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Abstract 

 

In this study we prove a common fixed point theorem for D-operator pairs that meet the  general contractive 

condition on cone metric type spaces. The D-operator pair is an extension of  mappings that are weakly 

compatible. The examples are provided to demonstrate the outcome. As an application, Best Approximation is 

also demonstrated as an application. 

 

Keywords: D-Operator Pair, Fixed Point, Point Of Co-Incidence. 
 

1,2,4,5,6Department of Mathematics, Siddharth Institute of Engineering &Technology (Autonomous), Puttur-

517583, A.P., India, 
3Department of Mathematics, Dr.M.G.R. University, Maduravoyal, Chennai, Tamil Nadu.India-600 095.   
7*Department of Mathematics, Annamacharya Institute of Technology & Sciences (Autonomous), Rajampet, 

A.P., India 

  

Email: 1geethaprasadsai@gmail.com, 2ekartheek82@gmail.com, 3aruna.math@drmgrdu.ac.in, 
4vijimathsavita@gmail.com, 5hemavathiphd@gmail.com, 6mopuriobulesu1982@gmail.com 

 

*Corresponding Author: 

M. Umamaheswar7* 

7*Department of Mathematics, Annamacharya Institute of Technology & Sciences (Autonomous), Rajampet, 

A.P., India 

Email: 7*umasvu8@gmail.com 

 

DOI: 10.31838/ecb/2023.12.6.163 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

mailto:geethaprasadsai@gmail.com
mailto:ekartheek82@gmail.com
mailto:vijimathsavita@gmail.com
mailto:hemavathiphd@gmail.com
mailto:mopuriobulesu1982@gmail.com
mailto:umasvu8@gmail.com


Section A-Research paper Common fixed points theorems for D-Operator  

Pair on Cone Metric Type Spaces 

 

 

 

Eur. Chem. Bull. 2023, 12 (6), 1661 –1665                                                                                            1662  

1. INTRODUCTION 

 

Huang and Zhang [5] established the explanation of 

cone metric space by replacing the real numbers R 

in metric space with an ordered Banach space. 

Jungck[9] specified compatible maps and after a 

year or so, he added  weak compatibility. Al-

Thagafi and shahzad [4] outlined occasionally 

weakly compatible, which is more general than 

weakly compatible maps. Later M. Abbas and G. 

Jungck [1] proposed the idea of a D-operator pair, 

which is a more widespread concept in space of 

metric  than occasionally weak compatibility. This 

paper discusses a few common fixed point theorems 

in cone metric type spaces under some general 

contractive conditions. 

 

2. PRELIMINARIES  
 

Definition 2.1 [2] 

Let X be a non-empty set and £ be a real Banach 

space with cone þ. A vector-valued function 

d: 𝑋 × 𝑋 → þ is said to be a cone metric type 

function on 𝑋 with the constant K ≥ 1 if the 

following conditions are satisfied: 

 

(1)  𝜃 ≤ d(𝑥, 𝑦), for all 𝑥, 𝑦 ∈ 𝑋, and d(𝑥, 𝑦) =  𝜃 

iff 𝑥 = 𝑦; 

(2)  d(𝑥, 𝑦) =d(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 
(3)  d(𝑥, 𝑧)  ≤ 𝐾 (𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)) for all 𝑥, 𝑦, 𝑧 

∈ 𝑋. 

The pair (𝑋, 𝑑) is called the cone metric type 

space.If 𝐾 = 1 then the ordinary triangle inequality 

in a cone metric space is satisfied, however it does 

not hold true if  𝐾 > 1.Thus the class of cone metric 

type spaces is effectively larger than that of 

ordinary cone metric spaces.Every cone metric 

space is a cone metric type space, but the converse 

need not be true. 

Example 2.2 [2] 

Let X={−1,0,1}, E= R2,  þ = {( 𝑥, 𝑦) ∶ 𝑥 ≥ 0, 𝑦 ≥
0}. Define d : 𝑋 × 𝑋 → þ by d(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) for 

all 𝑥, 𝑦 ∈ 𝑋, 𝑑(𝑥, 𝑥) =  𝜃, 𝑥 ∈ 𝑋 𝑎𝑛𝑑 𝑑(−1,0) =
(3,3), 𝑑(−1,1) = 𝑑(0,1) = (1,1). Then (𝑋, 𝑑) is 

a complete cone metric space but the triangle 

inequality is not satisfied.  

 We have that, d(−1,1) + 𝑑(1,0) =(1,1) + (1,1) = 

(2,2) ≤ (3,3) = 𝑑(−1,0).It is clear that 𝐾 =
3

2
. 

 

 

Definition 2.3 

Let (X,d) be a cone metric type space. We say that 

{𝑥𝑔} is 

(a) A cauchy sequence if ∀ ç in  £ with ç≫ 0, 
there is N s.t  ∀ 𝜗, 𝑔 > 𝑁, d(𝑥𝜗, 𝑥𝑔)≪ ç 

(b) A convergent sequence if for every c in £ with 

ç≫ 0,there is N such that for all 𝑔 > 𝑁, 

d(𝑥𝑔, 𝑥) ≪ ç  for some fixed 𝑥  in X. 

A cone metric type space X is said to be complete 

if every Cauchy sequence in X is convergent in X. 

It is known that  {𝑥𝑔} convergent to  𝑥 in X if and 

only if d(𝑥𝑔, 𝑥) → 0 𝑎𝑠 𝑔 → ∞. 

Definition 2.4 [9] 

Let X be a set and let f, g be a two self mapping of 

X. A point 𝑥 ∈ X is called a coincidence point of f 

and g iff f𝑥 =g𝑥. We shall call w=f 𝑥 =g 𝑥 a point 

of coincidence of f and g. 

Definition 2.5 

Two self-maps f and g of a set X are occasionally 

weakly compatible iff there is a point 𝑥 ∈ X which 

is a coincidence point of f and g at which f and g 

commute. 

Definition 2.6 

Let X be a non empty set and d be a function,  d: X 

× X  →£ ∋ 

d(𝜆, μ) = 0 if and only if 𝜆 = μ  ∀ 𝜆, μ ∈ X  →
(2.6) 

for a space (X,d) satisfying (2.6) and A⊂ X, the 

diameter of A  is defined by 

diam(A)=sup{max{ (d(𝜆, 𝜇), d(𝜇, 𝜆, ) 𝜆, 𝜇 ∈  A}} 

Definition 2.7[1]  

Let λ, 𝜇: X →X be mappings. The pair (𝜎, 𝜏) is said 

to be D-operator pair if there is a point u in X s.t α 

∈ C (𝜎, 𝜏) and d(𝜎𝜏 u, 𝜏𝜎 u)≤R diam (PC(𝜎, 𝜏)) for 

some R > 0. 

Definition 2.8 

Let  M be a nonempty subset of a cone metric space 

(M,d).The set of best M-approximants to  

u∈ X, denoted as 𝑃𝑀(u) is defined by 

                𝑃𝑀(u)={𝑦 ∈  M: d(y, u) = dist(u, M)}               

  

where  dist(u, M) = inf {d(𝑥, u): 𝑥 ∈  M}. 
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3. MAIN RESULTS  

Theorem 3.1 

Let (X,d) be a cone metric type space with constant  𝐾 ≥ 1 and P be a cone with a nonempty  interior. Suppose 

that the mappings  λ, 𝜇: X→X are such that  λ(X) ⊆ 𝜇(X) and λ (X) or 𝜇(X) is a complete subspace of X. Suppose 

(λ, 𝑔)  is a D-operator pair and satisfy the conditio

d(λ𝑥, λ𝑦)≤  
𝜃

𝐾
 {𝑚𝑎𝑥 {𝑘 𝑑(𝜇𝑥, 𝜇𝑦), 𝑘 𝑑(𝜇𝑥, λ𝑥), 𝑘 𝑑(𝜇𝑦, λ𝑦),

𝑑(𝜇𝑦,λ𝑥)+𝑑(𝜇𝑥,λ𝑦)

2
}}               (3.1) 

∀ 𝑥, 𝑦 ∈X and for some constant 𝜃 ∈ (0,
1

𝐾
). Then 𝜆 𝑎𝑛𝑑 𝜇  have a unique common fixed point. 

Proof:  

By the definition of D-operator pair there exist u in X and R >0 such that 𝜆𝑢 = 𝜇𝑢 𝑎𝑛𝑑 

d(𝜆𝜇u, 𝜇𝜆u)≤Rdiam(PC(𝜆, 𝜇))  

First, we prove that  𝑃𝐶(𝜆, 𝑔) is singleton. Suppose w and z be two distinct points in X such that 𝑤 = 𝜆𝑢 = 𝑔𝑢 

and  𝑧 = 𝜆𝑣 = 𝑔𝑣 for some    𝑢, 𝑣 ∈ 𝐶(𝜆, 𝑔). Then from (3.1) we obtain  

d(w,z) = d(𝜆𝑢, 𝜆𝑣)  

               ≤
𝜃

𝐾
 {𝑚𝑎𝑥 {𝑘 𝑑(𝑢, 𝜇𝑣), 𝑘 𝑑(𝑔𝑢, 𝜆𝑢), 𝑘 𝑑(𝜆𝑣, 𝑔𝑣),

𝑑(𝜇𝑢, 𝜆𝑣) + 𝑑(𝜆𝑢, 𝜇𝑣)

2
}} 

d(w,z) ≤
𝜃

𝐾
 (𝑑(𝜆𝑢, 𝜆𝑣)) 

           ≤  𝜃(𝑑(𝑤, 𝑧) 

           < d(w,z). 

Which is a contradiction. Therefore w=z, i.e, w= 𝜆𝑢 = 𝜇𝑢 = 𝜆𝑣 = 𝜇𝑣 = 𝑧.  Thus,  

PC(𝜆, 𝜇) is singleton, i.e., w= 𝜆𝑢 = 𝜇𝑢 is the unique  point of coincidence and diam(PC(𝜆, 𝜇)) = 0 from 

definition of D-operator pair 𝜆𝜇𝑢 = 𝜇𝜆𝑢 for some points u ∈ 𝐶(𝜆, 𝜇). 

Now from (3.1) we have 

d(𝜆𝜆𝑢, 𝜆𝑣) = 𝑑(𝜆𝜆𝑢, 𝜆𝑢) 

≤
𝜃

𝐾
 {𝑚𝑎𝑥 {𝑘 𝑑(𝜇𝜆𝑢, 𝜇𝑢), 𝑘 𝑑(𝜇𝜆𝑢, 𝜆𝜆𝑢), 𝑘 𝑑(𝜇𝑢, 𝜇𝑢),

𝑑(𝜇𝑢, 𝜆𝜆𝑢) + 𝑑(𝜇𝜆𝑢, 𝜆𝑢)

2
}} 

≤
𝜃

𝐾
 {𝑚𝑎𝑥 {𝑘 𝑑(𝜆𝜆𝑢, 𝜆𝑢), 𝑘 𝑑(𝜆𝜆𝑢, 𝜆𝜆𝑢), 𝑘 𝑑(𝜆𝑢, 𝜆𝑢),

𝑑(𝜆𝑢, 𝜆𝜆𝑢) + 𝑑(𝜆𝜆𝑢, 𝜆𝑢)

2
}}  

                       ≤
𝜃

𝐾
 {𝑑(𝜆𝜆𝑢, 𝜆𝑢}  

                        ≤ 𝜃(𝑑(𝜆𝜆𝑢, 𝜆𝑢))    

                          ≤ 𝑑(𝜆𝜆𝑢, 𝜆𝑢) 

This is a contradiction. Hence 𝜆𝜆𝑢 = 𝜇𝜆𝑢 = 𝜆𝑢 and therefore 𝜆, 𝜇ℎ𝑎𝑣𝑒  a common fixed point. For uniqueness, 

suppose that 𝑢, 𝑣 ∈ 𝑋, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜆𝑢 = 𝜇𝑢 = 𝑢 𝑎𝑛𝑑 𝜆𝑣 = 𝜇𝑣 = 𝑣 𝑎𝑛𝑑 𝑢 ≠ 𝑣.Then (3.1) gives, 
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𝑑(𝑢, 𝑣) = (𝑑(𝜆𝑢, 𝜆𝑣)) 

≤
𝜃

𝐾
 {𝑚𝑎𝑥 {𝑘 𝑑(𝜇𝑢, 𝜇𝑣), 𝑘 𝑑(𝜇𝑢, 𝜇𝑢), 𝑘 𝑑(𝜆𝑣, 𝜇𝑣),

𝑑(𝜇𝑢, 𝜆𝑣) + 𝑑(𝜆𝑢, 𝜇𝑣)

2
}} ≤

𝜃

𝐾
 (𝑑(𝑢, 𝑣) 

               ≤ (𝑑(𝑢, 𝑣)) 

Which is a contradiction. Therefore 𝑢 = 𝑣 and hence the common fixed point of 𝜆 𝑎𝑛𝑑 𝜇 is unique. 

Example 3.2 

Let E=𝑅2,P={(𝑥, 𝑦) ∈ 𝐸: 𝑥, 𝑦 ≥ 0, ⊂ 𝑅}and define 

d:R×R→ £ by d(𝑥, 𝑦) = (|𝑥 − 𝑦|, 𝛼|𝑥 −
𝑦|), 𝑤ℎ𝑒𝑟𝑒 𝛼 > 0 𝑖𝑠 constant.Define 𝜆, 𝜇: 𝑋 → 𝑋 

by, 𝜆(𝑥) = (
𝜃

2𝐾
)

1

2
 𝑥 and 𝜇(𝑥) = [(

𝜃

2𝐾
)

1

2
+ 𝜃−

1

2]  𝑥, 

for 𝑥 ∈ 𝑋  where 𝜃 ∈ (0,
1

𝐾
 )      and  𝐾 ≥ 1. (X, d) 

is a cone metric type space. 𝜆 𝑎𝑛𝑑 𝜇 are D-

operator pair satisfy condition  (3.1). 𝜆 𝑎𝑛𝑑 𝜇 have 

a coincidence point 0 and unique point of 

coincidence which is 0. Since 𝜆 𝑎𝑛𝑑 𝜇  commute 

at 0, it is the unique common fixed point. 

Corollary 3.3 

Let (X, d) be a cone metric type space with the 

constant  𝐾 ≥ 1 𝑎𝑛𝑑 þ a cone having a nonempty 

interior. Suppose that the mappings 𝜆, 𝜇 ∶ X→X are 

such that   𝜆(X) ⊆ 𝜇(X) and 𝜆(X) or 𝜇(X) is a 

complete subspace of X, and that for some constant  

𝜃 ∈ (0, 1 ) and for every , 𝑦 ∈ 𝑋, we have 

d(𝜆𝑥, 𝜆𝑦)≤ 𝜃 𝑑(𝜇𝑥, 𝜇𝑦). Then 𝜆 𝑎𝑛𝑑  𝜇 have a 

unique point of coincidence in X. Moreover if  

𝜆 𝑎𝑛𝑑 𝜇 𝑎𝑟𝑒 D-operator p, 𝜆 𝑎𝑛𝑑 𝜇  have a unique 

common fixed point. 

Corollary 3.4 

Let (X, d) be a cone metric type space with the 

constant  𝐾 ≥ 1 𝑎𝑛𝑑 þ a cone having  a nonempty 

interior. Suppose that the mappings 𝜆, 𝜇 ∶ X → X are 

such that  𝜆(X) ⊆ 𝜇(X) and 𝜆(X) or 𝜇(X) is a 

complete subspace of X, and that for some constant  

𝜃 ∈ (0, 1 ) and for every 𝑥, 𝑦 ∈ 𝑋, we have  

d(𝜆𝑥, 𝜆𝑦)≤ 𝜃 { 
𝑑(𝜇𝑥,𝜆𝑥)+𝑑(𝜇𝑦,𝜆𝑦)

2
}   

 Then 𝜆 𝑎𝑛𝑑 𝜇 have a unique point of coincidence 

in X. Moreover if   𝜆 𝑎𝑛𝑑 𝜇 𝑎𝑟𝑒 D-operator pair, 

𝜆 𝑎𝑛𝑑 𝜇  have a unique common fixed point. 

Corollary 3.5 

Let (X, d) be a cone metric type space with the 

constant  𝐾 ≥ 1 𝑎𝑛𝑑 𝑃 a cone having  a nonempty 

interior. Suppose that the mappings  𝜆 , 𝜇 ∶ X→ X 

are such that   𝜆(X) ⊆ 𝜇(X) and 𝜆(X) or 𝜇(X) is a 

complete subspace of X, and that for some 

constant  𝜃 ∈ (0, 1 ) and for every , 𝑦 ∈ 𝑋, we have 

 d(𝜆𝑥, 𝜆𝑦)≤  
𝜃

𝐾
 { 

𝑑(𝑔𝑦,𝜆𝑥)+𝑑(𝑔𝑥,𝜆𝑦)

2
}   

Then 𝜆 𝑎𝑛𝑑 𝜇 have a unique point of coincidence 

in X.Moreover if  𝜆 𝑎𝑛𝑑 𝜇 𝑎𝑟𝑒 D-operator pair, 

  𝜆 𝑎𝑛𝑑 𝜇 have a unique common fixed point. 

Corollary 3.6 

Let (X, d) be a cone metric type space with the 

constant  𝐾 ≥ 1 𝑎𝑛𝑑 𝑃 a cone having a nonempty 

interior. Suppose that the mappings 𝜆, 𝜇 ∶ X→X are 

such that    𝜆(X) ⊆ 𝜇(X) and 𝜆(X) or 𝜇(X) is a 

complete subspace of X, and that for some 

constant  𝜃 ∈ (0, 1 ) and for every , 𝑦 ∈ 𝑋, we have 

𝑑(𝜆𝑥, 𝜆𝑦)
≤  𝑎𝑑(𝜇𝑥, 𝜇𝑦) + 𝑏(𝑚𝑎𝑥{(𝑑(𝜆𝑥, 𝜇𝑥), 𝑑(𝜆𝑦, 𝜇𝑦)})
+ 𝑐(𝑚𝑎𝑥{(𝑑(𝜇𝑥, 𝜇𝑦), 𝑑(𝜇𝑥, 𝜆𝑥), 𝑑(𝜇𝑦, 𝜆𝑦)})
→ (3.6) 

for all 𝑥, 𝑦 ∈X, where a,b,c > 0, a+b+c=1. Then 

𝜆 𝑎𝑛𝑑 𝜇 have a unique point of coincidence in 

X.Moreover if  𝜆 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 D-operator pair, 

𝜆 𝑎𝑛𝑑 𝜇  have a unique common fixed point. 

Proof: In the theorem (3.1)  replacing the condition 

(3.1) by (3.4) we get the result that 𝜆 𝑎𝑛𝑑 𝜇 have a 

unique common fixed point. 

4.    APPLICATION  TO 

BEST APPROXIMATION 

 

Theorem 4.1: 

Let (X,) be a metric space of the cone type.. 

Suppose that u ∈ X, 𝜆 𝑎𝑛𝑑 𝜇 satisfy inequality (3.1) 

in theorem 3.1. 𝜆  leaves 𝜇- invariant compact 

subset M of a closed subspace 𝜇𝑋  as invariant. For 

each b∈ 𝑃𝑀(u), let d(𝑥, 𝜆𝑏) < d(𝑥, 𝜇𝑏) and 𝑓𝑏 ∈ 

𝑃𝑀(u).If  𝜆 𝑎𝑛𝑑 𝜇 are D-operator pair, then u has a 

best approximation in M which is also a common 

fixed point of  𝜆 𝑎𝑛𝑑 𝜇 
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Proof: 

Let u∈ 𝐹(𝜆) ∩ 𝐹(𝜇). Since M is a compact subset 

of 𝜇𝑋, 𝑃𝑀(u)≠ ∅. To prove that 𝜆(𝑃𝑀(u)) ⊂
𝜇(𝑃𝑀(u), assume the contrary.Then there exist b∈ 

𝑃𝑀(u) with 𝜆𝑏 ⊈ 𝜇(𝑃𝑀(u).)  

Now, d(u, 𝜇𝑏) = 𝑑𝑖𝑠𝑡(u,M) 

                           < 𝑑(u, 𝜆𝑏) 

                            < 𝑑(u, 𝜆𝑏)        

As a result of Contradiction, we now have  

𝜆(𝑃𝑀(u)) ⊂ 𝜇(𝑃𝑀(u).Now  𝑓(𝑃𝑀(u)) being a 

closed subset of a complete cone metric space, it is 

complete. Hence 𝑃𝑀(u) ∩ 𝐹(𝜆) ∩ 𝐹(𝜇) is singleton. 
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