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Abstract

In this paper, constructing a three-species food web model involved using the interactions between diseased
predator-prey models. The logistically growing prey population is split into two categories: susceptible and
infected prey. Presumably, the prey population expands logistically in the absence of predators. In Crowley-
Martin-type interactions, it is assumed that interdependence between predators occurs regardless of whether
an individual predator is searching for prey or handling prey at the time. Also, the prey refuge and prey
harvesting of susceptible prey and infected prey has been considered. The positive invariance, positivity, and
boundedness of the model are investigated. The conditions for the existence of all the biologically feasible
equilibrium points are established. The criterion for the local and global stability of equilibrium points in the
non-delay system is examined. Further, we investigate the Hopf-bifurcation analysis for the corresponding
proposed model in the presence of the fear effect. Finally, we demonstrate some numerical simulation results
to illustrate our main analytical findings.

Keywords: Eco-epidemiological model, Crowley-Martin functional response, Prey refuge and harvesting,
Stability, Hopf-bifurcation

"Department of Mathematics, Sri Ramakrishna Mission Vidyalaya College of Arts and Science, Coimbatore,
Tamilnadu, India. divyachandrakishore@rmv.ac.in

*Corresponding Author: A. Divya
*Department of Mathematics, Sri Ramakrishna Mission Vidyalaya College of Arts and Science, Coimbatore,

Tamilnadu, India. divyachandrakishore@rmv.ac.in

DOI: 10.48047/ecb/2023.12.5110.00474

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4121 — 4133 4121



Dynamics Of A Crowley-Martin Eco-Epidemiological Model With Prey Refuge And Prey Harvesting

1Introduction

Eco-epidemiological models are applied to study
the relationship between predator and prey,
infection in a population or susceptible and
diseased prey populations. Mathematical models
have become an important tool for analysing
disease transmission and control. Since Kermack
Mckendrick’s pioneering work on SIRS [12],
epidemiological models have attracted much
interest from researchers. Many investigators have
studied the population ecology of prey, predators,
or both. Ecology and epidemiology are two distinct
and significant scientific fields. Predator-prey
models developed by Lotka [13] and Volterra [21],
are considered the first advances in modern
mathematical ecology in coupled systems of non-
linear differential equations. Environmental
epidemiology is the combined study of ecology
and epidemiology. Eco-epidemiology has a
significant environmental impact. It is the study of
disease  transmission  between interacting
organisms. Various mathematical and statistical
tools are available for analysing eco-
epidemiological models. Many ecosystems around
forests have predator-prey interactions between
species, such as the deer-lion relationship. Prey and
predator species abundance alters population
growth and forest decline. Animal conservationists
and mathematicians have long been interested in
this investigation of changes in standard form. The
mathematical dynamics of population growth
models involving disease transmission are usually
complex and non-linear. The main concern of these
models is to investigate equilibrium points, their
stability analysis, periodic solutions, bifurcations,
chaotic behaviour, and so on.

Alfred J. Lotka was the first to investigate the
relationships between populations of predators and
their prey. One of the most important components
of predator-prey population modelling is the
mathematical model of predator-prey interactions
known as ”functional response”. There are several
types of functional responses, including Holling
type I-III [7], [8]; Hassell-Varley type [6];
Beddington-DeAngelis type [1], [4]; Crowley-
Martin type [3]. Crowley-Martin functional
responses take both prey and predator into account.
The Crowley-Martin  functional  response
considered in this paper has the following form:

j(s , P) =

&

(1+nS)(L+ pP),

where f,n,u are non-negative numbers that
represent the effect of seeking rate, processing
time, and the magnitude of impact among
predators, respectively. In recent decades, more

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4121 — 4133

Section A-Research Paper

information on predator-prey systems with
Crowley-Martin functional responses has become
available. In the recent era, some eminent authors
[19], [17], [16], [5], [2] have studied to understand
the importance and interactions of prey. They used
some functional responses, such as Crowley
Martin-type functional responses, to make the
model system more realistic and controllable in the
ecosystem. Many researchers have begun to study
the predator-prey model with infection in either
prey or predator or both populations [9]. Kadhim
and Azhar [10] two forms of disease in a predator
population model, with a linear functional
response involving a type II Holling function. In
[20], studied a non-linear analysis of a predator-
prey model with discrete impacts. Global and local
stability studies, including a bifurcation analysis
for a ratio-dependent itraguild predation model, are
discussed in [14]. Magudeeswaran et al. examined
a prey-predator food web model with a type II
Holling function [15]. Recently, several
investigators have found a stable percentage of
prey protected from predators by refuge.
According to several studies and mathematical
models, interactions between prey and predators
can be stabilised by refugia. In [18], Maynard
Smith discovered that the existence of a stable
proportional refuge moderates the static behavior
of the static equilibrium but not the dynamic
stability of the neutrally stable Lotka-Volterra
model. Tapan Kumar Kar [11] Holing type II
response function is considered a predator model
with integration and prey refuge. Commercial
exploitation of biological resources to meet
society’s increasing needs is a concern for
ecologists, bioeconomists, and natural resource
managers. Harvesting is extensively used in
fisheries, forestry, and wildlife management. These
investigations revealed various and intriguing
dynamics, such as equilibrium points, Hopf-
bifurcation analysis, limit cycles, homoclinic
loops, Bogdanov-Takens bifurcation, and even
catastrophe. In eco-epidemiology, we explore
predator-prey models that incorporate disease
dynamics. We seek to explore the dynamics of the
predator-prey model using this functional
response.

In eco-epidemiology, we study predator-prey
models along with disease dynamics. Several
investigations have been conducted on the
dynamical  behaviour of  Crowley-Martin
ecoepidemiological models. To our knowledge,
few scholars have investigated three species of
prey-predator models that include species
interaction, such as Crowley-Martin disease in
prey populations. This work examines the
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dynamics of a  Crowley-Martin  eco-
epidemiological model involving prey refuge and
prey harvesting. The rest of the paper is structured
as follows: In Section 2, we present the
mathematical analysis of the study. In Section 3,
some preliminary aspects of the model are
examined. Section 4 deals with boundary
equilibrium points and their stability. In Sections 5
and 6, we determine the existence of the interior
equilibrium point E*(u*,v*,w*) and investigate its

Section A-Research Paper

bifurcation is shown in Section 7. Numerical
simulations are studied for the proposed model in
Section 8. The conclusion of the paper and the
biological implications of our mathematical results
are found in Section 8, which concludes the paper.

2 Mathematical Model Formation

The model explains the relationship between the
structure of the infected prey and the following
equations. The proposed framework was used to

local and global stability. The occurrence of Hopf- explore a non-linear prey and predator
mathematical model,

ds S+1 ay(1-6)ST 5 SP

= RSU *(T)) ~at(1-05 ~ Wmsirmp) e,

dl a1 (1—-0)ST b1 P

T = wrens - DU - mmamee — BB

dP chi I P cB1SP

ar = ~DeP + mEniea e T e 0y @.1)

and the positive conditions are described as Sp>
0,/o>0 and Py> 0.
The table displays the specific biological meanings
of the parameters.

It is appropriate to modify the variables as follows
in order to decrease the number of system Table 1:
Biological representation of the model

Parameters Units Biological representation

S Number per unit area (tons) Susceptible Prey

1 Number per unit area (tons) Prey with infection

P Number per unit area (tons) Predator

R Per day (T'h) Prey growth rate

K Number per unit area (tons) Environmental carrying capacity

a Per day (T Infection rate

a Per day (V) Half-saturation constant

0 Per day (V7)) Refuge constant of prey

b Per day (T Susceptible prey to predator’s rate of consumption
7 per day Time for handling a predator

i Per day Interaction between predators on a large scale

bl Per day (T) Capture rate by predator

H Per day The catchability coefficient of the susceptible prey
H, Per day The catchability coefficient of the infected prey

E Per day Harvesting effort

c Per day Prey to predator conversion rate

D Per day (T') Mortality rate Diseased prey

D, Per day (T Mortality rate among predator

variables s = x%,i = k5, p = ¥, and to consider the dimension time ¢ = AKT. Now, we applying the following

transformations

L R M a0 .‘31 - . .
?—AR,,(I—AK,,(E—K.JJ— }\,U—nlfﬁ.#—,u.lK,
HlEl [Jl H2E2 D1 - DQ
hli - .bi—._h-g = ,d = ~,0 = =
AK A AK AK AK 2.1

The equation (2.1) can be expressed as non-dimensional form using the above transformations.
ds a(1—0)si Bsp

@ = rsll—s—i)— a+(1—0)s ~ (T+ns)(I+up) s, 5(0) 2 0,

di a(1—0)si - bip .

@ = w05 ~ U~ T ) — hehi0) 20,

dp g chip cfisp

& = O+ e T e PO) 2 0, 22)
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3 Preliminaries
Here, the following preliminary properties of solutions of the proposed system are discussed.

3.1Positivity

Theorem 3.1 A/l solutions of (2.2) are positive inRi .

Proof. Since so,i0, and po are all greater than or equal to zero, the system (2.2) becomes,
s(t) = s(0)exp (foﬂ ['r(l —8—1i)— (Lcﬂ(lliag)is — (1+n£€)1+.up) —h ds) >0

itt) = iOeap (fy | 2475 — d = by — ha di) >0,

p(t) = p(0)exp (ﬂf 8+ Tt + T ) dp) =0,

then the solution of (2.2) are non-negative.

3.2Positive Invariance
Let y = (s(2),i(2),p())" and U(y) = (Ui(y), Ua(»), Us(y))", where

- ' a(l —0)si Bsp g
Ui(y) =rs(l—s—i) a+(L—0)s (L+ns)(1+ pp) "
a(]_ —Q)Si . bip ]
U(V) = — 7. %~ i
27 =7 T-0)s ' @tmdtm)
chin cBsp
Us(7) = —op + j a

(T+ni)(1+pp)  (1+n0s)(1 4 pp)

, ) 3 A — 3
Then, the system (2.2) can be written as %, = U(y) where!d © C+—=RY i 7(0) = v€eRy,

. . . - . 3
Here, U,€C*(R) for n = 1,2,3. Therefore, the function U is Lipschitzian and continuous onR%. The system
(2.2) has positive initial conditions, so it can be demonstrated that these solutions exist. As a result, in the
R3

region™™+, (2.2) is an invariant.

3.3Boundedness of the solutions

3
Theorem 3.2 The system (2.2) solutions starting atR% are all positive and bounded.
Proof. Let 5(2),i(t),p(?) be any solution of the system with positive initial conditions,

d_i <rs(l— 3)’

we have, limsup,—..s(f) < 1.

Letg=s+i+p.

1o _ (1—2¢)Bsp _ (1 —c)bip o
— =rs(l —8) —rsi — —his —di — — hoi — ép,
ag ~rsl =) st v +up) = T Q@) P

<rs(l —s) —hys — (d+ ha)i — dp (since ¢ < 1),

3 , £
<= —his— 2)1 — Mazx l—35)}=-
<7 his — (d + ha)i — ép (since azr {rs(1 —s)} 4),
<t g, .

4 where (= min {hi,d + h,d}.

Hence, we have
d¢ §

— < 2
ar TS

The differential inequality theorem is used to determine
Ct) t

0< G)ﬁf@_(l —exp™ ") + o(s0, 70, po)exp ¢

{_ .
For t—o0, we have 0 <= 4¢, Hence, each and every one of the model (2.2) are confined to non-negative
e 3 .o i, £
initial conditions around Q, where Q A(syip) ERG i +i+p < gt e}.
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4 Existence of Equilibrium points
In this section, we explore the possible equilibrium points (2.2). The system (2.2) exhibits the following
equilibrium points based on observation.

v(1 —0)si 3
rs(l—s—i) — ol —0)si 7P —h1s=0
a+(1—=0)s (L4+ns)(1+ pup)
a(l —0)si , bip 0
B Sl A _ )
at(1-0)s Tt t+mp)  ?
cbip cBsp
—dp+ , - =0.
(L+ni)(1+pp)  (L4ns)(1+ pp)
1. The trivial equilibrium point is £(0,0,0).
r—h
2. The diseased prey free and predator-free equilibrium point Ei(s,0,0) exists if 4 < r, where® = 7 g
3. The predator-free equilibrium point E>(s,” "i,0), where
. a(d + ha) . a(r —hy)[(1 = 0)(a — (d+ ha)) — a(d + hg)]
(1=0)(a—(d+h2))and (1 —=0)(—(d+ he))lar + (1 = 0)(a — (d + h2))].
Esexists for dth, < a,0 < 1,h1 <r, (dth))((1-0)+a) < (1-0)a, and (d+h2)(1-0) < ar + (1 — O)a.
_ 0(1+pup) _
4. The infection-free equilibrium point E3( 5,0,p ), where 5= GB=on(T+pp) and
_ _(4ns)(r(1—s)—h1)
P = (i) (r(1—s)—h1)
: . . s . n(+up) - 3
Thus, the condltlons must exist for the infection-free equilibrium point E3 are c and

T(l - S} hi < ;z(l—}-r;s) (assume 4 < r(1 —s)and s < 1).

5. The endemic equilibrium point £*(s*,i*,p*), where
. (1 +ni*) (1 + pp*) — bei*
beni* + (1+ni*) (e — dn(1 + pp*)),
o _bla+ (1 —0)s")p" — (1 + pp)la(l —0)s" — (d+ ha)(a+ (1 - 6)s")]
(1 + pp*)[a(l = 0)s* — (d + h)(a + (1 — 0)s*)]

(1 4+ ns*)[r(l —s* —i*) — ac_i(ll—?z h]

B —p(l+ns*)[r(l —s* —i*) — ﬁ — hl}.

5n(1+1’m) < 3
Thus, the conditions must exist for the endemic equlhbrlum point E*are ~— ¢ ,

(1-0)s (1—8)i 3
d+hg<£r(l—9) r(l—s"—i )<£H1—3? h1+#(1+7."*).

5 Stability analysis
In order to determine local stability around various equilibrium points, we compute the Jacobian matrix. At
each given point (s,7,p), the Jacobian matrix is given by

Lyy Lig Ly3
J(E)= |La Laa Log
L3 L3z Lg3g

Where,
o . ac(1l — )i Bp
L =r(1—2s—1) (a4+(1—=0)s)2 (14+ns)2(1+ up) h,
a(l —6) SBs
L2 = —s(r Ly = — 5
1 s(r+ a+(1— 9).5’) 1 (1+7ns)(1 + up)?
aa(l — 0)i a(l —0)s bp
Lyg =—— = 0 [y = - 52— (d+ ha),
AT LT a2 T ar a0 Urapm( gz @R
bi Bep
Loz = — s Lar = - ;
T O+ up)® T (T 092+ )
Lo — bep Ton — bei Bes
PEa 2 ) T T T U ap? T O ) (0 + )2,
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Theorem 5.1 The trivial equilibrium point Eo(0,0,0) is always unstable.
Proof. Now, the Jacobian matrix of system (2.2) is given by

[-r — hy 0 0 ]
JEo)=1 0 —d—hy 0

Lo o ]

Therefore, eigenvalues of the characteristic equation of J(Ey) are r — hi, —d — h», —d. Hence,
Eyis locally asymptotically stable only if » < /; and unstable otherwise.

Theorem 5.2 The diseased prey free and predator-free equilibrium point E(1,0,0) is locally asymptotically
stable if a(1 — O)(r — ) < (d + ha)(ar + (1 — O)(r — hl)) and pc(r — ) < o(r + n(r — h)).
Proof. The Jacobian matrix of system (2.2) at Ey (4,0, °0) is given by
(M0 2 g
J(Ey) = { 0 My 0

0 0 ﬂ-f;,
Where,
(1 -6 B
0(1—9)(T—h1) T—hl

M, =

*d*hg,ﬂ’i{:):*(iﬁ“(fﬁ[ ]

ar + (1 —0)(r — hy) r+n(r—nhy)

) o a(l=8)(r—h1) )
Therefore, eigenvalues of the characteristic equation of J(EL) ave ha =, Gy — (d+h2 ), and

Y s r—hi
Ot eBlmmml A <o ie p<r <0, ie. a(1-0)r —n) < (d+ho)ar +(1— O)(r — b)) and s < 0,
i.e., fe(r — h) < o(r + n(r — h)). Thus E) is locally asymptotically stable if a(1 — 8)(r — h1) < (d + h2)(ar + (1

= O)(r— m)) and fc(r — hi) < o(r+ n(r — m)). O

Theorem 5.3 7/ he predator-free equilibrium point Ex(s,” "i,0) is locally asymptotically stable if X1, > 0, Xi»>
bei fes

0 anda J.+.','L -H‘Ug.

Proof. The Jacobian matrix of system (2.2) is given by

N1 Ny Nj
J (EQ) — ."\‘11 .'r\‘rﬁ ."‘\‘Tﬁ
0 0 Ny
Where, )
. ac(1 — )i . a(l—0)
Ni=r(1-25§—i)— —————= — h1, No = — _—
1= =280 = Ty MM = S
33 aa(l — 0)i . a(l—90)s
Ny =— Ny=————F—= N5y = ~- — (d + he
T T M T ara—02 ™ T ara—ap  Wth)
Ng = — bi Ne— b+ bei - ﬁcs“
141 1+n 1+ns

Therefore, the characteristic equation of J(E>) is (N7— A)(A*+ XuA + Xi2) = 0, where X, =
—(N1+ Ns) and X12= NiNs— N2Na.

bei Bes
In the above characteristic equation, we get one of the eigenvalue is N7, which is negative as Ltmi  14ns
and the other two eigenvalues should be negative if X1; > 0 and X > 0.
bei Bes
+

Hence, E-is locally asymptotically stable if X;; > 0, Xi2 > 0 and Ltge 1405
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Theorem 5.4 The equilibrium point Es is locally asymptotically stable if Yy, > 0, Yi» > 0 and
a(l—0)s bp
d+hy > a+(1-0)5 1+fu;ﬁ.

Proof. The Jacobian matrix of system (2.2) at E3( s,0,p ) is given by,

[Pl P P
._T(Eg)z 0 P 0

P P P

Where,
B Bp B a(l—0)
Py =r(1—25) — —hy, Py = —5[r + —————],
e T R T
b5 a(l —0)s bp Bep
Pa=— - Py = — — d h .P": =Y —
R e gy AR b gy F G e LTy
bep Becs

Ps=— JPr=—6+ : .
T 1w T (1 +n3)(1 + pp)?

>

Now, the characteristic equation for J(E3) is (Ps—A)(A*+Y114+Y12) = 0, where Yy, =—(P1+P7) and Y12 = P1P7 —
P3P5.

In the above characteristic equation, we get one of the eigenvalue is Pi, which is negative as

d+ho > al=f)s _ by _ . ..
a+(1-6)s  1+up and the other two eigenvalues should be negative if Y11 > 0 and Y>> 0.

So, the infection-free equilibrium point FE3( s5,0,p ) is locally asymptotically stable if d + h, >

a(l—0)s bp
at(1—0)c  T+pp’ Y11 >0, Yig >

0, otherwise the system (2.2) will be unstable.

Theorem 5.5 The equilibrium point E*is locally asymptotically stable if Z, > 0, Z>> 0, and Z\Z,— Z3> 0.
Proof- Now, the Jacobian matrix of system (2.2) at E*(s*,i*, P*) is given by

Q11 Q12 Q3
J(E") = [Qa1 Q2 Qo
Q31 Q32 Q33

Where, 9 v Py

Qu=-rst+ (:Erl i 01)9?;)2 1+ ”;7;;,;(;11) +up*)’

Q2 =—s"[r+ %], Qi3 = — 1+ ns*f(sl ¥ up*)?’

Q21 Z(QTE — Z;Z*)Qquz 07 ,,];l;g ¥ )’ @23 = — (1+ m;*)b(ll + pp*)?
3 m* p*

Q31 0T nsf;fjgl T ap)’ @2 = (1+ m*b;le + pp*)’

ubci*p* pBes™p*

Qa3 = — (1+0i) 1+ up*)2 (1 +ns*)(1+ pp*)?

At the endemic equilibrium point £#, the Jacobian matrix’s characteristic equation is
i3+21/12+22/1+23:0. (5.1)

Where,

Z1 =—(011 + Q22 + 033),

72 =—(0Q12021 + Q13031 + 023032 — Q11022 — Q11033 — 022033),

Z3=—(011022033 + 012023031 + Q13021032 — Q13031022 — Q12021033 — Q11023032).
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According to Routh-Hurwitz criterion, Zi, Z», and Z1Z, — Z3; must all be positive, the characteristic of all the
roots be negative. Hence, E£* is locally asymptotically stable.

6 Global stability analysis

Here, we study the global stability of the model (2.2) around the endemic equilibrium E*(s*,i*,p*). A function

of Lyapunov form _

Lyi(s,i,p) = (s — s* — s*l'n.i*) + Lo(i —i* — ?'.*ln,?—;) + Ly(p—p* — p*ln%
s 1 ),

where L,, L3 are positive constants.
Here, Li(s,i,p) = 0 since w — 1 > In y for w > 0 and L(s*,i*,p*) = 0. Differentiating L, with respect to t, we
obtain

dL s —s* ds i — " di p—p* dp
— =)=+ La(——) 7 + La(~——) —
=r(l—-s—1i)— ol = 0)i - 4 - s — 8"
=lr(1—s—1i) a+(1—6)s (1+ns)(1+ pup) (s =)
a(l —0)s bp P
el s T T )
cbi cfs "
Lt ) T T ) PP
After some simplifications we get, 1-6) (1-6)
dL, R SN ¢ et ) RN ¢ )
o = =85 +9) —(: +/)}+r(a+(179)8 a+(1—9)s*)
. p B P
T s AT W) A+ )
(i it p _ '
O )~ T )
— o (1-6)s  (1-0)s" )
a+(1—-6)s a+(1—0)s*
oy (P — *p*) — p(ip* — i*p) — (i —i¥)
~ s = ) T ) (L ) (L )
N B(W(S*p —s'p*) — p(sp* — s"p) — (s — s¥) ]
(M ns) (L4 pp) (X + st ) (1 +ppr)
dlq

Now, we see that “dz is negative definite in the region:

G={(s,ip):s>s5i>i*and p > p*) or s < s5*%i < i*and p < p*} and Consequently, for all solutions in G, L is
a Lyapunov function. Summarising our previous discussions, we arrive at the following conclusion:

Theorem 6.1 If E*is globally asymptotically stable then E* is globally asymptotically stable in G = {(s,i,p) : s
>sti>i*and p > p*) or s < s%i <i*and p < p*}.

7 Hopf-bifurcation analysis
Theorem 7.1 If the critical value for the bifurcation parameter h is exceeded, the model (2.2) experiences the
Hopf-bifurcation. The existence of the following

Hopf-bifurcation criteria ath1 = N7,
1. UhD)V(RT) =W(h]) =0,

4 : .
2. dhy (RC(A(h’l)))""‘lz""l 7 O, where A is the zero of the characteristic equation corresponds to the non-

negative equilibrium point.

Proof. For h1 = D7 et the characteristic equation (5.1) implies that
(N?(h]) + V(hD)(A(h]) +U(RT)) = 0, (7.1)

= +iy/ V(I ) and U (hff) be the zeros of the above equation (7.1). The following transver-
sality requirement must be satisfied in order to achieve the Hopf-bifurcation atht = I,
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2= (Re(A(h1)))|ny=ns # 0

For all 41, the general roots of the form
/ll(hl) = r(h1) +is(h), A2(h1) = r(hi) —is(h), and A3(h1) = —A1(h1). Now, we check the condition
dhl (R("( (hl)))lhl:h'{ ?é 07j = 1'2

Let, 4()= r(h) + is(hn) in (7.1), we get
Gi(hi) +il(h) =0,

where, (i(f1) =r(h1) + r(l)U(h1) = 3r(h)s*(hi) — s*(h)U(h) + r(h)V(hi) + U(h)V (h), G(hn) =3r(h)s(h)
+ 21 (hy)s(h)U(hy) — s3(hy) + s(h)V (hy).

e = o1(h)r' (h1) = 62(h)s (h1) + 63(h1) = 0 (7.2)
@2 = d2(h)r' () + d1(hn)s (1) + da(h1) = 0 (7.3)

where,
¢1(h1) = 3r2(h1) + 2r(h))U(h1) — 35°(h1) + V(l), ¢a(hi) = 6r(m)s(hi) + 2s(h)U(h), ¢3(hr) = r*(h)U (h) —
2(hl)U(h]) + W(hl) + V(h])r(hl)
¢4(h1) 21"(h1)S(h1)U (hl) + S(h1)V (h1)
On multiplying (7.2) and (7.3) by ¢ (/1) and ¢2(h1) respectively,
h ) _#1(h1)pa(hi)+ga(hi)palh)
- 2 (h)+¢2(h1) ) (7.4)
Substituting 7(A1) = 0 ands(71) = V/V(h1) at hy = hi on ¢1(h1), d2(h1). ¢3(h1) and ga(hy) we
obtain

1(h]) = =2V(h1), p2(h]) = 24/ V(h])U(LT).

¢3(h7) = —V(h))U (h}) + W' (h}), ga(h}) = Va4 V 1)
The equation (7.4), implies

Y () = W (B)—(UBDV (R +V(hHU (b))
2V2 (R U (RY)) , (7.5)

Ifwr(h’f) - (L{(h’f)V’(h’f) + V("LT)H’}LT)) 7 U, which implies that

F=(Re(Xj () hy=ny = 7' (h}) # 0.5 = 1,2

and

Xs(h) = ~U(hT) # 0. |

it W (h1) — U(R])V (R]) + V(R)U (RY)) /= 0, is ensured if the transversality criterion holds, and at this
point, the model (2.2) enters the Hopf-bifurcation ath1 = i g

8 Numerical Analysis hi, and refuge coefficient (¢) are the main
We show some numerical simulations of the model characteristics applied as control parameters in this
(2.2) in this section. To accomplish this, we use study. Since no field data is available, the
Diethelm et al.’s predictor-corrector approach to simulations are carried out with the following
solve the proposed model. The rate of harvesting assumed parameter values:

Table 2:The system (2.2) parametric values

Parameters Numerical Value | Parameters Numerical Value
r 2 o 0.7

a 0.6 )i 0.2

7 0.1 U 0.1

d 0.1 b 0.55

ho 0.1 0 0.1

c 0.5

0 variable h variable
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8.1 Effect of changing the harvesting rate /,

Let us fix the parameter values in Table 2 with 6 =
0.2 and A = 0.2. The positive equilibrium point
£+0.7331,0.119554,0.230971) exists for 0.01 < Ay
< 0.3, respectively. Figure (1) illustrates the

(@)

Population Density

1000
Time

Figure 1: Time analysis for the system (2.2) of susceptible prey, infected prey, and ph

Predator

Section A-Research Paper

stability of E* for A1 = 0.08, while Figure (2)
illustrates the stability of £* for 41 =10.2.

Figure 3(a), Figure 3(b), and Figure 3(c) show that
increasing the harvesting rate of suscepti-

(b)

infected Prey

le Prey

ase portrait for (0 =

0.2, and /#;=10.08.)

ble prey leads to a decrease in the population of
vulnerable prey and predators while increasing the
population of diseased prey.

0.8 . - _ . (@)

Susceptile Pray
Infected Prey
Predalon
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Time
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Predator

8.2Effect of changing the refuge constant ¢

Let us fix the parameter values in Table 2 with 4=
0.2. The positive equilibrium  point
E+(0.17331,0.119554,0.230971) exists for 0.1 < 8
< 0.5, respectively.

)

0.1 s

08 e " ums

Infected Prey 0 085 Susceptible Prey

Figure 2: Time analysis of susceptible prey, infected prey and phase portrait for the system (2.2) when (6 =
0.2, and 7, =10.2.)

From Figure 3, it shows that increasing the refuge
rate of vulnerable prey leads to an increase in the
population of susceptible prey while decreasing the
population of diseased prey.

9 Conclusion

In this study, we investigated the refuge and
harvesting rates in a Crowley-Martin eco-
epidemiological model with infection in a
population of prey where a predator attacked
susceptible and infected prey. Local stability (2.2)
is applied to each set of biologically possible
equilibrium points of the system. It is used to
modify the refuge rate (¢) and the harvesting rate
() as control parameters. In addition, we

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4121 — 4133

investigated the local stability of the proposed
model (2.2) and studied the Hopf-bifurcation
phenomenon. As a result, we found that modifying
the harvesting rate h; significantly affects the
stability of the proposed model (2.2). The
analytical and numerical findings demonstrate that
refuge coefficient and harvesting rate have a
significant effect on each population. The
susceptible prey density increases as the refuge
from infection decreases, whereas the infected
prey density decreases. A decrease in the
population of susceptible prey and an increase in
infected prey population density are the effects of
increasing the harvesting rate. This study shows
the complex behavior of the proposed model.
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