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Abstract

In a connected graph G = (V,E), the set S is a minimum split geodetic set. A subset
T < S is called as the forcing subset for S if S is the unique minimum split geodetic set
of G containing T. The minimum cardinality of a forcing subset of S is the forcing split
geodetic number f4(S) of S. The forcing split geodetic number of a connected graph G
IS fs(G) = min{f;(S): S is a split geodetic set of G}. The set S is a minimum non-split
geodetic set in a connected graph G = (V, E) and the subset T < S is called as forcing
subset for S if S is the unique minimum non-split geodetic set of G containing T. The
minimum cardinality of a forcing subset of S is the forcing non-split geodetic number
fas(S) of S. The forcing non split geodetic number of a connected graph G is f,,s(G) =
min{f,s(S): S is a non — split geodetic set of G}. Here we determined forcing split
and non-split geodetic number of certain classes of graphs. Further, we determine the
forcing split and forcing non-split geodetic number of graphs under some binary
operations such join, Cartesian product and corona of two graphs.

Keywords: split geodetic set, non-split geodetic set, split geodetic number, non-split

geodetic number, Cartesian product, join, corona.

Subject Classification: AMS-05C12.

1. Introduction

In this paper, the graph G = (V(G), E(G)) is finite, connected and simple with the vertex set

V(G) containing n > 3 vertices and the edge set E(G) € V x V. The distance between any
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two points u, v is d(u, v) is a length of the shortest u — v path in a graph G. An u — v path of
length d(u, v) is called an u — v geodesic. This concept was introduced in [1, 4].

The interval I[u, v] containing all the points lying on some u — v geodesic in G and S <
V (G), I[S] = Uyves I[u, v] Aset of vertices S is a geodetic set if I[S] = V(G).

The minimum cardinality of a geodetic set is the geodetic number and is denoted as g(G).
This concept was introduced in [2].

A subset T of a minimum geodetic set S is called as the forcing subset for S if S is the unique
minimum geodetic set of G containingT. The minimum cardinality among the forcing
subsets of S is the forcing geodetic number f;(S) of a minimum geodetic set S and the
forcing geodetic number f(G) of a connected graph G is f(G) = min(f;(S)). The forcing
geodetic sets and the forcing geodetic number of a graph was introduced in [3].

The geodetic set S is said to be a non-split geodetic set in a graph G, if the induced sub graph
< V(G) — S > is connected. The cardinality of a non-split geodetic set which is minimum is
the non-split geodetic number and is denoted as g,s(G). In [5], the non-split geodetic
number was introduced.

The geodetic set S is said to be a split geodetic set in a graph G, if the sub graph < V(G) —
S > is disconnected. The cardinality of a split geodetic set which is minimum is the split
geodetic number g¢(G). In [6], the split geodetic number was introduced.

Let G and H be any two connected graphs. The join of G, H is denoted by G + H is the graph
with vertex set V(G + H) = V(G) U V(H) and the edge set E(G+ H) = E(G) UE(H) U {uv :
u € V(G),V € V(H)}

A graph formed by taking a single copy of G with |[V(G)| = n copies of H. By joining i*h
vertex of G with each vertex in the i*™" copy of H, then it is said to be a corona G © H of two
graphs G and H.

The cartesian product of any two graphs G, H is a graph with vertex set V (G) X V (H) =
(uj, v;) where u; € V(G), v EV(H),1<i<mand 1 <j<n. Any two distinct vertices
(uj, vj), (ug,vy) adjacent in G X H if and only if either u; = ui and vjv; € E(H) or v; = v,

and u;uy € E(G).
2. Forcing split geodetic number f (G) of a graph

The set S is a minimum split geodetic set in a connected graph G = (V,E). Asubset T C S is
called as the forcing subset for S if S is the unique minimum split geodetic set of G

containing T. The cardinality of a minimum forcing subset of S is the forcing split geodetic
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number f,(S) of S. The forcing split geodetic number of a connected graph G is fs(G) =
min (f5(S)).

v V2 U3

(W Us Vg
Figure 2.1: General graph.

The graph G given in Figure 2.1, S; = {vy,V4,Ve}, Sy = {v1,V3,Vs}, Sz = {vy, Vs, Ve} and
S4 = {v3,V,, v} are four minimum split geodetic sets with g(G) = gs(G) = 3. The set S, is
the only minimum split geodetic set containing the vertex v,, thus f,(S;) =1. The
remaining vertices other than v, of a graph G belongs to two or more minimum split
geodetic sets S; fori = 2,3,4. So that f,(S,) = 2, f;(S3) = 2 and f,(S,) = 2. Therefore the

forcing split geodetic number of a connected graph G is f(G) = 1.

Observation 2.1. Let G be a connected graph of order n then,
* G has only one minimum split geodetic set if and only if f;(G) = 0.
 The graph G has two or more minimum split geodetic sets and a vertex of G belongs to
exactly one minimum split geodetic set if and only if f,(G) = 1.
« All vertices of each minimum split geodetic set belongs to at least two minimum split
geodetic sets if and only if f,(G) > 2.

Theorem 2.2. For a path P, with n>5, the forcing split geodetic number is

_ (0 forn =5,
fs(Bn) = {1 otherwise.

Proof. Consider a path of order n > 5 is P,: v, Vy, ..., Vi1, Vp -

Suppose that n = 5. The unique minimum split geodetic set is S = {v4,v3,vs}. Hence by
Observation 2.1, f,(P,) = 0.

Suppose that n>5. The set S;_, = {vy,vy,,Vvi} Where 3 <i<n-—2 gives different
minimum split geodetic sets containing a vertex v; of P,, belongs to exactly one minimum

split geodetic set. By Observation 2.1, f;(P,) = 1 forn > 5.

Theorem 2.3. Forcing split geodetic number of a cycle C, with n>4 is

_ (1 ifniseven,
fs(Cn) = {2 if n is odd.
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Proof. If n is even, then a cycle C,.: v4,V,, ..., Vo, V1. Clearly, in this cycle the set S =

{vi, v;} containing pair of antipodal vertices are different minimum split geodetic sets. Each
vertex containing a unique vertex antipodal to it. By Observation 2.1, f;(C,) = 1.
If nis odd, then Cypyq: V4, Vy, ..., Vareq, V4 has more than one minimum split geodetic sets
with each vertex belongs to two or more distinct minimum split geodetic sets. By
Observation 2.1, f,(G) = 2. Further, the set S = {v;, Vr4+1, V421 IS the unique minimum split
geodetic set containing two adjacent vertices vy, V4o IN Cy With d(vy, viey1) = d(Vy, Viga).
Thus f,(C,) = 2.

Theorem 2.4. The forcing split geodetic number of a wheel W, with n>75is

_ (2 ifniseven,
fs(Wn) = {1 if n is odd.

Proof. Suppose that n is even. The graph G = W,, = C,_; + K; has (n — 1) different
minimum split geodetic sets and each vertex belongs to two or more distinct minimum split
geodetic sets. By Observation 2.1, f,(G) = 2. Any two adjacent vertices in W, forms a
unique subset in minimum split geodetic sets. Thus f,(W,,) = 2.

Suppose that n is odd, n = 5. The graph G = W, has two minimum split geodetic sets

containing different vertices with common universal vertex in W,,. Thus f,(W,) = 1.

Theorem 2.5. The forcing split geodetic number of a tree T containing at least four internal

vertices and k end vertices is f,(T) = 1.

Proof. Consider, the set S = {v;, v, ..., v} of end vertices and the set of internal vertices
{uy,uy, ...,uy} € V—=Sin atree T. Clearly, the set S is a geodetic set and < V(T) —S > is
connected. Therefore consider S' = S U {u;}, where u; is an arbitrary internal vertex which is
not an end vertex in V — S forms a split geodetic set. The arbitrary internal vertex belongs to

exactly one minimum split geodetic set. Thus by Observation 2.1, f,(T) = 1.
Observation 2.6. There is no forcing split geodetic number in star.

Theorem 2.7. If G = K,,, ,, the forcing split geodetic number for positive integers m and

n>1is

_ (1 form =n,
fs(Km'n) B {0 otherwise.

Proof. The graph G = Ky, , is formed by the partite sets A = {a;} where 1 <i < mandB =

{b;} where 1 < j < n with m < n. The vertex set of G is A U B.
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For m = n, the graph G = K, , having partite sets with same number of vertices forms two
different minimum split geodetic sets S; = {a;} and S, = {b;} where 1 < i,j < m containing
different vertices. Thus by Observation 2.1, f;(Ky,n) = 1.

Suppose that m # n and m < n. The unique minimum split geodetic set is S=A. Thus by

Observation 2.1, f;(Ky,n) = 0.

Theorem 2.8. The connected graph G’ formed by joining a leaf vertex v to the cycle C,, = G,

n > 4. The forcing split geodetic number of G"is f5(G") = 1.

Proof. The graph G’ formed by adding the leaf vertex v & G to C, = Gwheren > 4. In
G', there exists two or more minimum split geodetic sets of the form S = {v, u;, u;}. The set S
containing a leaf vertex v and the pair of antipodal vertices u;, u; of a graph C,, = G.

If n is even, then the set S with different antipodal vertices and each vertex containing a
unique vertex antipodal to it. Therefore f;(G") = 1.
If n is odd, then the antipodal vertex u; is non adjacent to the vertex v with d(u;,v) = 2

belongs to exactly one minimum split geodetic set. Thus fs(G") = 1.

Theorem 2.9. The graph G' = C,, © K; is formed by adding leaf vertex v & G to every vertex
w;where 1 <i<nin acycle C, = G, n > 4. The forcing split geodetic number of a graph
G'is

1 forn =4,
2 forn > 4.

() = {
Proof. The connected graph G' = C, © K; is formed by adding leaf vertex v to every
vertex u;where 1 <i<ninacycle C, =G, n > 4.
Case 1: Suppose that n = 4. In a graph G’ = C, © K;, the set X containing four end vertices
forms a geodetic set and < V(G") — X > is connected. Clearly, the set of end vertices X is
non-split geodetic set. Any two antipodal vertices with the set X forms two minimum split
geodetic sets contains different antipodal vertices. Thus f;(G") = 1.
Case 2: Suppose that n > 4. In the graph G’ = C, o K,, the different minimum split
geodetic sets are Sy = X U {v;,v;} where X is a set of end vertices in G'and {v;,v;} are k
possible nonadjacent vertices in G. Each non adjacent vertices belongs two or more
minimum split geodetic sets, so f;(G") = 2. Any two non adjacent vertices makes a unique

subset in minimum split geodetic set Sy in a graph G’. Thus f;(G") = 2.
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Theorem 2.10. Let G’ be the graph formed by adding k-leaf vertices v; € Gwhere 1 <i <k
to any vertex u € G = C,, where C,, is a cycle with n > 4. The forcing split geodetic number
of G'is f;(G") = 1.

Proof. The graph G’ formed by adding the k-leaf vertices v; € G where 1 < i < kto the
vertex u € G = C,. The different minimum split geodetic sets of the form {v;,uj, u}
containing a leaf vertices v;, 1 < i < k with a pair of antipodal vertices u;, u;.

If n is even, then the pair of antipodal vertices u;, u; each vertex containing a unique vertex
antipodal to it. Therefore f;(G") = 1.
If nis odd, then the vertex u; € G'is non adjacent to the vertex v; where 1 <i < k with

d(vj, u;) = 2 belongs to exactly one minimum split geodetic set. Thus f;(G") = 1.

Theorem 2.11. The forcing split geodetic number of join of two paths, P, and
P,, withny,n, > 4 is

2 for n; =ny,
1 otherwise.

fs(Pa, + Pr,) = {
Proof. Consider V = {vy, vy, ...,vy }and U = {uy, u,, ..., u,, } are the vertex sets of a path
P,, and P,, respectively. From the definition, the join of these two graphs is G = (P,, + Py,)
with the vertex set W = V U U with ny, n, > 4.
Case 1: Suppose that n; = n,. The different possible minimum split geodetic sets with
cardinality n; + 1 are Sy = V U uy where uy is any internal vertex inasetUand S; = U U v,
where vy is any internal vertex in V. Each vertex in these minimum split geodetic sets
belongs to at least two sets. So f;(G") = 2. Since the end vertex in V and any internal vertex
in U form the unique subset in minimum split geodetic set of cardinality two in Sy, similarly
in S;, the end vertex in U and any internal vertex in V form the unique subset in minimum
split geodetic set of cardinality two. Thus f;(G") = 2 for n; = ns,.
Case 2: Suppose that n; # n, and |V| < |U|. Every possible minimum split geodetic sets
contains all vertices of set V and one internal vertex in U. Since the internal vertex in U
belongs to exactly one split geodetic set which is minimum. So that f;(G") = 1.
Similarly, if [U] < |V], minimum split geodetic sets contains all vertices of set U and one
internal vertex in V. Since the internal vertex in V belongs to exactly one split geodetic set

which is minimum. So f;(G") = 1.

Theorem 2.12. The forcing split geodetic number of corona product of two paths
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P,, and P, withn; = 2,n, =3 is

(1 if n, is odd
fS(Pru © Pﬂz) - {nl 4+ 1  otherwise.

Proof. Consider V = {vy,v;, ...,vy, }and U = {uy, uy, ..., up, } are the two vertex sets of
P,, and P,, respectively. From the definition, the corona product of these two paths G =
(P, © Py,) having n; + nyn, vertices is formed by taking a copy of P, and |[V| = n, copies
of P,, also by joining i" vertex of P, with each vertex in the i*" copy of P,, .

Case 1: Suppose that n, is odd. In a graph G = (P,, © P,,), the geodetic set X having
(nq [%]) vertices. The minimum different split geodetic sets are S; = XUv;, 1 <i<n,

where v; € V. Since the vertices v; € V belongs to exactly one split geodetic set which is
minimum and this is the unique subset of minimum split geodetic set. So that fs(S;) = 1,
1 <i < n;. Therefore f;(G) = 1.

Case 2: Suppose that n, is not an odd number. The number of possible geodetic sets are
nl(nz—z)2 and each minimum geodetic set X containing nl(nz—2 + 1) vertices. The different split
geodetic sets are S; = XU v;, 1 <i < n;wherev; € V. Every vertex in these sets belongs
two or more minimum split geodetic sets. By Observation 2.1, f;(S;) = 2. Since any internal

vertex of P, in each |[V| = n, copy with one vertex in P, form the unique subset in a
minimum split geodetic set of cardinality n; + 1. Therefore f(S;) = n; + 1 and for the
graph G, f,(G) = n; + 1.

Theorem 2.13. For the cartesian product of two paths P, and P,, withn; > 2 and n, = 5,
the forcing split geodetic number

2 if n; =
fS(Pnl X Pnz) = {1 i =3

otherwise.

Proof. Consider the vertex setV = {vy,v,,...,vy } of P, and W = {wy, wy, ..., wy } of
P,,. Let (P,, X P,,) = G be a cartesian product of two paths P, and P,, withn; =2, n, =
5.

Case 1: If n; = 3, then the set X = {(vy, wq)(v3, wp,)} is @ minimum geodetic sets in G =
(P,, X Py,). Since the induced sub graph < V(G) — X > is connected, the set X is a non-split
geodetic set. There exist many split geodetic sets in G of cardinality four and every vertex in
these sets belongs to two or more minimum split geodetic sets. By Observation 2.1, f,(G) >

2. The set S = X U {(v,, wy)(v3, wy)}. is the minimum unique split geodetic set containing
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the subset T = {(v,, w;)(v3,w;)}. Also any subset U of S with [U| < |T| is not a forcing
subset of split geodetic set. Therefore f,(G) = 2.

Case 2: If n; # 3, then the minimum geodetic set X = {(vq, w1)(vn,, Wy, )} is not a split
geodetic set. Since < V(G) — X > is connected, the set S =X U {(vy, -1, W1)(Vn,, W2)}
form split geodetic set. There exists many split geodetic sets in G of cardinality four but
some vertex in these sets belongs to exactly one split geodetic set. The set S is the unique
minimum split geodetic set containing the subset T = {(v,,, w>)}. This implies that f(S) =

1 also f,(G) = 1.
3. Forcing non-split geodetic number f,,;(G) of a graph

The set S is a minimum non-split geodetic set in a connected graph G = (V,E) and the
subset T < S is called as the forcing subset for S if S is the unique minimum non-split
geodetic set of G containing T. The minimum cardinality of a forcing subset of S is the
forcing non-split geodetic number f,,;(S) of S. The forcing non-split geodetic number of a
connected graph G is f,5(G) = min(f,s(S)).

& U2 U3 vy

vs U6 vy Ug
Figure 3.1: General graph.

The two minimum non-split geodetic sets in G shown in Figure 3.1, are S; = {vy, vy, vg} and
S, = {v4, Vs, vg}. Clearly, setS; is the only minimum non-split geodetic set containing v,
and the vertex vg of G belongs to the set S,. Thus f,4(S;) = f,5(S2) = 1. Therefore for the
graph G, f,5(G) = 1.
Observation 3.1. Let G be a connected graph then,

G has only one minimum non-split geodetic set if and only if f,;(G) = 0.

e The graph G has two or more minimum non-split geodetic sets and a vertex of G

belongs to exactly one minimum non-split geodetic set if and only if f,;(G) = 1.

¢ All vertices of each minimum non-split geodetic set belongs to two or more minimum

non-split geodetic sets if and only if f,,(G) = 2.
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Theorem 3.2. The forcing non-split geodetic number of a path P, withn > 5, a tree T and

the star K, , is zero.

Proof. In a path P, with n > 5, a tree T and the star K, ,,, the set X of end vertices forms
the minimum non-split geodetic set which is unique. By Observation 3.1, the forcing non-

split geodetic number is zero.

Theorem 3.3. The forcing non-split geodetic number of a cycle G = C, withn = 4 is

3 for n is even,
fas(Ca) =74 [;] for n is odd.

Proof. Case 1: Suppose n is even. Consider a cycle C,, containing 2r vertices
{vV1,V2, ..., Var, v1}. The pair of antipodal vertices in a set X = {v;, v;} forms different
geodetic sets. Since < V(G) — X > is not connected, the set X is not a non-split geodetic set
and the set S = {vy, vy, ..., v, vr41} Of cardinality (2 + 1) forms a non-split geodetic set.
There exists n number of minimum non-split geodetic sets and all vertices in n minimum
non-split geodetic set belongs to two or more minimum non-split geodetic sets so that
fas(G) = 2. The unique minimum non-split geodetic set containing the subset T =
{v1, V4, Vrr1} This implies that f,,(C,) = 3.
Case 2: Suppose n is odd. Consider a cycle C,.,; containing 2r+ 1 vertices

{Vi, V2, o, Vore, vi} . The set X = {v;,vj,vi} forms minimum geodetic sets where
d(v;,vj) = d(vj, vi) and vj,vic are adjacent vertices. Here < V(G) — X > is not connected.
The n number of minimum non-split geodetic sets S; where 1 < i < n of cardinality 1 + [2]

is obtained by taking all the internal vertices from v; to v; or v; to vy with X. Every vertex of
each minimum n number of non-split geodetic set belongs to two or more minimum non-

split geodetic sets so that f,;(G) = 2. Also, any subset T of S; with |T| < |S;] is not a forcing

subset of non-split geodetic sets S;, 1 < i < n. Therefore f,s(C,) =1+ [g]

Theorem 3.4. The forcing non-split geodetic number of a wheel W, withn > 5 is

_ (2 ifniseven,
f“S(W“)_{l if nis odd.

Proof. The proof is similar to the proof of Theorem 2.4.

Theorem 3.5. The forcing non-split geodetic number of K, , for any positive integers

m,n = 2is
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) = (77 OSS

Proof. The graph G = K, , with A = {a;} where 1 <i<mand B = {b;} where 1 <j<n
are partite sets also m < n. A U B is a vertex set of a graph G.

Case 1: For m = 2, the different minimum non-split geodetic sets are S;where 1 <i<m +
n and the cardinality of each set S;is m + n — 1. Every vertex in S; belongs to two or more
minimum non-split geodetic sets. Also, any subset T of S; with |[T| < |S;] is not a forcing
subset of non-split geodetic sets S;, 1 < i < m + n. Therefore f,;(Ky,,) = m+n— 1.

Case 2: For m > 3, different minimum non-split geodetic sets in G = K, , are S; where 1 <
i< (T)x (%) with cardinality four. Also no subset T of S; with |T| < |S;| is a forcing

subset of non-split geodetic sets. Therefore f,s(Ky, ) = 4.

Theorem 3.6. If the graph G’ formed by joining the leaf vertex vé& Gto a cycle C, =G
where n > 3. Then f,4(G") = 0.

Proof. The graph G’ formed by adding the leaf vertex v ¢ G to a cycle C, = G where n >
3.
If n is even, then the non-split geodetic set in G’is S = {v, u} which is minimum and unique,
containing antipodal vertices u € G and v € G. By Observation 3.1, the forcing non-split
geodetic number f,5(G") = 0.
If n is odd, then the unique minimum non-split geodetic set in G"is S = {v, u;, u;} where v is
the leaf vertex and u;, u; € G are any two adjacent vertices such that d(v, u;) = d(v, u;). By

Observation 3.1, the forcing non-split geodetic number f,s(G") = 0.

Theorem 3.7. If the graph G'is formed by joining a leaf vertex v & G to each vertex y;

where 1 <i<ninC, =G,n > 3. Then f,(G") = 0.

Proof. The graph G’ = C,, © K, formed by adding the leaf vertex v to each vertex u;
where 1 <i<ninC, = G,n > 3. The set S of leaf vertices in G'is a minimum non-split

geodetic set. By Observation 3.1, the forcing non-split geodetic number f,;(G") = 0.

Theorem 3.8. The graph G’ is formed by joining k-leaf vertices v; € Gwhere 1 <i < kto
the vertex u € G = C,, where C, is a cycle with n > 3. Then the forcing non-split geodetic
number of G'is f,5(G") = 0.

Proof. The graph G'formed by adding the k-leaf vertices v; € G where 1 < i < kto the

vertex of u € C, wheren > 3.
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If n is even, then the unique minimum non-split geodetic set in G'isS = {v;, i}, 1 <i<k
containing the pendant vertices v; € G’ and the vertex u; € C, such that d(v;,u)) =
diam(G"). By Observation 3.1, the forcing non-split geodetic number f,4(G") = 0.

If nis odd in C, = G, then the non-split geodetic set is S = {v;, u;, u;} where v; € G’ are
pendant vertices and w;, u; are any two adjacent vertices such that d(v;, uj) = d(vj, u;). By

Observation 3.1, the forcing non-split geodetic number f,s(G") = 0.

Theorem 3.9. The forcing non-split geodetic number of join of two graphs P, and
P,, where n;,n; = 3,n; =n, is

1 for n; =n, orn, iseven,
0 otherwise.

fos(Pa, + Pr,) = {

Proof. Consider V = {vy, vy, ...,vy, }and U = {uy, uy, ..., up, } are the two vertex sets of

a path P, and P,, respectively. The join of these two graphs is G = (P,, + P,,) with the
vertex set W =V U U withn,,n, > 3.

Case 1: If n; = n, and n; is odd, then there exists only two non-split geodetic sets which is

minimum in a connected graph G = (P,, + P,,) from two vertex sets V and U. These two
non-split geodetic sets with different vertices of cardinality [%] By Observation 3.1, the

forcing non-split geodetic number f,;(G) = 1. If n; < n, and n, is even two or more non-

split geodetic sets of cardinality [ ] having different vertices. The internal vertex which is

n1+1
2

adjacent to the end points in P, belongs to exactly one minimum non-split geodetic set. By

Observation 3.1, the forcing non-split geodetic number f,(G) = 1.

Case 2: If n; < n,and n, is not an even. Then the graph G has only one non-split geodetic

set. By Observation 3.1, f,;(G) = 0.

Theorem 3.10. The forcing non-split geodetic number of corona of two graphs

P,, and P, withn, > ny, n, = 3 is

0 for n, isodd,
n; otherwise.

o1 - |

Proof. Consider V = {v;, vy, ...,vy, } and U = {uy, uy, ..., u,, } are the two vertex sets of
P,, and P, respectively. The corona of these two paths is G = (Pnl o Pnz) havingn; + n;n,
vertices formed by taking one copy of P,_, [V| = n, copies of P, and joining i*" vertex of

P,, with each vertex in the ith copy of Py, .
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Case 1: If n,is odd, then the graph G = (P,, © P, ) has unique non-split geodetic set X
having n; [%] vertices. By Observation 3.1, f,,;(G) = 0.
Case 2: If n, is not an odd, then the graph G = (P,, o P, ) contains (nf)“l number of non-

split geodetic sets of cardinality n, (n72 + 1) All vertices of each minimum non-split geodetic
set belongs to two or more minimum non-split geodetic sets so f,s(G) = 2. Any internal
vertex which is adjacent to the end points of P,, in each |V| = n, copy of G form the unique
subset in minimum non-split geodetic sets S; 1 < i < {(nf)“l}. The cardinality of this subset
iIsn;. Also, any subset T of S; with |T| < |S;| is not a forcing subset of non-split geodetic
sets S, 1 < i < {(-)™}. Therefore f,5(S;) = ny. Thus fs(G) = ny.

Theorem 3.11. The forcing non-split geodetic number in cartesian product of two graphs P,
and P,, withny, n, = 2 is

3 forn; =n, =2,
1 otherwise.

fos(Pa, X Pr,) = {
Proof. Consider V = {vq, vy, ...,vy } and W = {wy, w,, ..., wy, } are the two vertex sets of
P,, and P,, respectively. Let (Pr11 X Pnz) = G be a cartesian product of two paths P, and
Po, -
Case 1: If n; =n, = 2, then the graph (P,, X P,,) = G is a cycle C,. By Theorem 3.3,
f.s(G) = 3.
Case 2: If n; = n, # 2, then S; = {(vq,wy), (Vn,, Wp,)} and S, = {(vy,, Wy), (v, wy,)} are
the only two non-split geodetic sets with different vertices. Thus f,s(S;) = 1 wherei = 1,2.
Therefore f, (G) = 1.

4. Conclusion

In this paper we studied the forcing split and forcing non-split geodetic number of a graph
and obtained some results on the join, corona and cartesian product of two graphs. Further

studied the results on adding a leaf vertex to a cycle C,,.
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