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Abstract 

In this manuscript, a remarkable 4-tuples (       ) with elements are non-zero integers such that 

the arithmetic mean of any three elements among the four elements listed in this 4-tuples yields a square 

number is appraised by applying several techniques in Mathematics. 
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1. Introduction 

 “A set of    positive integers            is called a Diophantine   tuple with the 

property             if          is a perfect square for all                 In      , the 

authors initiated how to find Diophantine triples with suitable properties. In      , the authors 

concentrated on evaluating Diophantine quadruples with an elegant property. For further review of 

quadruples one can refer              In this paper, an integer quadruples          where       and 

  are non-zero integers where the average of any three elements amid the four numbers deliver a square 

number is explained by following different methods.  

2. Procedures of Examinations. 

Let   ,   ,   ,   be distinct non-zero integers such that the average of any three among these four 

elements stay a perfect square. Originate with the exact postulation as given below: 

                                                                                                                                         

                                                                                                                                   

                                                                                                                                   

                                                                                                                                               

concurrently with the supplementary proposition that 
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By making simple arithmetical calculations in the simultaneous equations             and      the 

values of  ,  ,   and  are declared as follows 

                                                                                                                           

                                                                                                                            

                                                                                                                            

                                                                                                                            

Addition of all the above four equations from     to     offers the successive equation  

                                                                                                               

Comparing equation     and     , it is noted that   

                                                                                                                             

Procedure    

Undertaking the new linear modifications        ,         ,        ,         

where       in             and     , the corresponding values of        and   in two variables are 

offered subsequently by 

                                                                                                                            

                                                                                                                               

                                                                                                                            

                                                                                                                                

Relieving the same conversions in      ensurethe following famous Pythagoreans equation 

                                                                                                                                 

The process of executing the quadruples         wherethe average of three among four elements stand 

for a square number by solving      in two different proposals are enlightened below. 

Proposal       

The Pythagorean equation      is fulfilled by 
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Meanwhile our concern is to treasure the parameters in integers, it is experiential that   and   are 

integers for the ensuing options of   and   

                  and        

These selections of   and   reduce      and     as 

                         

                   

Replacement of the above values of   and   in                and      convert the preferable  

values of       and   as follows 

                                                 

                                                 

                                                 

                                                 

The table below contains numerical values for a few parameters that support the proposal. 

                 

 
 

     

 
 

     

 
 

     

 
 

                                                             

                                                           

                                                   

                                                            

Proposal      

Let us designate an additional solution of      be 
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For receiving an integer solution of equation     , let us prefer the fortuitous of   and   as given below. 

                  and  

                   

Hence,     and      are developed into 

                       

                            

Substituting the above-mentioned values of   and   in                and      , the  

comparable values of        and   are turned into 

                                                          

                                                      

                                                          

                                                     

Algebraic Computations of an essential triples are enumerated below for few chances of the newly 

introduced parameters   and  . 

                 

 
 

     

 
 

     

 
 

     

 
 

                                                               

                                                               

                                                                  

                                                                       

Procedure    

A tactic of an alternative translations       ,        ,          and        where 

      in    ,         and    deliver the assessment of        and  as follows 
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Reservation of the same alterations in     leads to an equation of the form as below 

                                                                                                                                  

Applying few methods of solving     , an estimation of a gorgeous integer quadruple fulfilling the 

condition that the average of three quantities stays a square number is established as follows. 

Proposal      

By considering the general solutions to the equation of the form            where   is a square 

free integer, the choice of     and   attained from      are as given below 

               
 

 
           

                                                                                                                                              

                         

In order to find out an integer solution, striking the replacement as      and   is an arbitrary value in 

     , the equivalent values     and   are revealed by 

                           

                         

                         

Exchanging the values of   and   in                and     , the exact chances of the non-zero 

parameters              are turned out to be 

                                               

                                               

                                              

                                              

Numerical illustrations for some positive values of   and   filling the supposition are presented in 

the below table. 
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Proposal       

Subcase       . 

Factorization of (25) provides the following equation 

                                                                                                                               

The overhead equation can be inscribed in the fraction form as 

              
      

     
  

   

      
  

 

 
                                                                                              

Modify (28) into the subsequent form of double equations  

                                                                                                                             

                                                                                                                                

Resolving      and      by cross multiplication rule, the values of    and   needed for accomplishing 

an integer solution of (25) are furnished as 

                             

                    

                           

Transmitting the values of   and   in                and     , the precise options of             are 

converted into 
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Examples for few positive values of   and   gratifying the proposition are given in the succeeding 

table. 

                 

 
 

     

 
 

     

 
 

     

 
 

                                                    

                                                          

                                                         

                                                               

 

Subcase         

Rewrite (27) in the ratio as 

              
      

 
 

   

      
   

 

 
      

Applying the same technique as explained in subcase (i), the particular selections of the elements in the 

quadruple are expressed by 

                                              

                                              

                                             

                                             

Some models are acknowledged in the subsequent table. 
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Subcase         

Redraft      as 

              
      

   
  

 

      
 

 

 
     

By manipulating the identical procedure as clarified in subcase (i), the specific collections of the 

elements in an essential quadruples are articulated by 

                                               

                                              

                                             

                                              

The following table offered numerical values for limited choice of the parameters rewarding the 

hypothesis. 

                 

 
 

     

 
 

     

 
 

     

 
 

                                                    

                                                          

                                                           

                                                              

 

Subcase         

Alternate      as  

              
      

 
  

   

      
 

 

 
     

As in subcase (i), the gathering of the elements in the crucial quadruple are expressed by 
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Numerical characters for selected choices of   and   gratifying the proposal are presented in the 

below table. 

                 

 
 

     

 
 

     

 
 

     

 
 

                                              

                                                    

                                                            

                                                          

 

The Python Program for the authentication of the needed quadruples fulfilling our statement is 

epitomized below. 
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Conclusion. 

In this communication, the quadruple          in which the average of any three numbers remains a 

square of an integer is examined. To conclude, one can explore stimulating quadruples and quintuples 

such that geometric mean of two or three numbers is a square of an integer. 
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