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Abstract.

Many real-world problems are represented using Graph theory. Graphs are the models of relations. A
graph is an appropriate way of representing information involving relationship between objects where
the objects are represented by vertices and the relations are represented by edges. We need to design a
fuzzy graph model, when there is vagueness in the description of the objects or in its relationships or in
both. In this paper, we introduced Cube Fuzzy matching and Cube perfect Fuzzy matching for Fuzzy
graph based on vertices. We proved the necessary condition under which they are equivalent and also
proved that, for a particular condition, a perfect cube Fuzzy matching is not a (3, k) regular Fuzzy
graph. We also discussed perfect Cube Fuzzy matching and Cube Fuzzy matching number for cycle
graph.
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1. Introduction

The concept of Fuzzy sets and Fuzzy relations was introduced by L. A.Zadeh [8] in the year 1965. The
concept of Fuzzy graph was introduced by Rosenfeld [4] in the year 1975. The concept of regular Fuzzy
graphs and regular property ofFuzzy graphs was introduced by Nagoor Gani and Radha[2][3]. New
approach on vertex regular Fuzzy graph was introduced by Kailash Kumar Kakkad and Sanjay Sharma
[1]. Shakila Banu and Akilandeswari[7] introduced the concept of square perfect Fuzzy matching.
Seethalakshmi and Gnanajothi[5] derived the necessary condition for a Fuzzy graph on a cycle. The
concept of d,-degree and total d,-degree of a vertex in a Fuzzy graph was defined by Sekar and
Santhimaheswari [6].

2. Preliminaries

Definition2.1:

A fuzzy graph denoted by G: (g, ) on G*: (V, E) is a pair of functions (o, u) where :V — [0,1] is a
fuzzy subset of a non-empty set V and u: V XV — [0, 1]is a symmetric fuzzy relation on o such that
for all u,v in V the relation u(u,v) = u(uv) < o(u) Aa(v) is satisfies, where o and u are called
membership functions. A fuzzy graph G is complete if u(u,v) = pu(uv) = o(u) A a(v) where uv
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denotes the edge between u andv. G™:(V,E) Is called the underlying crisp graph of the fuzzy graph
G: (o, ).

Definition2.2:
Let G: (o, u) be a fuzzy graph. The degree of a vertex u is

d(w) = ) puv)

sinceu(uv) > 0 foruv € E and u(uv) = 0 foruv ¢ E.
The minimum degree of G is6(G) =A {d(u)/u € V}.
The maximum degree of G iSA(G) =V {d(u)/u € V}.
Definition2.3:

For a given graphG, the d; degree of a vertex u in G denoted by d(uw) means the number of vertices at
a distance 3 away fromu.

Definition2.4:
For a given fuzzy graphG, the d; degree of a Vertex u is
di@) = Y )

u*v
u,vev

Where,

1 (uv) = {H(uV1) A #(VLVZ) A #(Uz,v)]-

Also u(uv) = 0 foruv ¢ E.

The minimum dsdegree of G is65(G) =A{d3;(u)/u € V}.

The maximum d;degree of G isA;(G) =V {d;(w)/u € V}.

Definition2.5:

A fuzzy graph G is said to be (3, k) regular or d regular if d;(u) = k for all u inG.
3. Cube Fuzzy Matching

Definition 3.1:

Let G: (o, u) be a fuzzy graphon G*: (V, E). asubset S of V is called a Cube fuzzy matching if for each
vertex u we have,

> ) <o
UFV
u, VeV

Example 3.1

LetG: (o,u) Be a fuzzy graph on the cycleG*: (V,E) where V = {v,v,,v3,v,,Vs5,v6} and
E = {e;,e3 €3 €4 €5 e5}Withey = v11;, €5 = V3, €3 = V3V, €4 = UyVs , €5 = VsV, €5 = VgV

0(v1)=04,0(v,)=0.3,0(v;)=0.50(v,)=0.8,0(vs) =0.2, a(vg) =0.5
u(e;) =0.2, u(e,) =0.3, u(e3)=0.4, u(e,) = 0.2, u(es)=0.1, u(es)=0.35.
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00N 0.2 V,(03)

Vi(0.5)

Vs(0.2) 0.2 Vi(0.8)

Figure 1: Cube fuzzy matching

13 (wivy) = PP (i) + 13 (v1vy)
V1V,
V1,V4,EV

= {u(w1v2) Ap(avz) A p(vav)} + {u(Wy ve) Auwevs) A u(vsvy)}
={0.2A03A04} +{035A0.1A0.2}

=0.2+0.1

=0.3 < o(vy)

[13(172175) =02401=03< 0'(172)

Uy #Vsg
Vp,Us€EV

w3 (v3vg) = 0.1+ 0.2 = 0.3 < o(v3)

V3#Vg
1.73,1766 |4

pd(wav) = 01402= 03 < a(vy)

Vy#FVq
V4, V1EV

W (wsvy) = 01+ 02 = 0.3 £ a(vs)

V5 #Vy
1.75,1726 |4

B (wev3) = 0.2+ 0.1= 03 < a(vg)

Vg#VU3
1.76,1736 |4

Thus S = {v,,v,,v3,1,,Ve} IS a Cube Fuzzy matching inG.
Definition 3.2:
A Cube Fuzzy matching S is called a Cube Perfect fuzzy matching if,

> ) = o

U+v

u,vev
Definition 3.3:
Let G: (o, 1) be a Fuzzy graph and S be a Cube fuzzy matching. Then Cube fuzzy matching number
['(G) is defined to be
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re) = ) www)

ues

Example 3.2
In this examplewe have considered Figure 1 and Example 3.1.
M@ = ) )

ues

Whel’eS == {vl,vz,v3,v4,v6} F(G) = 15
Theorem3.1:

Let G: (o, u) be a Fuzzy graph on the cycleG*: (V, E). Then edges of the Fuzzy graph of G is half of
their vertices iff, all the vertices of G are Cube perfect Fuzzy matching and is equivalent to (3, k)
regular fuzzy graph.

Proof:

Suppose that ¢ is a constant function.
Let o(u) = k is aconstant for all u e V andu(uv) = % forall (uv)e E

Assume that G is a (3, k) regular Fuzzy graph on the cycleG*: (V, E).
Thends;(u) =k
By definition of d3 degree of a vertex in Fuzzy graph

ds@ = ) i (uv)

UFv
u,vEV
That is,
> ) =k
U*v
uveV

Since G isa (3, k) regular Fuzzy graph

= E 13 uv) = o(uw)
UFv
U, VeV

Therefore Each vertex of u satisfies the Cube Perfect Fuzzy matching inG.
Now suppose that V is a perfect Fuzzy matching inG.
Since G is a Fuzzy graph on the cycle and only two edges are incident with each vertex for cycles.

For any vertex u e V

= > ww) = oW

U*v
u,vev
By definition,
ds@ = ) i (uv)
U*v
u,vev
=ds;(w) = o (W)

Hence G is (3, k) regular Fuzzy graph on the cycle.
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The converse of the theorem is trivially true.

Example 3.3

Section A-Research paper

Let G: (o, 1) be a Fuzzy graph on the cycle G* : (V,E) where V = {v,,v,,V3,0,, Vs, v} and E =

{e1, €5, 3,84, 65,65} Withe, = v,1,, 5 = VyV3, €3 = V3V, €4 = VU5,

€5 = VgV, €6 = Vg1

o(v,) = 0.6, a(vy) = 0.6, 0(v3) = 0.6, o(v,) = 0.6, a(vs) = 0.6, 5(vs) = 0.6

p(e;) =0.3, u(ez) =0.3, u(e3)=0.3, u(es)=0.3, u(es5)=0.3, u(es)=0.3

V,(0.6)

V(0.6) V,(0.6)
0.3
0.3
V:(0.6)
V3(0.6)
0.3 0.3

V,4(0.6)
Figure 2: (3, 0.6) - regular fuzzy graph
1P (wyvy) = 1P (v1vy) + 13 (v1v,)

V1%V,
V1, V4,EV

= {u(1v2) Apu(vpv3) Au(vsvy)} + {u(vy ve) Au(vevs) A u(vsvy)}
—{0.3A0.3A0.3) +{03A0.13A0.3}
=0.3+0.3
=0.6 = a(vq)
w3 (wyvs) = 03+03 = 0.6 = d(vy)

17 iVS
Vp,UsEV

[13 (173176) = 03 + 03 = 06 = O-(v:.;)
V3% Vg
V3,VgEV

[13 (174171) = 03 + 03 = 06 = O-(v4)

Vs #Vq
V4, V1 EV
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w2 (wsvy,) = 03+ 03 = 0.6 = o(vs)
v5¢v2
vs,VZGV

w3 (vgv3) =03+ 03 = 0.6 = od(vg)
Ve#V3
176,V3€V

Hence G is a Cube perfect Fuzzy matching and also (3, 0.6) regular Fuzzy graph.
Theorem3.2:

Let G: (o,u) be a (2,k) regular Fuzzy graph on the cycleG*: (V,E). a(u) And u(uv)are constant
functions where p(uv) < o(u) and p(uv) # %a(u) forall (uv) € E then V is not a Cube perfect Fuzzy
matching ofG.

Proof:
Let o(u) =k and u(uv) = c are constant functions for all u,v e V wherec < kand c # k/2
To prove V is not a Cube perfect Fuzzy matching ofG.

Suppose that G is a Fuzzy graph on the cycle and only two edges are incident with each vertex for the
cycles.

For any vertexu e 1/,

= D uw) = 1 w) + g3 @)

u +w
u,wev
=c+c
=2c <k
=c¢ <k/2Butc # k/2
=c <k/2
= Z wuw) =k
u +w
u,Wwev

= Z wd(uw) # o(u)

u#=w
u,wev

Hence V is not a Cube perfect Fuzzy matching ofG.
Example 3.4

Let G: (o, 1) be a Fuzzy graph on the cycle G*: (V, E)where V = {v,,v,,v3,v,}and E =
{e1, ez, €3, e} Withey = v,v,, e; = VU3, €3 = V31, €4 = V4V

o(vy) = 0.6, a(v,) = 0.6, 0(v3) = 0.6, 6(v,) = 0.6
:u(el) :OZ! M(eZ) :OZ! #(83):0'2’ #(64):0'2
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V1(0.6)

V,4(0.6) V2(0.6)

V3(0.6)
Figure 3: Not a Cube Perfect fuzzy matching

,113(171174) = 02 + 02 = 04 * U(vl)

IZETN
V1, V4EV

() =024 0.2 = 04 % o(vy)

Uy #Vq
V2, VgEV

w3 (v3v,) =024 0.2 = 0.4 # o(v3)

V3%V,
1.73,1726 |4

[13 (174173) = 02 + 02 = 04 * 0-(174)
Vs FV3
V4, V3EV

Hence G is not a Cube Perfect Fuzzy matching.
Theorem3.3:
Let G be a Cube Perfect Fuzzy matching on the cycle G*: (V, E) of lengthn > 5. If
Ky i=12n-1n
o) =y k/ji=34,.n-2
forallueVv

And
kfe i=1,2,34,.n-1
ue) = k/12'i =n
foralltuv) € E
Then G is not (3, k) regular Fuzzy graph.
Proof:

Let G: (o, u) be a Cube Perfect Fuzzy matching on the Cycle G*: (V, E)is any
length > 5.

To prove that G is not a (3, k) regular Fuzzy graph.
Let vy, vy, V3, ... .... U, be the vertices and ey, ey, ... ... e, be edges of a cycle onG* in that order.

By definition,
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ds@ = ) (uv)
U*V
u,veV

d;(vy) = Z #3 (V14)
IZETA
V1,U4EV

=13 (1) + 13 (Wvp-3)
= {u(wy ) A p(av3) A p(w3vy)} + g vy) A p(avp_1) A u(Wp_1vp_2)}
= {u(e) N ulex) A ules)} +{ulen) A plen—1) A ulen—z)}

= {k/6/\ K/e A k/s} +{k/12’\ K/6 A k/s}
= k/6+ k/12 = k/4 = o(vy)
d3(v2) = {u(ez) A ules) A pley)} +{uler) A plen) A ulen—1)}
= {k/6/\ k/e A k/6} +{k/6/\k/12/\ k/6}

:k/6+ k/12: k/4 = a(v;)

ds(v;) = {ule) A uleipr) A pleirz)} +{ulei—1) A ulei—z) A plei—3)}
= {k/6 A k/@ A k/6} + {k/6 A k/6 A k/6}

:k/6+ k/6: k/g =a(v)

dz(vn-1) = {p(en-1) A plen) A plensr)} + {plen—2) A plen—3) A plen—4s)}
= {k/sf\ “/12 /\k/s} + {k/6/\k/6/\k/6}
= k/12 + k/6 = k/4 = 0(vp-1)
d3(vn) = {nen) A pule) Aper)} + {ulen1) A plen—z) A ulen—3)}
= {k/12 A K g A k/6} + {k/6/\k/6 A k/6}
=K/ 12+ K/g=K/y= 00w
Hence G is not a(3, k) regular Fuzzy graph

2. Conclusion

In this paper, we have introduced Cube perfect Fuzzy matching for Fuzzy graph based on vertices on
the cycle. We proved the necessary condition under which they are equivalent and also proved that, for
a particular condition, a Cube perfect Fuzzy matching is not a (3, K)regular Fuzzy graph. We also
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discussed Cube perfect Fuzzy matching and Cube Fuzzy matching number for cycle graph. For the
future work we can extend to complete graph regular graph and finally for any connected graph.
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