connecting the
{x5,%3,...,xq_1} Vertices of P, to
K, K,, ..., K,_, respectively by an edge.
Let G =H,vK; . The graphical
representation of G is given below:

/

Now to find the medium domination
decomposition number of G.

For a = 4, there exists a subgraph of G
with medium domination number three,
Therefore, we can decompose the graph G
into four subgraphs with medium
domination number zero, one, two and
three. Construct the subgraph G; from G
with vertex set V(G;) = {x;:1 <i<4}U
{y;} and the edge set E(Gy) =
{xixiy1:1 <i<3}U{x,y;} . Construct
the subgraph G, from G with vertex set
V(G,) = {x1,y1} and edge set E(G,) =
{x1y,}.Construct the subgraph G; from G
with vertex set V(G3) = {x,,z;,y:} and
edge set E(G3) = {x221, %2Y1, Z1 )1} -
Construct the subgraph G, from G with
vertex set V(G,) = {x3,2,,235,y:} and
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edge set E(G,) =
{X322, X323, X3Y1, 2223, 2,1, 231} . Here
LMD(G,) = 0,MD(G,) = 1, MD(Gs) = 2
and MD(G,) = 3. Thus my,(G) = 4.

For a =5, there exists a subgraph of G
with medium domination number four,
Therefore, we can decompose the graph G
into five subgraphs with medium
domination number zero, one, two, three
and four. Construct the subgraph G; from
G with vertex set V(G)) ={x;:1<i<
50u{y;} and edge set E(G,) =
{xixi;1: 1 <i<4}U{x5y,}. The vertex
set and edge set of G,, G; and G, are same
as in the above part. Construct the
subgraph Gs from G with vertex set
V(Gs) = {x4,24,25,26,y4} and  edge
set E(Gs) =
{X424, X425, X426, X4Y1, Z4Z5, 2426, Z4 Y1,

ZsZg,Z5Y1,26Y1} - Here MD(G;) =0,
MD(G,) =1, MD(G3) = 2, MD(G,) =

Continuing in this way, for any a, there
exists a subgraph of G with medium
domination number a — 1, Therefore, we
can decompose the graph G into a
subgraphs with  medium domination
number 0,1,2,..., a— 1. Construct the
subgraph G, from G with vertex set
V(G) ={x;:1<i<a}U{y;} and edge
set E(Gl) = {xl-xi+1: 1<i< al} U
{x,y1}. The remaining subgraphs are G, =
K, Gs =Ks,...,G, =K, . Thus the
medium domination number of
Gy, Gy, ..., Gy is 0,12, ..,a—1
respectively. Thus ., (G) = a. Hence the
proof.

4. Medium Domination Number and
Medium Domination Decomposition
Number of Central Vertex Join and
Central edge Join of Graphs:

Theorem 4.1:For any graphs H, and H,,

then MD(Hyv H,) = p% [q+s' +
2

Li=1(d(vi)C) + Zzz(sﬂ)(d( vi) C2)]-
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Proof: Let H, be the (s,t) graph and H,
be the (s',t") graph. Let V(H;) = {x;: 1 <
i<s}and V(Hy) ={y;:1<j<t}. Let
C(H;) be the central graph of H, with s +

!

s’ vertices and (5)+s’ edges. Let
V(C(HY))={xz1<i<sju{c:1<

k < s'}. Let H;v H, be the central vertex
join of the graphs H; and H, with p(= s +
s' +t) vertices and q (= s"+t' +st+

t(tT_l)) edges, where {v,:1 < k < p} are

the vertices in H;v H,. Since the graph
H,v H, is obtained from C(H,) and H, by
joining each vertex of H; with every
vertex of H,, each vertex of H; have
degree t+degx; , for each i=
1,2, ...,s each vertex of H, have degree
s+degy;, for each j =1,2,...,t and s’
vertices have degree two.
Therefore, TDV(H,v H,) = q + s'(2C,) +

i=1((t +degx)Cy) + Xio,((s +
degy;)C,;). That is, TDV(H.v H;) = q +
s' + Xi=1(d(vi)C) +

=+ (@(Vi)C) , where X (t+

degx)) = Yp=a(d(vi)C2) o Xia(s +
degyj) = Z}zz=(s+1)(d( Vk))- Hence
MD(Hyv Hp) = ~—[q +s" +

k=1(d(v)C2) + Z§=(s+1)(d( V) C3)]-
Hence the proof.

Theorem 4.2: For any graphs H; and H,,
then MD(H, v H,) = p% [q +
2

k=1(d(v)C) + Ziz(sﬂ)(d( V) (7)) +
s'((t+2)C,)].

Proof: The proof is similar to Theorem
4.1.

Result 4.3:(i) Let H,; be the null graph
with s = 2 and H, be the connected graph
with t = 2, then H,v H, does not admit
MDD. (ii)Let H; be the connected graph
with s = 2 and H, be the null graph with
t = 2, thenH, vH, does not admit MDD.
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Theorem 4.4: For any connected graphs
H, and H, with s > 2 and t > 2, H;v H,
and H, v H, admits MDD.

Proof: Since H, and H, are connected
graphs with s>2 and t>2, H,VvH,
and H, v H, are also a connected graph
with p > 4 and q = 4. Thus, by Theorem
2.5, H;v H, and H, v H, and admits MDD.

Theorem 4.5: Let H; and H, be null
graphs with s>2 and t>2 . Then
yp(H1V Hy) < s—1+min{s, t — 1}.

Proof:Let H; and H, be null graphs with
s>2andt > 2. Let {x1, x,,..., x5} be the
vertices in H; and {y;,y,,...,y:} be the
vertices in H,. Let C(H,) be the central
graph of H;. By the definition of central
graph, we join all the non-adjacent vertices
in H; . Therefore C(H;) is a complete
graph  with s vertices.  Consider
H,v H,. Since we join all the vertices in H;
to all the vertices in H,, {xq, x5, ..., X5} U
{y1} form a complete graph K, and the
remaining graph form a complete bipartite
graph Ks,—q . We have myp(Kge—q) <
min {p;,p, — 1} . Thus myp(HV Hy) <
s — 1+ min {s,t — 1}. Hence the proof.

Remark 4.6: The bound in Theorem 4.5 is
sharp. For the graphs H; and H, with p; =
2 and P2 = 2 y T[MD(HI\} Hz) = 2.

Corollary 4.7: Let H; and H, be null
graphs with s>4 and t=1 . Then
T[MD(Hl\} Hz) S S — 1

Proof: By Theorem 4.5, the vertices in H,;
and H, form a complete graph with s + 1
vertices. We have myp(Kepq) <s+1-—
2. Thus ryp (Hyv Hy) < s — 1. Hence the
proof.

Theorem 4.8: Let H,; be the null graph
and H, be the complete graph with s +t >

Proof: Let {x;:1 < i < s} be the vertices
of H; and let {y;:1<j<t} be the
vertices of H,. Since H, is a null graph
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with s vertices, C(H,) is a complete graph
with s vertices. Consider the graph
Hv H,. Then H,v H, form a complete
graph Ks., with s+t >5. Therefore,
myp(HyVHy,) <s+t—2 . Hence the
proof.

Theorem 4.9: Let H, be the r- regular
graph with s > 3 and H, be the null graph
with ¢ > 1. Then

() mup(Hyv Hy) < |3 +mins, ¢}
(i) mup(HivHy) < |3 +min{s’, ¢}

Proof:(i) Since H,is the r- regular graph,
yp (C(Hy)) < EJ Also since by the
definition of H,v H,, we join all thes
vertices in H, to all the vertices in H,. Let
G=H,vH, and let H = G\E(C(H,).
Consider the graph H. Then H is a
complete bipartite graph with s+t
vertices. We have my,(H) <min{s,t}.

Therefore, myp (H vV Hy) < [§J+min{s, t}.

(i) The proof is similar to (i).

Corollary 4.10: Let H, be the (s —1)-
regular graph with s > 2 and H, be the
null  graph with t=1 . Then
Ttyp (HyV Hp) = 7TMD(H1XH2) = 2.

Proof: Since H, is the (s — 1) - regular
graph, |MD(C(H,)) =0| . Consider
G =H;vH, and let H = G\E(C(H,).
Then it is a star graph with s end vertices.
We have MD(H) =1. Thus, we can
decompose the graph G in to two
subgraphs G; and G, with medium
domination number O and 1 respectively.
Hence my,(H,v H,) = 2. Similarly, we
can prove that myp,(HyvH,) = 2. Hence
the proof.

Theorem 4.11: Let H,be the star graph
Kim With m > 2 end vertices. Let H, be
the null graph with t > 1. Then

0] mTyp(HVH,)) <m+1
(i)  myp(HivH,) <m
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Proof: Let H,be the star graph K ,, with
m > 2 end vertices, where {x;: 1 < i < s}
are the vertices in H; and {x;:2 <i < s}
are the m end vertices in H;.Let H, be the
null graph with t > 1, where {y;: 1 < j <
t} are the vertices in H,.

(i) Consider H,v H,. Here m end vertices
from H; and one vertex from H, form a
complete graph with m+ 1 vertices.
Therefore, 7myp(Kpy1) <m+1-2=
m+ 1. Also the medium domination
decomposition number of remaining graph
is two. Therefore my,(H,vH,) <m-—
1+2=m+1. Hence myp(H,VH,) <
m+ 1.

(if) Consider H,vH,. Here m end vertices
form a complete graph with m vertices.
Therefore myp (K, <m—2. Also the
medium domination decomposition
number of remaining graph is two.
Therefore myp(HyvH,) <m—2+2=
m. Hence myp(HyvH,) <m. Hence the
proof.

5. Conclusion

In this paper, we calculated the
number of vertices that are capable of
dominating both of u and v. The total
number of vertices that dominate every
pair of vertices is examined and the
average of this value is calculated which is
called “the medium domination number”
of graph. Some theorems and bounds on
the Medium Domination Decomposition
Number of join of graphs, central vertex
join of graphs and central edge join of
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graphs are given. Also a realization
theorem for such decomposition is
obtained. Further this concept can be
extended to product of graphs.
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