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Abstract

In this paper, we define generalized Z; contraction related to ¥, where ¥ is a simulation function in S-metric

space and give some examples. Also we derive fixed point of a self mapping by using this definition and support
it by some examples.
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Notation: R denotes the set of all real numbers and R" denotes the set of all non-negative real numbers.

1. Introduction & Preliminaries

Fixed point theorems are very helpful in nonlinear analysis and solving differential equations. Today
mathematicians researches around this area for finding fixed points in both complete,non-complete metric
spaces. Many of them generalizes the concept and derive new theorems. Khojasteh et al introduced the concept
of Z-contractions along with simulation functions and derive some fixed point theorems in complete metric
space. Later Erdal Karapinar presented the new concept by defining contractive condition through admissible
mapping which is imbedded with simulation function in complete partially ordered metric spaces. S.Sedgi,
N.Shobe, A.Aliouche generalized the fixed point theorem in S-Metric Space. Antonio-Francisco, Karpinar
established common fixed point in the metric space through simulation function.MuratOlgun, O.Bicerand
T.Alyildiz established generalized Z-contraction in relation to the simulation functions and derive the invariant
point. Nihal Tas Nihal Ylimaz Ozgur and Nabil Mlaiki researched the invariant point by using collection of
simulation mappings in S-metric spaces and then Venkatesh and R.NagaRaju generalized this concept in S-
metric space.

Definition:1.1[1] A mapping S: X x X x X — R*where X be any non-empty set is said to be an S -

metricon X if S satisfies the following conditions:

(i) S(a,b,c)>0VY a,b,ce Xwithaz=b=c

(i) S(a,b,c)=0ifa=b=c

(i) S(a,b,c) <S(a,a,t)+S(b,b,t)+S(c,c,t) Va,b,c,t € X If S is a metric on a non-empty set X |,
then (X, S) issaid to be S -metric space.

Example: 1.2[1] Define a mapping S:X xXxX —R" by S(a,b,c)=d(a,b)+d(b,c)+d(a,c)

Vma,b,c e X Where X is the metric space under the metric ‘d’. Then (X, S) is S -metric space.

Example: 1.2[3]Take X =R, S :R® — R" defined by S(a,b,c) = |b+C —2a| +|b — C| Vga,b,ce X

is S metricon R & (X,S) iscalled S-metric space.

Eur. Chem. Bull. 2023, 12 (S3), 7482-7492 7482
ISSN: 2063-5346


mailto:maryanushia@gmail.com
mailto:leena.wcc@gmail.com

Fixed Point Theorem from Generalized Section A-Research paper

Z; Contraction in S- Metric Space

Example:1.3[7]Define S:R® —>R* by S(a,b,c)= |a—c| + |b —C| V a,b,ceRthen(R,S) is S-
metric space.
Results: In S -metric space,

(i) S(a,a,b)=S(b,b,a)

(i) S(a,a,b)<2S(a,a,c)+S(b,b,c)

(iii) S(a,a,b)<2S(a,a,c)+ S(c,c,b)

Definition: 1.2 [1]If S(7,,77,,77) — 0as n — oo then we say that{ﬂn} in X converges torg € X . (ie) for
arbitrary & > O ,there exists a natural number m such that S(7;,,77,,77) <& VN =M Also we write it by
limnp, =n.

now

Definition: 1.3A sequence {7, }in S-metric space (X,S) is said to be Cauchy sequence if for any & > 0,
meN suchthat S(77,,77,,77,) <evnm>n,.

Definition: 1.4A S -metric space (X,S) issaid to be complete if every Cauchy sequence in X is converges

toalimitin X .

Definition:1.5[1]Let (X,S) be S -metric space. A mapping h: X — X is said to be S -contraction if
S(hn,hn,hv) <tS(n,n,v)vy,ve X &0<t<1.

Definition:1.6 [2]A function y : R" x R™ — R is a simulation function if

() 7(0,0)=0

(i) y(s,t)<t—s for X s,t>0

(iii) 11{S,, } . {t, } are 2 sequencesinand lims, =limt, >0 thenlimsupy(s,.t.) <0
n—o0

n—o0 n—o0
The collection of all simulation mappings is indicated by Z .For example, y(s,t)=kt—s for 0<k <1

belongsto Z .
Definition: 1.7[5] A self mappingh on a S -metric space (X,S) issaid to be z_- contraction in relation to

v if (S(ha,ha,hb),S(a,a,b))>0VvVabeX & yeZ
Theorem:[5] Let (X,S) be a S-metric space. Then a self maph on X has a unique fixed point | e X

where | is the limit of the Picard Sequence {ﬂn} whenever h isa Zs — contraction in relationto } .
2. Main Results

Definition:2.1Let (X , S) be a complete metric space. A self map hon X is said to be generalized Z;
contraction related to 4 if (S(hd,hS,hw), M (S, &, w)) >0V S ,we X where

M (<, ¢, w) =Max{S({, <, w),S(<,hd,hd), S(w,w, hw),%[S(g“,hw, hw) + S(hw,hd’,hg) +
S(&,hg, hw) +S(w,hS, hw)]}

Example: 2.1 Let X =[0,1]be a complete metric space with the metric S asS: X x X x X — R" defined by
S(¢,Vv,W) =|¢ =W +v—w .Define h: X — X by
4
[017_)
4
[; ) 1]

Case(i): £,we[O, ;j

1

hé=ﬁ
7
Let §=0,W=%,thenh§=hW:%
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S(he.he,hw) = |ne — hw|+ ¢ — i = 2 —hw| = 2‘1—%‘=0

S(¢,¢ W) =[¢ —w+[¢ —w=2¢-w]
s[o,o,%):z‘o-%‘:2‘-%‘:2%:1
S(¢,h¢,h¢) =|¢ —h¢|+|h¢ —hg]=[¢ - hd]
o)

111 10 11 1
S(w,w, hw) = S(— — —):7 S(<, hw, hw) = [07,7j=7,

2'2'7
S(hw,h& he) = 3[1 % %) 0,S(£, e, hw) = s( % %):%
cuncm-s133)-5,

ot 80,2, 2],

Here,S(hS,hS hw) <M (£, &, w)

N 4 4
Case(ii): ¢ [0,7} We [7 ,1}

(a)LetC;Z%,W:g,thenhé’:%,hW= ,
here,d =hd

113 4
S(h<,he,h S| =, =, = |==
(he' he’ hw) = [7 7’ 7] 7

~N | w

115) 8 111
s ¢w=s(3.32]-2 sne o =s(1.23]-0,
55 3) 4 133) 2
S(w,w, hw) = 8(7 7) - , S(&, hw, hw) = 8(7 = 7):7,
S(hw,h¢ he) = s( %

7
513) 4
S(w,h,hw) =S| =, =, = |=—,
(W, he',hw) (777) 7

o -vnfl 02 224

Here, S(hS,hd hw) < M (&, 4, w)

2 5 1 3
b)Let { =—,w=— thenh{ ==, hw=—,
BLet &=, W= thenhe =2 7
here,{ #hd &w = hw
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s(he,he, hw) = s[% % %):é

S(,¢ W) = s[% 23)-2swnenn=s(22.3)-1
o {333)- scm-s223)
S(hw,h¢,he) = S(%% ;) % S(<,hd hw) = S(% % %jzg,
S(w,h¢,hw) = S[§ % %)zg,

M, W)= Max{ﬁ,l,il[i+g+§+ﬂ}}:g

7T 7T 47T 7T 7T 7
= S(hg,hS hw) < M (4,4, w)
(c)¢=0,w=1
(lower and upper bounds of the interval in which the function h defined)
1 3
Then hd ==, hw=—,
en e 7 7
113 4
S(hé,hg,h S|=, = ===
(hehe,hw) = [7 7’ 7) 7
11 1
S(¢,¢,w)=5(0,01)=2,S(¢,he,he) = s(o = 7j=7,
S(W,W,hw):S(l,l,g): ,S(g,hw,hw):S(O,%,gj: ,

2 1
j = ,S(&,hd, hw) = S( =

77 417 7 77
Here, S(hS,hS hw) <M (£, &, w)

M(g,c;,w):Max{z,iﬁ,l[B 2.5 6}} )

Section A-Research paper

If £&w are changing their values, we get the same inequality as above.

Case(iii):g“,We[;,l}

I w

Leté’-E W= 1thenh§—§ W=

S(h¢,he hw) = s(— 2 gj
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sc.c=(3.21)-2 scnene) 5[ 3.2.2)-2,

S(w,w, hw) = S(l,l, ;j =—,S(<, hw, hw) = S(g

3 3 533) 2
F3)-os@nam=s[3.22)-2.

\IIOO

S(hw,h¢,h¢) = S[

S(w,hg, hw) = S(l§ §j=;

77
8 .41/2 2 4 4 8
L EES R S

Here, S(hS,hS ', hw) < M (S, S, w)

Case(iv): & =w=hJ =hw
Then,S(hS,hd hw) =M (S, S, w) =0
Hence we conclude that

S(hg”,hg”,hw)ﬁ; &S(h(,h(,hw)ﬁ%M(é’,{,W)
his generalized Z, contraction related to ) ifyis defined asy(p,q)= gq —

Since, 7(S(h¢,he,hw), M(g,g“,w)):g (M(&, & wW)—S(he he hw) >0

Lemma 2.1: Let (X , S) be an S-metric space. Then any contraction mappingh on X is a generalized ZS'
contraction related to } .

Proof: Since h is contraction mapping on X.

= S(hd,hd,hw) <k S(£,4,w) <k M(J, <, w) where k €[0,1)
=kM(,S,w)-S(hd,hS hw) >0

= 7(S(h¢,h¢ hw), M (S, ¢, w)) >0

.. his generalized Z; contraction related to J if ' is defined as ¥(p,q) = kq— p

Definition 2.2: Let (X , S) be an S-metric space. Then a self mappingh on X is said to be asymptotically
regular at 77 € X if lim S(h*n,h*p,h*) =0.

Lemma 2.2:1f a self mapping h is a generalized Zg contraction related to ¥ . Then h is asymptotically regular

at each point 7 € X.
Proof: Let 7 € X

Case (i) Suppose h*z =h*?7; for any arbitrary K € N
that meansha =a where a =h*"
Then h"™p=h""hp=h""n=..=hn=n VmeN
Now, S(h“7, h*n, W) = S(h*hi-y, KRy hit+2hiyy
_ 5(h*"a, h*"ig, h*2q)
=S(a,a,a)
=0
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Hence, lim S(h*n,h*n, h**n) =0

(ie) h is asymptotically regular at n.

Case (ii) Supposeh'nz =h''n VteN

Since h is a generalized Z; contraction related to)
We have, »(S(h*"7,h*"7,h ), M (h*,h*p,h“') >0

where, M (h*n, h*n, h* ') = Max{S (h*n, h*n, h* '), S(h*n, h*n, h*'n), S(h**n, K", h ),

1 + +
Z[S(hkn, h*n,h*n) +S(h*n,h*"'n,h""n) +
S(h*n,h*"*n,h¥ ) + S ("5, h**n,h )]}
< Max{S(h*zn, h*n, h*'n),S(h*n, Ky, h*n),
1 + + = — + +
Z[ZS(hkn, h“7,hn) + S (", ", h7) + S (W', g, hap) T}

— MaX{S(hkﬂ, hkﬂ, hkfln)’ S(hkn, hk+177, hk+177),

1 v L
Z[3S(hkf7.hk 17,0 n) + S (W', h* i, )1}

= Max{S(h“n,h*n,h**n), S(h*n, h**n,h"n)}

Since, %[SS(hkr;, h*ty, h¥1p) + S (W, h*1, hs7)] lies between

S(h*n,h*n,h* ") and S(h*n, h**n, h ).
S M (hkn,hkn,hk’ln) < MaX{S(hkn,hkn,hk’ln),S(hkn,hk“n,hk“n)}.

If S(hkn, h"*lr], h"*lr]) > S(hkn, hkn, hk’l77) ,
then M (h*7, h*n, h* ') = S(h*n, h*'y, h*n)

NOW, 0 < ¥ (S(hk+177, hk+177, hkn); S(hk+l77’ hk+177’ hkn)
< S(hk+177, hk+177, hkn) - S(hk+177, hk+177, hkn)
=0

Which is a contradiction to the definition of 7.
s M(h*n,h*n, h* ) =S(h*n, h*n,h'n)

By using generalized Z; contraction related to ¥ property, we get,
0 < »(S(h""'5,h*" ', h*5), M (h*;7,h*n, hn))

<M (hkn' hkn‘ hk—ln) _ S(hk+177, hk+177’ hkn)

— S(hkﬂ, hknv hk—ln) _ S(hk+177, hk+l77, hk??)
— S(hk+l77, hk+l77, hkﬂ) < S(hkﬂ, hk771 hk—ln)

This shows that S (h*7;, h*77, h**77) is a strictly monotonic decreasing sequence of non- negative real numbers.
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By the property of monotonic, S(h*7,h*7,h**'7) is convergent.
Let ll(imOS(hkn, h*z,h**7) =1 where 1>0
Suppose | >0
By the definition of generalized Zé contraction related to } property, and simulation function,
We have, 0< Il(m sup 7(S(h*'n, h*5,h ), M (h*n, h*p, h*'n))

=limsup (S(h*"'7,h""n,h*ny), S(h*n. h*n,h* ")) <0

Which is a contradiction.
s 1=0

Hence, ,!i_[‘jos(hk’?’ h*7,h* ") =0

Hence h is asymptotically regular at every point 77 € X.

Lemma 2.3:The sequence { }defined ashz;, , =hz;,  with initial point 77, € X is bounded if h is a
generalized Z; contraction related to } .

[ The sequence defined above is known as Picard Sequence]

Proof:
Let { n} be the sequence defined as hz, , =hrz, where h is a generalized Z; contraction related to } .

To Prove: { n} is bounded.
Suppose not.

(ie) { n} is not bounded, then there exists a real number k > 0, for this we can find a subsequence M, € X
of { n} and a smallest positive integer Ng such that
S, 1T 70 ) >k & S(, ,7, 1, ) <k where ny<m<n_, -1
Now, k <S(7, 70 110, ) <280 10T 1) T S0 s 700 10, 1)
<28y, 11, 2 0 T, 1) + K
) =K
Since {r, }is Picard Sequence, We have
Sthn, . hm, b, 2)=S( om0, 10,)
Also h is generalized Z_ contraction related to y , hence it is Asymtotically regular
= mS@, , 17, 4,,) =0
Now, by the definition of »
y(Sthn, b, 0o, ) M@, 107 10770, 4) 20

s+l

As s —> o, S(1, 7,

S+l

s+1 s+1

=M@, 21,07, 1) = SChn, i hm, o hr, )20
=M@, 11 17, 1) 2 SChn, i hn, . hn, )
=S, 7., +1Tn,)
=k
Eur. Chem. Bull. 2023, 12 (S3), 7482-7492 7488
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ThUS, k < M (77n5+1-1’ 77ns+1—1’ 77n5-1)

= MaX{S (77n -1 77n -1 nns—1)1 S (nn5+1—1’ h 77n5+1—1' h 77n5+1—1)l S (77n5-1’ nns—11 h nns—l)’

1
2 [S(,, . hm, b, ) +S(hn, 5 b, o hg, )

s 1—1? h 77n5_1)]}
), S0, 130,25 710,)

+ S (77n5+1—l’ h 77n5+1—1’ h 77n5—1) + S (nns—l! h 77n
=Max{S (17, 1+, 10,4, S 130, T

s+1 s+1

1

541 77n5+1)
+3 (77n5+1—l’ 77n5+1 ’ 77n5 ) +3 (77n5—1’ M, 77n5 )]}

< Max{S(77,, 1,71, 1:n,, 1)+ S W, 13T 19T, )+ S (T, 100, 15710, )

1
=[S
4[ (...,

S(nnsﬂinn ’nns)_'_S(nnsflinnsfbnns)+S(77n5+1'77ns+1’77n5)]}
< Max{2S8 (77, 1,770, 1:710,) + S, 1310, 15770, ): S (70, 13700, 13 77,)

1
=12s
4[ (7,

< Max{2S (77, 1,770, 1,770, ) + K. S0, 1,770, 12775, ),

S+1 s+1 s+1

o )+ S (17,010,

s+1

s+1

—1777n —1777n5 ) + 8(77nS 177nS 177n5+1) + 8(77n5+1—1777n5+1—1777nS ) +

s+1

s+1

s+l s+1

oMo M0, ) +3S (070, 2770, 2700, ) + S (17015770, 1,770 )13

s+l s+1

1
212K +38Cm 710,700, ,) + S (o, 13770, 10710, )1}

s+1

Ass— oo, k<limM(n, .7, 1.7, 4) <K
= M (1,07 1) =K
= S (nnsﬂ ! nnsﬂ ! nns )

By the definition of } and generalized Z; contraction related to } property,
O0<lim Sup y(S(h7,, 4,7, 0 b7 1) M, 3700, 20700, 0))

=lim Sup (S(7, /DI )

=0
Which is a contradiction to the definition of ', since the limit supremum is strictly less than 0
Hence our assumption is wrong.

Therefore, { n} is bounded.

11T

s+1 s+1 s+1 s+1

Theorem:2.1Let (X,S)be a complete S-metric space and if h: X —> X is generalized Z; contraction
related to 7. Then there exists a unique fixed point for N and the Picard Sequence converges to the fixed point

ofh.
Proof: Let { n} be the Picard Sequence with initial point 77, € X

First we have to prove that { n} is a Cauchy sequence.

Consider, A, = Sup{S(,,n,,7m,)/t,s=n}

Clearly {Ah} is strictly monotonic decreasing sequence of non-negative real numbers.
Hence it is convergent.Let lim A, =a

N—ao0
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Toprove a=0
Suppose not, then a > 0.From the definition of {A_ } We can find$;,t; such that I <'§; <t; and

A —%< S 15.1,) < A
lim @, 72,,m,) =2
Now, S(.75.7,) < S(17 1,75 1,70, 1)
S28(Ng 441 1:75,) + Sy 1,70 10775,

<28(15 43750015 ) + 28 (0 0o 1070,) + S (77510577, )
As s — oo, lim S(77si s, ,nti) =a

(- by lemma 2.2, !m S(nsi—l' s, 773i) = !'_[2 S(nti—l' /ey 77ti) =0)

since h is generalized Z, contraction related to ¥ .
y(S(hn_y,hng  hn ) M@, _470.17,4)) =0
(S, 15,:1, )M (175 1,775 1.7, 1)) 20

= M (71,77 1:104,) =S (15, 725,,72,) 2 0
= 8(775i 7775i ’nti) = M (nsi—ﬂnsi—l’ 77t7:|1~)
=>asM 754,754 71,)
= Max{s(nsi—l 1750 1y ),S(Usﬁl 1h775i71 vh775i71 )1S(nti—l 1T ’h77ti71 )

1
Z[S(Usﬁl ’h771i71 7h77ti—l )+5(hf7ti4 vh775i71 ’hnsi—l )+
S, .hn,, hn,, )+S(@,. hn,, hn, )1}

=Max{S(17s 1 754 111 ), S0 2715 1115, ), S (11 101 270, )

1
Z[S(nsifl My 1 )+ Sy g s )+ Sy g 1y )+ Sy 1 )1}

SMax{S (1751 754 111 ) S50 1705 10705, ), S1ya 7, 212, )

1
Z[S(nsi—l ’Usi—l ”7% )+S(77ti ’775i 1775i )+S(775i—l 1775i—1 7775i )+ S(’]si 7775i 7775i )+
S 15, 11, )+ SCnys 10 1, ) +S (05,15 1, )+ S, v, w12, )1}

Asi—o0,a<M (1, 17, 4,7 1)

< Max{a,0,0,%[a+a+0+0+a+0+a+0]}
=a

M (775,—11 s 77t,—1) =a
Hence we get,

0<lim Sup y(S(775,,775, 72, )s M (775 1,775, 4,77, 1) = O

Eur. Chem. Bull. 2023, 12 (S3), 7482-7492 7490
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Which is a contradiction to the definition of

our assumption that a > O is wrong.

Hence a =0

{ n} is a Cauchy sequence in complete metric space and hence convergent.
Let lim 7, =1

To prove | is the fixed point of h.

(ie) Toprove hl =1

Suppose not. Then hl = |

Now, M (77,,7,,1) = Max{S(n,,7,.1)), S(n,, hn,,hn,),S(1,1,hl),

%[S(Un,hl,hl)+S(hl,hﬂn,hnn)+S(77n,h77n,h|)+5(|,h77n,h|)]}

lim M (7,,7,,1) = Max{S(1,1,1), (1, hl, ht), S (1,1, i),

%[S(I,hI,hI)+S(h|,h|,h|)+S(I,hI,hI)+S(I,I,hl)]}

=s(,1,hl)
Now, 0<lim Sup 7(S(hn, ,hn, ,h),M@,.7,.1))

=Sup y(S(hl, hl,hl),sd,1,hl))

= Sup »(0,S(l,1,hl))

= Sup (S(I,1,hl)-0)

= Sup (S(I,1,hl))
Which contradict the condition that Lm Sup ¥(S(hn,,hn, . hl),M(,,17,,1)) <0
Hence hl =1

(ie) | is the fixed point for h .
To prove the uniqueness

Suppose there exists two elements [,, [, in X such that h L=1, h l,=1, and l; # I,
Consider,M (1,,1,,1,) = Max{S(l,,1,,1,),S(,,hl;,hl),S(,,1,,hl,),

%[sal, h,, hl,) +S(hl,, hl,, hl,) + S(l,, hl,, hl,) + S(1,, hl,, hl,)]}

=S(,1,1,)
Now, 0 < »(S(hl, hl,,hl,),M(,,1,1,))
::7(S(h’h!b)rhﬂ(hvhib))
Z:V(S(h’h’b)1s(h’h’b))
=0
Which is a contradiction
s=1,
Hence proved.
1

Example:2.2If X :{0,4}&8 t Xx X x X =R gefined by S(a,b,c) = |a+c—2b| +|a—c|

a

1+a

Then ( X,S ) is a complete S metric space. Define a self map hon X by ha =

Then h isa Z -contraction related to ¥ where Vv
}/(U,V) =

7-u VU,VE[O,OO][Z]
v,

Thus forall a,b e X we get,
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Zé Contraction in S- Metric Space

0 < 7(S(ha, ha, hb), S(a, a, b))

__S@&ab) __ gpa ha hb)
S(a,a,b)+=

4
< _M@3aDb) _ gha, ha,hb)
M(a,a,b)+Z

= y(S(ha, ha, hb), M (a, a,b))

(ie) h is a generalized Z; contraction related to } .
Hence by the above theorem, h has a unique fixed point & the fixed point is 0.

Example: 2.3 If X =[01]&S: X x X x X - R*
S(a,b,c)=|a—c|+[b—¢|

Then ( X,S ) is a complete S- metric space.
1 4
)

-t [0'_
[5.1]

Define ha==1%, 7
Then N is not a generalized Z; contraction related to ) where y(u,v) = —u Vz €[0,1)

1
Hence by theorem , N has no unique fixed point but have 2 fixed points as g&g :
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