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Abstract 

In this paper, we define generalized
'

sZ  contraction related to  , where  is a simulation function in S-metric 

space and give some examples. Also we derive fixed point of a self mapping by using this definition and support 

it by some examples. 
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Notation: R  denotes the set of all real numbers and 
R denotes the set of all non-negative real numbers. 

 

1. Introduction & Preliminaries 

 

Fixed point theorems are very helpful in nonlinear analysis and solving differential equations. Today  

mathematicians researches around this area for finding fixed points in both complete,non-complete metric 

spaces.  Many of them generalizes the concept and derive new theorems. Khojasteh et al introduced the concept 

of Z-contractions along with simulation functions and derive some fixed point theorems in complete metric 

space. Later Erdal Karapinar presented the new concept by defining contractive condition through admissible 

mapping which is imbedded with simulation function in complete partially ordered metric spaces. S.Sedgi, 

N.Shobe, A.Aliouche generalized the fixed point theorem in S-Metric Space. Antonio-Francisco, Karpinar 

established common fixed point in the metric space through simulation function.MuratOlgun, O.Bicerand 

T.Alyildiz established generalized Z-contraction in relation to the simulation functions and derive the invariant 

point. Nihal Tas Nihal Ylimaz Ozgur and Nabil Mlaiki researched the invariant point by using collection of 

simulation mappings in S-metric spaces and then Venkatesh and R.NagaRaju generalized this concept in S-

metric space.  

Definition:1.1[1]  A mapping S: 
 RXXX where X be any non-empty set is said to be an S -

metric on X  if S  satisfies the following conditions: 

(i) 0),,( cbaS  Xcba ,, with cba   

(ii) 0),,( cbaS  if cba   

(iii) XtcbatccStbbStaaScbaS  ,,,),,(),,(),,(),,( If S  is a metric on a non-empty set X , 

then ),( SX is said to be S -metric space. 

Example: 1.2[1] Define a mapping  
 RXXXS :  by ),(),(),(),,( cadcbdbadcbaS 

 Xcba ,, where  X is the metric space under the metric „d‟. Then ),( SX  is S -metric space. 

Example: 1.2[3]Take ,RX 
 RRS 3:  defined by ),,( cbaS acb 2  + cb   Xcba ,,   

is S  metric on R  & ),( SX  is called S -metric space. 
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Example:1.3[7]Define 
 RRS 3:  by ),,( cbaS ca   cb   Rcba ,, then ),( SR  is S -

metric space. 

Results: In S -metric space, 

(i) ),,(),,( abbSbaaS   

(ii) ),,(),,(2),,( cbbScaaSbaaS   

(iii) ),,(),,(2),,( bccScaaSbaaS   

Definition: 1.2 [1]If 0),,(  nnS as n ,then we say that }{ n in X  converges to X . (ie) for 

arbitrary 0 ,there exists a natural number m such that  ),,( nnS  mn   .Also we write it by 

 


n
n
lim . 

Definition: 1.3A sequence }{ n in S-metric space ),( SX    is said to be Cauchy sequence if for any 0 ,

Nm  such that  ),,( mnnS  
0, nmn  . 

Definition: 1.4A S -metric space ),( SX   is said to be complete if every Cauchy sequence in X  is converges 

to a limit in X . 

Definition:1.5[1]Let ),( SX   be S -metric space. A mapping XXh :  is said to be S -contraction if 

),,(),,( vtShvhhS    10&,  tXv . 

Definition:1.6 [2]A function RRR  :  is a simulation function if 

(i) 0)0,0(   

(ii) stts ),(  for X 0, ts  

(iii) If }{ ns , }{ nt  are 2 sequences in and 0limlim 


n
n

n
n

ts ,then 0),(suplim 


nn
n

ts  

   The collection of all simulation mappings is indicated by Z .For example, sktts ),(  for 10  k  

belongs to Z . 

Definition: 1.7[5] A self mapping h  on a S -metric space ),( SX  is said to be 
sZ – contraction in relation to 

  if ZXbabaaShbhahaS   &,0)),,(),,,((  

Theorem:[5] Let ),( SX   be a S-metric space. Then a self map h  on X  has a unique fixed point  Xl  

where l is the limit of the Picard Sequence }{ n  whenever h  is a sZ  – contraction in relation to  . 

2. Main Results 

 

Definition:2.1Let ( X , S )  be a complete metric space. A self map h on X  is said to be generalized
'

sZ  

contraction related to   if XwwMhwhhS  ,0)),,(),,,((   where 

)]},,(),,(

),,(),,([
4

1
),,,(),,,(),,,({),,(

hwhwShwhS

hhhwShwhwShwwwShhSwSMaxwM









 

Example: 2.1 Let ]1,0[X be a complete metric space with the metric S  as
 RXXXS :  defined by 

wvwwvS   ),,( .Define XXh :  by 
 

h  = {
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Lemma 2.1: Let ( X , S ) be an S-metric space. Then any contraction  mapping h  on X  is a generalized 
'

sZ   

contraction related to  . 

Proof: Since h  is contraction mapping on X . 
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Definition 2.2:  Let ( X , S ) be an S-metric space. Then a self  mapping h  on X  is said to be  asymptotically 

regular at X if 0),,(lim 1 


 kkk

k
hhhS . 

Lemma 2.2:If a self mapping h  is a generalized 
'

sZ   contraction related to  . Then h is asymptotically regular 

at each point  .X  
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0),,(lim, 1 
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(ie) h  is asymptotically regular at  . 
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This shows that ),,( 1 kkk hhhS is a strictly monotonic decreasing sequence of non- negative real numbers.
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By the property of monotonic, ),,( 1 kkk hhhS  is convergent. 
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[ The sequence defined above is known as Picard Sequence] 

 

Proof: 

Let  n  be the sequence defined as 
nn hh  1

where h  is a generalized 
'

sZ   contraction related to  . 

To Prove:  n  is bounded. 

Suppose not. 

(ie)  n  is not bounded, then there exists a real number ,0k  for this we can find a subsequence X
sn    

of  n  and  a smallest positive integer 1sn   such that

1),,(&),,( 111
  ssnnnnnn nmnwherekSkS

smmsss


kS

SSSkNow

ssss

sssssssss

nnnn

nnnnnnnnn













),,,(2

),,(),,(2),,(,

1

11

1111

111111




 

kSsAs
sss nnn 


),,(,

11


 
 

),,(),,(

,

1111 111 ssssss nnnnnn

n

ShhhS

haveWeSequencePicardisSince








0),,(lim

,

111 11

'


 

 sss nnn
n

s

S

regularllyAsymtoticaisithencetorelatedncontractioZdgeneralizeishAlso





 

0),,(),,(

0),,(),,,((

,

111111

111111

1111

1111













ssssss

ssssss

nnnnnn

nnnnnn

hhhSM

MhhhS

ofdefinitionthebyNow







 

k

S

hhhSM

sss

ssssss

nnn

nnnnnn









 

),,(

),,(),,(

11

1111 111111





 

 



Section A-Research paper 

 

Fixed Point Theorem from Generalized  
'

sZ  Contraction in S- Metric Space  

 

Eur. Chem. Bull. 2023, 12 (S3), 7482-7492                                                                                                     7489 

ISSN: 2063-5346 

 

)]},,(),,(

),,(),,([
4

1

),,,(),,,(),,,({

)]},,(),,(

),,(),,([
4

1

),,,(),,,(),,,({

),,(,

111

111

11111

111

111

11111

11

11

1

111111

111111

111111

111111111

111

ssssss

ssssss

sssssssss

ssssss

ssssss

sssssssss

sss

nnnnnn

nnnnnn

nnnnnnnnn

nnnnnn

nnnnnn

nnnnnnnnn

nnn

SS

SS

SSSMax

hhShhS

hhhShhS

hShhSSMax

MkThus

























































)]},,(),,(32[
4

1

),,,(,),,(2{

)]},,(),,(3),,(2[
4

1

),,(),,,(),,(2{

)]},,(),,(),,(

),,(),,(),,([
4

1

),,,(),,,(),,,({

11

1111

1111

111111

11

1111

1111111

1

111

11

1111

11111

1111

ssssss

ssssss

sssssssss

sssssssss

sssssssss

sssssssss

sssssssss

nnnnnn

nnnnnn

nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

SSk

SkSMax

SSS

SSSMax

SSS

SSS

SSSMax























































),,(

),,(lim

),,(lim,

11

11

11

111

111

sss

sss

sss

nnn

nnn
s

nnn
s

S

kM

kMksAs
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Which is a contradiction to  the definition of  , since the limit supremum is strictly less than 0 

Hence our assumption is wrong. 

Therefore,  n is bounded. 

Theorem:2.1Let ),( SX be a complete S-metric space and if XXh :  is generalized 
'

sZ   contraction 

related to  . Then there exists a unique fixed point for h  and the Picard Sequence converges to the fixed point 

of h . 

Proof: Let  n be the Picard Sequence with initial point X0 .
 

First we have to prove that  n  is a Cauchy sequence.  
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Clearly  nA  is strictly monotonic decreasing sequence of non-negative real numbers. 
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Which is a contradiction to the definition of   

our assumption that 0a is wrong. 

 Hence 0a  

 n is a Cauchy sequence in complete metric space and hence convergent. 

Let ln
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To prove l  is the fixed point of h . 
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 (ie) l  is the fixed point for h . 

To prove the uniqueness 

Suppose there exists two elements   ,    in X such that h   =   , h    =     and       
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Which is a contradiction 

21 ll   
Hence proved.
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,0X &S : 

 RXXX defined by ),,( cbaS bca 2  + ca   

Then ( X , S ) is a complete S metric space. Define a self map h on X  by 
a

a
ha




1
 

Then h  is a Z -contraction related to   where  
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Thus for all Xba ,   we get, 
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(ie) h  is a generalized 
'

sZ contraction related to  . 

Hence by the above theorem, h has a unique fixed point & the fixed point is 0. 

 

Example: 2.3 If  1,0X &S :
 RXXX  

),,( cbaS ca   cb 
 

Then ( X , S )  is a complete S- metric space. 

Define h a == {

 

 
            

 

   
                

 

 
           

 

 
                

 

Then h  is not a generalized 
'

sZ contraction related to  where )1,0[),(   uvvu  

Hence by theorem , h  has no unique fixed point but have 2 fixed points as 
5

1
&

3

2
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