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ABSTRACT: 

i Leti G=(V,E)i bei ai graph.i Ai perfecti dominatingi seti D   V(G)i isi calledi regulari 

perfecti dominatingi set,i ifi thei inducedi subgraphi 〈 〉i isi regular.i Thei minimumi 

cardinalityi ofi Di isi calledi regulari perfecti dominationi numberi ini ai graphi Gi andi isi 

denotedi byi       . 

Ini thisi paper,i wei studyi somei theoretici propertiesi ofi       i andi manyi boundsi 

werei attainedi ini termsi ofi vertices,i edgesi andi otheri distincti parametersi ofi G.i Ini 

additioni theiri relationsi withi differenti dominationi parametersi werei alsoi 

established. 

KEYi WORDS:i Graph,i regulari perfecti dominatingi set,i regulari perfecti 

dominationi number. 

SUBJECTi CLASSIFICATIONi NUMBER:i AMS05C69,i 05C70. 

1.INTRODUCTION: 

i Ini thisi paper,i thei graphsi inferredi herei arei simplei andi finite.i i Commonlyi wei 

followi thei notationsi ofi Hararyi [5]. 

Asi usuali p=| |i andi q=| |i denotei thei numberi ofi verticesi andi edgesi ofi ai graphi G.i 

Asi usuali  (G)( (G))i isi thei minimum(maximum)i degreei ofi ai vertexi ini ai graphi G.i 
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Thei degreei ofi ani edgei       ofi Gi definedi byi deg(e)=deg(u)+deg(v)-2i andi 

        (G))i isi thei minimumi (maximum)i degreei amongi thei edgesi ofi G. 

Thei notationsi   (G)i ,         i isi thei smallesti cardinalityi ofi vertices(edges)i ini ai 

vertex(edge)i coveri ofi Gi andi   (G),i    (G))i isi thei minimumi numberi ofi 

vertices(edges)i ini ai maximali independenti seti ofi ai vertices(edges)i ofi ai graphi G, 

Ai perfecti dominatingi seti       i isi calledi perfecti dominatingi set,i ifi fori everyi 

vertexi ofi    i isi adjacenti toi exactlyi onei vertexi ofi D.i Thei smallesti cardinalityi 

ofi ai perfecti dominatingi seti ofi Gi isi ai perfecti dominationi numberi andi isi denotedi 

byi   (G),i seei [4]. 

Ai dominatingi seti Di ofi Gi isi ai regulari perfecti dominatingi set,i ifi thei inducedi 

subgraphi 〈 〉  isi regular.i Thei regulari perfecti dominationi numberi    (G)i isi thei 

minimumi cardinalityi ofi ai regulari perfecti dominatingi set. 

i 2.i RESULTS: 

Thei followingi theoremi givesi thei regulari perfecti dominationi numberi fori somei 

standardi graphs. 

Theorem1:i a.i Fori anyi pathi      i withi (              ,i           . 

b.i Fori anyi cyclei      i withi (           ,i            i (1i regular). 

c.i Fori anyi cyclei      i withi (                        i (0i regular). 

d.i Fori anyi stari         
withi    i vertices,i    (         

e.i Fori anyi completei graphi     i withi    i vertices,i    (     . 

f.i Fori anyi bipartitei graphi       withi      i vertices,i    (       . 

g.i Fori anyi wheeli     i withi    i vertices,i    (     . 

Thei proofi ofi thei abovei theoremi isi simple.i Hencei wei omiti thei proof. 

Theorem2:i Fori anyi connectedi (    i graphi G,i i     ⌈
         

 
⌉. 
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Proof:i Leti                         i bei thei minimali seti ofi edgesi ini ai 

graphi G,i whichi constitutesi thei shortesti distancei betweeni anyi twoi distincti verticesi 

        ,i suchi thati                    

Leti                          i suchi thati             i isi adjacenti 

toi exactlyi onei vertexi ofi Di andi ifi |      |=1fori eachi      .i Theni Di isi 

thei minimali perfecti dominatingi seti ofi G.i Ifi inducedi subgraphi 〈 〉i isi regular,i theni 

Di isi ai regulari perfecti dominatingi seti ofi G.i Sincei thei shortesti distancei betweeni 

anyi twoi distincti verticesi ofi Gi includesi ati mosti         i edgesi joiningi thei 

neighbourhoodi i i ofi thei verticesi ofi D.i Hence  |        |  |       |   i whichi givesi 

i i i i i i i i i i i i i i i i i i i i i i     ⌈
         

 
⌉.Onei cani easilyi verifyi fori thei equality. 

Ini thei followingi theorem,i wei establishi thei relationshipi betweeni verticesi ofi G,i 

     i withi       . 

Theorem3:i Fori anyi connectedi      i graphi G,i     ⌈
 

      
⌉. 

Proof:i Leti thei vertexi seti ofi Gi bei                        i withi | |=p.i 

Nowi assumei therei existsi ati leasti onei vertexi       i ofi maximumi degreei i i i i i i i i 

withi            .i Leti                          i andi i i i i i i i i i i i 

           .i Ifi eachi vertexi noti ini Di isi adjacenti toi exactlyi onei vertexi i i 

ofi Di andi  [ ]      .i Theni Di isi minimali perfecti dominatingi seti ofi G.i Ifi thei 

inducedi subgraphi 〈 〉i isi regular,i theni Di isi ai regulari perfecti dominatingi seti ofi G.i 

Hencei | |  ⌈
| |

        
⌉i Whichi givesi     ⌈

 

      
⌉. 

i Theorem4:i Fori anyi connectedi      i graphi G,i                   . 

Proof:i Leti                             thei edgei seti ofi G.i Assumei therei 

existsi atleasti onei edgei       i ofi maximumi degree,i theni             .i 

Furtheri leti                     =    .i Selecti ai seti    i suchi thati 

       (  )   ,i         i theni Fi isi ai minimali perfecti dominatingi seti ofi G.i i i 

Fori regularity,i ifi thei inducedi subgraphi 〈 〉i isi regular.i Theni Fi isi ai regulari i i i i i 

perfecti dominatingi seti ofi G.i Thusi | |    |       |   i whichi givesi i i i i 

                . 
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Ai dominatingi seti       i isi ani independenti dominatingi seti ifi thei inducedi 

subgraphi 〈 〉i hasi noi edges.i Thei independenti dominationi numberi     i ofi Gi isi thei 

smallesti cardinalityi ofi independenti dominatingi set,i see[1]. 

Ini thei followingi theorem,i wei developi ai relationshipi betweeni   (G),i     i withi 

ouri concept. 

Theorem5:i Fori anyi connectedi      i graphi G,i                     . 

Proof:i Supposei                         i bei thei minimali dominatingi 

seti ofi G.i Ifi                  ,i theni Di isi ani independenti dominatingi seti ofi 

G.i Furtheri leti                        i bei thei maximumi seti ofi verticesi 

suchi thati            i andi                       i andi         .i i i 

i i Clearlyi | |=  (G).i Furtheri therei existsi       i andi             i isi 

adjacenti toi exactlyi onei vertexi ofi Mi andi |      |   i fori eachi      .i 

Theni Mi isi perfecti dominatingi seti ofi G.i Ifi thei inducedi subgraphi 〈 〉i isi regular,i 

theni Mi isi regulari perfecti dominatingi seti ofi G.i Sincei Ki   i ,i    i andi | |  

 ,i theni | |     | |  | |i whichi givesi                     . 

Ini [3],i definedi thei totali dominationi numberi suchi asi ai dominatingi seti       i 

isi calledi ai totali dominatingi set,i ifi thei inducedi subgraphi 〈 〉i hasi noi isolatedi 

vertices.i Thei totali dominationi numberi      i isi thei minimumi cardinalityi ofi ai 

totali dominatingi set. 

Thei nexti theoremi givesi thei relationshipi betweeni              i withi       . 

Theorem6:i Fori anyi connectedi      i graphi G,i    (G)i +    ( )       . 

Proof:i Leti                          i andi              ,i isi 

adjacenti toi thei ati leasti onei vertexi ofi    ( )   i andi ifi thei inducedi subgraphi 

〈        〉i hasi morei thani onei component,i theni Ki formsi ai   -seti ofi G.i i i i i i i i 

Furtheri leti                       i bei minimumi seti ofi verticesi whichi 

coversi alli thei verticesi ini G.i Ini thei inducedi subgraphi 〈 〉,i ifi               

          i theni Si formsi ai minimali totali dominatingi seti ofi G.i Otherwisei ifi 

          i fori somei      i theni attachi thei minimumi numberi ofi verticesi      

     i toi thei verticesi ofi S.i Theni       i formsi ai minimali totali dominatingi seti ofi 
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G.i Supposei    i andi          i Assumei     [       ]i isi adjacenti toi 

exactlyi onei vertexi ofi      (        i suchi thati  [   ]      .i Theni 

       i isi ai minimali perfecti dominatingi seti ofi G.i Ifi thei inducedi subgraphi 

〈         〉i isi regular,i theni        i isi ai i i i regulari perfecti dominatingi seti ofi 

G.i Hencei |       |  | |  | |,i whichi givesi    (G)i +    ( )       . 

Nexti wei establishi thei upperi boundi fori ouri concepti ini termsi ofi verticesi andi 

dominationi numberi ofi G. 

Theorem7:i Fori anyi Connectedi      i graphi G,i                    

Proof:i Supposei       i bei thei minimali dominatingi seti ofi G.i Furtheri leti   

    i andi          i isi adjacenti toi exactlyi onei vertexi ofi Hi andi i i i i i i i i     ) 

 (  )               i Theni Hi isi minimali perfecti dominatingi seti ofi G.i Ifi 

inducedi subgraphi 〈 〉i isi regulari alsoi  [ ]        ,i theni Hi isi ai regulari perfecti 

dominatingi seti ofi G.i Ifi noti addi thei seti ofi verticesi    }      i suchi thati 〈  

    〉i isi regular.i Sincei    i fori anyi connectedi graph,i wei havei thei followingi 

result. 

|      |      | |+2i givesi                  . 

Furtheri wei obtainedi ani upperi boundi fori       i ini termsi ofi edgesi ofi G. 

Theorem8:i Fori anyi connectedi      i graphi G,i        ⌊
    

 
⌋. 

Proof:i Leti                          i suchi thati           i isi 

adjacenti toi exactlyi onei vertexi ofi Fi andi ifi |      |   i fori eachi u      .i 

Sincei  [ ]       i theni Fi isi thei minimali perfecti dominatingi seti ofi G.i Ifi thei 

inducedi subgraphi 〈 〉i isi regular,i theni Fi isi ai    -seti ofi G.i Hencei | |  ⌊
    

 
⌋i 

whichi givesi        ⌊
    

 
⌋  

Ai dominatingi seti S V(G)i isi calledi strongi dominatingi set,i ifi fori everyi vertexi 

     i andi therei existsi ai vertexi    i withi                i andi  i isi 

adjacenti toi  .i Thei strongi dominationi numberi       i isi thei minimumi cardinalityi 

ofi ai minimali strongi dominatingi set,i seei [6]. 
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Ini [2]i ,i definedi   
    i suchi asi ani edgei dominatingi seti       i isi calledi ai 

connectedi edgei dominatingi set,i ifi thei edgei inducedi subgraphi 〈 〉i isi connected.i 

  
    i isi thei smallesti cardinalityi ofi ai connectedi edgei dominatingi set.i  

Theorem9:i Fori anyi connectedi      i graphi G,i            
           +2. 

Proof:i Supposei Di bei ai minimali dominatingi seti ofi G.i Ifi fori everyi       i isi 

adjacenti toi atleasti onei vertexi     i withi                  i andi   isi i i i adjacenti 

toi    i Theni Di isi ai minimali strongi dominatingi seti ofi G.i Leti 

         ,  ,.......,        i bei thei seti ofi alli nonendi edgesi ini G.i Supposei 

therei existsi ai minimali seti ofi edgesi suchi thati  [  ]=E(G),i                

    Theni   formsi ai minimali edgei dominatingi seti ofi G.i Furtheri ifi thei inducedi i i i i i i 

i i i i i i subgraphi 〈  〉i hasi exactlyi onei component,i theni   i itselfi isi ai connectedi edgei 

dominatingi seti ofi G.i Supposei therei existsi       i suchi thati        i isi 

adjacenti toi exactlyi onei vertexi ofi Fi andi  [ ]       i Thusi Fi bei thei minimali 

perfecti dominatingi seti ofi     .i Ifi i thei inducedi subgraphi 〈 〉i isi regular,i theni Fi isi 

ai    -i seti ofi G.i Ifi noti selecti thei seti ofi verticesi {   i fromi {V-F}i whichi makesi 

(  {    i isi regular.i Leti                     i bei thei seti ofi verticesi 

incidenti toi thei edgesi ofi ai seti   .i Supposei    Ai andi alsoi      i Theni 

|  |+| |  |  |  | |+2i givesi            
           +2. 

Ai functioni            i satisfyingi thei conditioni thati everyi vertexi  i fori whichi 

      i isi adjacenti toi ati leasti onei vertexi  i fori whichi       i ini G.i Thei 

weighti ofi Romani dominatingi functioni isi thei valuei      ∑         i Thei 

minimumi weighti ofi Romani dominatingi functioni oni ai graphi Gi isi calledi Romani 

dominatingi numberi ofi Gi andi isi denotedi byi        

Theorem10:i Fori anyi connectedi      i graphi G,i                   . 

Proof:i Supposei thei functioni           }i whichi partitioni thei vertexi seti V(G)i 

ini toi (             i inducedi byi  i withi |  |    i fori i=0,1,2.i Supposei thei seti 

  dominatesi   .i Theni      i i   i formsi ai minimali Romani dominatingi seti ofi 

G.i Supposei    i andi          i Theni assumei            i isi adjacenti 

toi i i i i i i i i i exactlyi onei vertexi ofi           i suchi thati  [     ]       i 

Theni {    i isi   -seti ofi G.i Ifi thei inducedi subgraphi 〈       〉i isi regular,i theni 
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     i isi ai     seti ofi G.i Hencei |       |  | |       i whichi givesi i i i i i 

i i i i i i i i i                   . 

Ai dominatingi seti Fi ofi Gi isi calledi coi totali dominatingi set,i ifi thei inducedi 

subgraphi 〈   〉i hasi noi isolatedi vertices.i Thei coi totali dominationi numberi 

      i isi thei minimumi cardinalityi ofi minimali coi totali dominatingi seti ofi G,i seei 

[7]. 

Thei followingi theoremi establishi ai relationshipi betweeni thei verticesi ofi G,i 

      ,i      i withi         

Theorem11:i Fori anyi connectedi      i graphi G,i                      

     

Proof:i Leti Di bei ai minimali dominatingi seti ofi G.i Supposei thei inducedi Subgraphi 

〈   〉i hasi noi isolates.i Thei i Di isi ai coi totali dominatingi seti ofi G.i Furtheri i i i i i 

        ,              }i bei thei edgei seti ofi Gi andi 

      
    

    
          

       i isi ai seti ofi maximali edges.i Supposei 

any    
    

   
 
,i  (  

 )   (  
 )   i andi e        .i Clearlyi   

i isi ani edgei 

independenti seti ofi Gi withi |  |=     .i Sincei fori anyi connectedi graphi G,i i    i 

andi          i Furtheri assumei thati        isi ai minimali dominatingi seti ofi 

Gi andi everyi vertexi         i isi adjacenti toi exactlyi onei vertexi ofi i i i i i i i i i i i i i i i 

           i Theni      i formsi ai minimali perfecti dominatingi seti ofi G.i Ifi 

thei inducedi subgraphi 〈     〉i isi regular,i theni      i isi ai minimali regulari 

perfecti dominatingi seti ofi G.i Iti isi alsoi truei thati ifi                      i 

bei thei seti ofi verticesi whichi arei incidenti toi thei edgesi ofi i   .i Hencei    ,i theni 

|   |  | |   |  
  |     whichi givesi ,i                        

   

Thei nexti theoremi givesi relationshipi betweeni   
 (T(G)),i qi withi       . 

Theorem12:i Fori anyi connectedi      i graphi G,i            
 (T(G))+    andi 

    . 
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Proof:i Supposei     i .Theni            
 (T(G))+      .Hencei      i 

Leti         ,              }i bei thei edgei seti ofi Gi withi | |   i andi leti 

                       i bei thei vertexi ofi G.i Supposei therei existsi ati 

leasti onei vertexi        i ofi minimumi degreei     .i Ini T(G),i        

         i andi supposei            ,              }i bei thei edgei seti 

ofi T(G).i i i  

i Ifi      (    )   andi      ,i      i isi adjacenti toi ati leasti onei edgei ofi 

 (    )   i withi  [ ]      .i Theni Ji isi ai minimali edgei dominatingi seti ofi 

T(G). 

Assumei thei seti Ji isi regular,i theni  i isi ai regulari edgei dominatingi seti ofi T(G).i 

Supposei therei existsi ai dominatingi seti       ,i suchi thati        i isi 

adjacenti toi exactlyi onei vertexi ofi Di andi  [ ]       i Clearlyi Di formsi ai 

minimali perfecti dominatingi seti ofi G.i Fori regularity,i ifi thei inducedi subgraphi 〈 〉i 

isi regular,i theni Di isi ai     seti ofi G.i Sincei    ,i theni | |    | |      i 

givesi i i i i i i i i i i i i i i i i            
 (T(G))+    . 

Ini [8],i thei endi edgei dominationi numberi hasi beeni defined.i Ani edgei dominatingi 

seti S     i isi saidi toi bei ani endi edgei dominatingi set,i ifi Si containsi alli endi edgesi 

ofi E(G).i Thei minimumi cardinalityi ofi edgesi ini suchi ai seti isi calledi thei endi edgei 

dominationi numberi ofi Gi andi isi denotedi byi   
      

Theorem13:i Fori anyi connectedi      i graphi G,i          
         . 

Proof:i Wei consideri twoi cases. 

Case1:i Ifi Gi hasi endi edges.i Leti       ,               }i bei thei seti ofi alli 

endi edgesi ini G.i Supposei          i andi    i isi ai minimali edgei 

dominatingi seti ofi Gi i i andi  [ ]       i Theni     i isi ani endi edgei dominatingi 

seti ofi G.i i i i i i i i i i i i i i i i i i i i i i i i i Leti       ,              }i bei thei seti ofi edgesi 

adjacenti toi thei edgesi ofi   .i Theni                      i denotei thei 

minimali dominatingi seti ofi subgraphi ofi {      i whichi isi incidenti toi thei edgesi 

ofi        i andi leti i i i i i i i i i i i i i i i i                      i denotei thei 

minimali dominatingi seti ofi subgraphi ofi i            )=Ki whichi isi incidenti 
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toi thei edgesi ofi K.i Nowi assumei everyi vertexi                i isi adjacenti 

toi exactlyi onei vertexi ofi      ,i theni        i isi ai minimali perfecti dominatingi 

seti ofi G.i Ifi thei inducedi subgraphi 〈     〉i isi regular,i theni        i isi regulari 

perfecti dominatingi seti ofi G.Hencei |     |  |    |      i givesi 

         
         . 

Case2:i Ifi Gi hasi noi endi edges,i theni        i Clearlyi fromi thei abovei case1,i wei 

havei |     |  | |       i Hencei          
         . 

CONCLUSION:i Ini thisi paperi wei surveyedi selectedi resultsi oni Regulari Perfecti dominationi ini 

graph.i Thesei resultsi establishi keyi relationshipi betweeni thei Regulari perfecti dominationi 

numberi i i andi otheri parameters,i includingi thei dominationi number,i thei edgei dominationi 

number,i spliti dominationi numberi andi entirei dominationi numberi ofi ai simple,i andi undirectedi 

graph.i  
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