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Abstract

The economy of every nation is centred on its transportation networks, which are also
transforming the global economy. To reduce trip times and fuel costs, use graph
decomposition techniques to optimize transportation networks. A 2— acyclic simple
graphoidal cover of G is a set . of paths in G such that every edge is in exactly one path in

v, and every vertex is an internal vertex of at most two paths in . and any two paths in
v, has at most one vertex in common. The minimum cardinality of the 2—acyclic simple

graphoidal cover of G is called the 2—acyclic simple graphoidal covering number of G and is
denoted by 5,.. . In this study, we discuss decomposition of complete bipartite graphs using 2-

acyclic simple graphoidal covers.

Keywords: simple graphoidal graphs, 2-acyclic simple graphoidal graphs, complete bipartite graphs.

1. Introduction

A graph’s decomposition is a collection of edge-disjoint subgraphs G;,i=1,2...,n of the same
graph G, where each edge of the original graph G is contained in exactly one G,. Several

writers to discover several types of graph decomposition, apply different conditions and
parameters. Acharya and Sampath Kumar [1, 2] developed the concept of graphoidal
cover(g.c). Arumugam and Shahul Hamid developed the concept of a simple graphoidal cover
(simple g.c) in their paper [4]. Nagarajan et.al [7, 8] proposed the idea of a 2— graphoidal path
cover. Motivation of 2— graphoidal path cover, Venkat narayanan et.al [9] explored 2—acyclic
simple graphoidal cover (2—acyclic sgc) on bicyclic graphs. In this paper the authors discuss
decompositions of complete bipartite graphs into paths and cycles. Complete bipartite graphs
find applications in transportation planning and logistics. For instance, they can represent the
relationship between sources and destinations, such as airports and cities, warehouses and
stores, or suppliers and customers. By studying the graph structure, transportation planners can
optimize routes, allocate resources, and design efficient supply chains.

2. Preliminaries
A finite, simple, non-trivial, connected, and undirected graph is referred to as G = (V, E).

The symbols p and g, which stand for the number of elements in V, or order, and the number
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of elements in E, or size of G, respectively. For graph theoretic terminology we refer to
Harary [6]

Definition 2.1.[1] A graphoidal cover(g.c) of G is a set yof (not necessarily open)
paths in G satisfying the following conditions.

(i) Every path in y, has at least two vertices.
(ii) Every vertex of G is an internal vertex of at most one path in yg.
(iii) Every edge of G is in exactly one path in y.

The minimum cardinality of a graphoidal cover of G is called the
graphoidal covering number of G and is denoted by 7.

Definition 2.2. [4] A simple graphoidal cover (simple g.c) of a graph G is a graphoidal
cover y, of G such that any two paths in y; have at most one vertex in common. The

minimum cardinality of a simple graphoidal cover of G is called simple graphoidal
covering number of G and is denoted by 7.

Definition 2.3. [10] A 2-simple graphoidal covering (2-simple g.c) of a graph G is a set
v, of paths in G such that every edge is in exactly one path in y, every vertex is an
internal vertex of at most two paths and any two paths in y,; have at most one
vertex in common. The minimum cardinality of 2-simple graphoidal cover y, of G is

known as 2-simple graphoidal covering number of G and is denoted by 7,,

Definition 2.4. A 2-simple graphoidal cover (2-acyclic sgc) of G is said to be
2—acyclic simple graphoidal cover y of G such that every member v of G is a path.

The minimum cardinality of a 2—acyclic simple graphoidal cover of G is called the
2—acylic simple graphoidal covering number of G and is denoted by Uzas(G)-

Theorem 2.1. For any (p, q) graph, 7,,,(G)=q—p—t,+t. where t, denotes the
number of vertices appears as internal vertex exactly in two paths of y, and t

denotes the number of vertices are not internal in y respectively.

Corollary 2.1. There exists a 2—acyclic simple graphoidal cover y, of G in which

every vertex is internal vertex in exactly 2 paths in y, of G if and only if
UZaS(G):q_Zp'

Theorem 2.2. Let G be a tree with n pendant vertices, then 7,,(G)=n-1-m,
where

m is the total number of vertices of degree >4 in G.
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3. Main Results

Theorem 3.1. For the complete bipartite graph K, ,,u>1v>1

u,v?

1 if v=1(or)v=2

() 7w(Ky)=1 2 if v=3
V-2 if v>4
3 if v=2
(i) mu(Ky,) = 4 if v=3(or)v=4
2v->5 ifv>5
5 if v=3
6 ifv=4
(i) 7u(K;)={ 8 ifv=5
9 ifv="6
35-9 ifv>7
9 ifv=4
11 if v=5
(iv) 772as(K4,v): 13 if v=6
15 ifv=7
4v-14 if v>8

13 if v=>5

16 if v=6

(v) nzas(Ks,v) = 19 ifv=7
21 if v=8

5v—20 ifv>9

iy (K. )= 4v-6 if6<v<10
oas\Rev) =) 6y _07  ifv>11
4v-9 if 7<v<13
vii Kov) =
(Vi) 77,,,(K;,) {7\,_35 if v>14

Proof. It is observed that for any 2—acyclic simple graphoidal cover of K, , any member of

u\v?

v, Is a path of length < 2.
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(i) Now let X ={r}and Y ={z,2,,2,...,z,} be the bipartition of K, with p=1+v,
q=V.

Case 1. Since K,,and K, ,are paths. Therefore 7,, (G)=1.

Case 2. Whenv =3
Then K, is a tree with 3 pendant vertices and no vertex is of degree > 4. Hence by

theorem 2.2, n,, (K,;)=3-1-0=2.

Case 3. Whenv >4
Then K, is a tree with v pendant vertices and one vertex is of degree > 4. Hence by

theorem 2.2, ,,,(K,, )=v-1-1=v-2.
(ii) Now let X ={r,r,}and Y ={z,7,,Z,...,2,}be the bipartition of K, with
p=2+v,q=2v.
Case 1. Whenv =2
Then wg ={(2.,1,2,).(r,,2,),(r,. 2,)} is a 2-acyclic sge of K,, so thatz,,,(K,,)<3.
For any, 2—acyclic sgc of K, ,,t,=0and t, =3. Since no vertices is of degree > 4. Hence
t,=0,t 2350 that 7,, (K,,)=q—p—t,+t>4-4-0+3=3. Thus 7,,(K,,)=3.
Case 2. Whenv =3
Then g ={(Zl,I’l,Zz),(Zz,r2,23),(r1,23),(l’2,21)} is a 2—acyclic sgc of K,, so that
T (Ky5) <4. For any 2—acyclic sgc of K, ,,t, =0 and t, =3. Since no vertices is of
degree > 4. Hence t,=0,t>3s0 that 7,,(K,;)=q—p—t,+t>6-5-0+3=4.Thus
T (K ) =4
Case 3. Whenv =4
Then we ={(2.1.2,).(2:,1.2,).(2,,1,.2,). (2.1, 2, )} is a 2-acyclic sge of K,, so that
Moas (Kz,4) <4. For any 2—acyclic sgc of K,,,t, =4andt, (w)=2. Hence t,=2,t> 4.
50 that 7,,, (K,,)=0—p—t,+t>8-6-2+4=4.Thus 7, (K,,)=4.
Case 4. Whenv >5
Then v, ={(2.14.2,).(2::1.2,).(2:1,.2,).(2.1,.2,).(r. Z,.1,)}  along  with  the
remaining edges form a 2-acyclic sge of K,, so that |ys|=5+(2v— 10)=2v—5. Hence
Moas (szv) <2v->5. For any 2—acyclic sgc y;of K,,,t, >(v-1) and t,(y)=2. Hence
t,=2,t>(v-1) so that 7, (K,,)=q-p—t,+t>2v—(2+v)-2+(v-1)=2v-5. Thus

Tas (K ) = 2v—5.
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(iii) Now let X ={r,r,,r,} and Y ={z,,7,,...,z,} be the bipartition of K, with
p=3+v, q=3v.
Case 1. Whenv =3
Then z//G={(zl,rl,22),(zl,r2,zs),(rl,z3,r3),(r2,22,r3),(r3,zl)} is a 2—acyclic sgc of
K, ;S0 that 7, (K3’3) <5. For any 2—acyclic sgc y, of K ;,t,=0andt, =2. Hence
t,=0, t>2sothat 7, (K;;)=q—p—t,+t=9-6-0+2=5.Thus 7, (K,;)=5.

Case 2. Whenv =4

Then  we ={(2.14.2,).(2:0.2,),(2:5.2).(2,,0,.2,) (20,1, 2) (20 152,)) Bs a
2-acy- clic sgc of K,, so that 7, (K,,)<6.For any 2-acyclic sgc v, of
Kssrt,=3and t, =4 Hence t,=3t>4 SO that
M (Ky)=0—p—t, +t212-7-3+4=6.Thus 7, (K,,)=6.

Case 3. Whenv =5

Then s ={(2.1.2,).(2.%.2,):(2.%,,23),(2,,5,,2,) (25,5, 23) (21,15, 2, ), (1, Z5,1,), (T,
z;)}is a 2-acyclic sgc of K, so that r,,(K,;)<8.For any 2-acyclic sgc y, of
Kysi t,=3and t,=4. Hence t,=3t>4s0 that 772a5(K3,5)215—8—3+4=8. Thus

Msas ( K3,5) =8.

Case 4. Whenv =6

Then
Ve ={(Zl,I’l,22),(23,I‘l,24),(21,I‘Z,23),(22,r2,24),(22,I’3,Z3),(Zl,l’3,24),(l’l,ZS,I’Z),(I‘Z,
Z6:1,),(:25),(1, 26 )} is a 2—acyclic sge of Ky, so that 77, (K,s)<10. For any 2—
acyclic sgc y, of Keeit, =3and t, =4.Hence t,=3t>4 so that
Tes (K5 ) 218—9-3 +4=10.Thus 7, (K,s)=10.
Case 5. Whenv >7

Then
Vs ={(zl,rl,22),(23,r1,z4),(zl,r2,23),(22,r2,24),(22,r3,z3),(zl,r3,z4),(rl,zs,rz),(rz,
Zs,1,),(1, Z,,1; )} along with the remaining edges form a 2-acyclic sgc of K,, so that
lw|=9+(3v-18)=3v—9. Hence 772a5(K31V)£3V—9. For any 2—acyclic sgc y, of K,
t,=3 and t,>v-3. Hence t,=3,t>v-3 so that 7, (K,,)>3v—(3+Vv)-3+(v-3)

=3v—9.Thus 7, (K,,)=3v-9.

(iv) Now let X ={r,r,,r,,r,} and Y ={z,,2,,...,z,} be the bipartition of K, with
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p=4+v, q=4v.
Case 1. Whenv =4

Then v ={(2,.1.,2,).(2,,1,.25) (25,13, 2,) (25,01, 2, )1 (1, 20,1, ) (1, 23, 15) . (15, 20T, ), (1,
2,),(1,,2,)}is a 2-acyclic sgc of K,, so that 7, (K,,)<9.For any 2-acyclic sgc of
K,4, if |ws|<8is not possible, since any member of y is a path of length < 2. If
|1//G| =8,then y, contains exactly eight paths, which is a contradiction, since any two
paths in g contains more than one vertex common. Therefore |y;|>9.Hence
Tes (Kaa) 2 9. ThUS 7,5 (K, , ) =9.
Case 2. Whenv =5

Then v ={(2,1.,2,),(25,0.25) (20,1, 25) (2500, 2,) (20,6, 25) (2,15, 25), (20,1, 2,), (2,
6:26), (1,24 5),(5, Z5), (1 25 )} s @ 2-acyclic sge of K, so that 7, (K,s)<11. For any
2-acyclic sgc y, of K, t,=4and t, =4.Hence t,=4,t>4so that 7,,, (K, )>20-9
—4+4=11. Thus 7,,(K,,)=11.
Case 3. Whenv =6

Then v ={(2,.1.,2,),(24:1:26) (2.0, 25) (25, 5: 24 )1 (200030 2 )1 (25,55, 24 ) (20,12, Z5), (25,
0,26)0 (0250 ). (0, 26, 1) (1, 2,1, ).(1,, 2, ), (1, 26 )}is a 2—acyclic sgc of K, so that
s (K4'6)£13.F0r any 2—acyclic sge y, of K¢, t,=4andt, = 3.Hence t,=4,t>3
so that 77, (K, ) >24-10-4+3=13.Thus 7,,,(K,;)=13..
Case 4. Whenv =7

Then g ={(2,,1,2,)(20 0, 2) (2,10 25 )1 (25015024 ) (2005, 26 ) 1 (230 150 24) (200 10 Z4), (25,
0 26)0 (0 2005 )0 (6, 25,5 )4 (1. 2,.1,) (1. 25,5, ) (1, 25, 1) (R 2, ) (1, 26 )} is a 2—acyclic sge
of K,, sothat 7, (K4,7)515' For any 2-acyclic sge v of K,,, t, =5andt, >3.Hence
t,=5t=3 sothat 7, (K,,)>24-10-5+3=15.Thus 7, (K,,)=15.
Case 5. Whenv > 8

Then g ={(2,,1.2,)(20 0. 2) (20,150 25 )1 (25015024 ) (2005, 26 ) 1 (230 130 24) (200 10 24), (26,
0.26) (0 20, 5). (6. 25, 5). (1, 2,.,) (1, 25,1, ) .(1,, 2;. 1) (1, 2, T, J}along with the remaining
edges form a 2-acyclic sgc of K,, 0 that |y;|=14+4v—28=4v—14. Hence 7, (KM)S
4v—14. For any 2-acyclic sgc y, of K, ,t,=5andt, =v-5Hence t, <5t>v-5 so
that 77,,, (K,, )= 4v—(4+v)-5+(v—5)=4v—14.Thus 7, (K,, )=4v-14.
(v) Now let X ={r,r,,r,,r,,r}and Y ={z,,2,,2,,.., Z,} be the bipartition of K, with
p=5+Vv,q=5v.
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Case 1. Whenv =5

Then v ={(2,,1,25) (25,5, 2,) (20,55, 25) (20,100 24) (201, 25 ) (25,1502, ) (1, 2, 1,), (T,
2,0, (1 25,1 ), (0,20 1)(5,, 26, 15), (1, 25,1, ). (15,2, )} is @ 2-acyclic sge of K, so
that UZaS(KS’S)Sl& For any 2-acyclic sgc y, of K,;,t,=2andt, =0.Hence
t,<2, t>0s0that 7, (K,s)>25-10-2+0=13.Thus 7, (K,;)=13.
Case 2. Whenv =6

Then wg ={(2,,1.2,).(2:.5.2,) (2,5, 2,) (25,5, 25) (25,5, 23) (21,15, 2, ) . (2,1, 2,) (23,
0,25) (20,5, 26) (24,5, 25) (1. 26,1 ) o (10 26,1 )0 (0, 20,1 ) (1, 260 1,) (15, 2,), (1, 2 )} iS @ 2—
acyclic sgc of K, so that 7, (K,)<16. For any 2-acyclic sgc wgof K,
t,= 6andt, =3. Hence t,=6,t>3 so that 7, (K,)>30-11-6+3=16. Thus
Tes (Kss ) =16
Case 3. Whenv =7

Then we ={(2..1.2,) (2310, 2) (20,150 25) (2. 150 25 )1 (250030 2) (20,55, 24 )1 (25,14, 25D, (2,4
0,20)0(200 %, 25) (2001, 26 ) (1. 26,1 ) o (10 26, 1) (00 201 ) (1, 260 15 ) (1, 2,5, (1, 240 15 ), (T,
2,),(%:2),(r, 2, )} is a 2-acyclic sgc of K,, so that 7, (K;,)< 19.For any
2-acyclic sgc y, of K;,, t,=7andt,=3. Hence t,=7,t>3s0 that
Thes (K7 ) 235—-12—-7+3=19. Thus 7,,,(K,,)=19.

Case 4. Whenv =38

Then :{(zz,rl,z3),(23,r2,24),(zl,r3,23),(21,r4,z4),(21,r5,25),(z7,rl,zg),(ze,rz,zg),(zz,

I3, 24)1(Zev Iy 27)’(22’ Is, Zs)l(ry Zy, rz)’(rz’ Zy, I’A),(Q, Z3, r5)1(r1’ Zys rs)a (rl’ Zs, I’4),(I’2, Zs, I’3), (rl’

Z6,0),(0,, 2,1 ),(1, 26,5 ), (1,2, ) (R, 25 )}is @ 2-acyclic sgc of K,, so that

T (Ksg) <21. For any 2-acyclic sgc w, of K., t,=6 andt,=0. Hence
t,=6,t>050 that 7,, (Ksg)242-18-6+0=21.Thus 7,,(K,s)=21.
Case 4. Whenv>9

Thenye ={(2,,1,2;) (230, 24) (20,5, ) (200, 2) o (20016, 2 )0 (25,10, 2 )1 (26 T Z5), (2,01,
226010, 2,) (25016, 26 )0 (1, 2, 5) (00 25,0 ) (R0 2001 )0 (1, 2401 ) (10 26, 1)1 (1, 26,15 ) 4 (1, 26
5).(1.2,.5 ), (.2 ) G.2Z.r, )} along with the remaining edges form a 2—acyclic sgc
of K,,so that |y;|=20+5v—40=>5v—20. Hence UZaS(KS,v)SSV_ZO' For any 2—acyclic
sgc v, of K,,, t,=6andt, <v—-9.Hence t, =6,t>v—9 so that 7, (K,,)=5v—(5+V)
—6-+(v—9) =4v—20. Thus 7, (K, ) =5v—20.
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(vi) Now let X ={r,r,,r,r, K, r}and Y ={z,,7,,2,,..., 2} be the bipartition of K,
with p=6+vVv,q=6v.Then there are two cases.

Case 1. When 6 <v <10

Then the collection of paths are P, =(z,r.,z),P,=(2,1,.,2,),P=(2.5,%),P, =
(24’r4’26)’F)E,:(Zlirs’zs)fps:(22!r6126)7p7:(257'1’26)1%:(Zl’rz’ze)’Pg:(Zlirs’zz)’Pm:

(Zz’r4’23)’P11 :(23,I’5,Z4),P12 2(24,I’6,25),P13 :(r4’21’r6)’P14 :(rl’ZZ’rS)’P15 :(rzlzs’ra)'Pm
=(1,241),B; = (1 25:1,) B = (1, 26, 1),Q; = (N, Z, ;. h)and R, = (r,, z,, ;. 1) :k =l = p=q

,j:12,34 and 6+ j<v. Then y={P:j=12.,184{Q,: j=12,3,4}{R,: j=123,
4}along with the remaining edges form a minimum 2-acyclic sgc of K;, so that
lw|=(2v+6)+(6v—2(2v+6)) =4v—6.Hence 7,,(K,,)<4v—6.For any 2-acyclic sgc
v, of K¢yt =vandt, =0. Hence t = v, t = 0 so that
Tas (K ) 2 6V—(6+V) —v =4v—6.Thus 7,, (K;,)=4v—6.

Case 2. Whenv>11

Then the collection of paths are R, =(z,1,,2,),P, =(2,.1,,2,),P, =(2,,1,, %), P, = (2,

T Ze) B =(2000,25 ), Py = (25,16, 26 ), P = (25,11, 25), P = (20,15, 26), P = (20,14, 2, ), Py = (25,
0,2), By =(23: 1.2, ) Py = (24,16, 26 ), By = (0, 20, 15), Py = (10 25,15 ), Ps = (1, 24, 1), P = (1,

Z4,I’3), Pl7 =(r2,25,r4), PlS =(r3,ze,r5), Plg =(I’1,Z7,I‘2), on =(r3,z7,r4),P21 =(r2’28’r3)’ Pzz =(I’5,

Zs’re)’ P23 :('11291r4)’ P24 =(r2,zg,r5), pzs :(r112101r6)1 Pze =(r4,zlo,r5),and P27 :(r3’le’r6)'

Then y ={P, : j =12,..., 27} together with remaining edges form a 2—acyclic sgc of Kg,
so that |l//| =27+6v-54=6v-27. Hence 7, (KG,V) <6v—27. For any 2—acyclic sgc
of Ks,, t,=10and t, =v-11. Hence t, =10,t >v—11 so that 7,, (K, )>6v—(6+V)
—10+(V—11) =6v—27.Thus 7,,,(K,, )=6v—27.

(vii) Now let X ={r,r,,1,,1,. 5,5, 5, }and Y ={z,,2,,2;,..., z,} be the bipartition of K,

with p=7+v,q=7v. Then there are two cases.
Case 1. When 7<v <13
Then the collection of paths are P,=(z,r,2,),P,=(2,.1.,2),P, =(2,,1,,2,),P, =

(Zl,l’z,Zs), Ps =(23,r3,z5), Pe :(Zl’rS’ZA)' P7 =(Z4,I’4,26), Pé =(22,I‘4,25), Pg =(25,r5,z7),l3,10 =

(21’r5’22)1 Pll :(Zz’re’z7)1 P12 :(Zs’rwze)’ Fis :(Zl1r7126)’ P14 =(24,I‘7,Z7), Pls =(r4’zl’r6)’ PlG =
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(,2,,5), By =(1,25,1,) Py = (15, Z5,1,), Py = (1, 24,15 ) Py = (5. 26,15 ) Py =(1,, 26,15 ), Py
=(r.2,,5), Py = (1, 2,,1,),Q; = (1. Z,,;.n) and R, =(r,,z,,,,r,) k=1 # p=q,j:12,..6
and 7+ j<v. Then y={P,;: j=12,..,23}{Q;: j=12,..,6}U{R, : ] =1,2,...,6}together
with remaining edges form a 2—acyclic sgc of K,, so that |y/| :2v+9+(7v—2(2v+9))
=5v—-9.Hence 7, (K”) <5v-9.For any 2-acyclic sgc y,of K, ,t,=v+2andt, =0.
Hence t, = (v+2),t =050 that 7, (K,,)=7v—(7+V)—(V+2) =5v—9.Thus 7, (K,, )=
Sv-9.

Case 2. Whenv > 14
Then the collection of paths are

P :(Zl"llzs)’lz)z :(Zz'rl’zfi)’PS :(ZZ,I‘Z,Z4),P4 :(Zl’
r2!ZS)’P5 :(231r3125)’ PG :(Z;L)r3124)’P7 :(24'r4’26)’P8 :(ZZ’r4’ZS)'P9 :(25,r5,27), Plo :(Zl'rs’

22)’ Pllz(ZZ’rB’Z7)'PlZ :(Zs’re'ze)’Pls :(Zl'r7’26)’ I:)14 :(24"’7’27)’Pls :(r4’21'r6)'PlG =(I’3,ZZ
'r7)’P17 :(rZ’ZS’r4)’P18 :(r5’23!r7)1|319 =(r1,z4,r5),P20 :(re’ZS'r7)!P21 :(rZ'Ze’r3)’P22 :(r1,27

'rz)! st =(r3,z7,r4), P24 :(rl’ZB’rS)’ st :(rS’ZS’r6)’P26 :(rl’zg’r4)’ I:)27 :(rZ’ZQ'rS)’PZB :(rvzlo

06 ) P = (s 2 1), P =(1, 20,16 ), Py = (15,200 1), Py = (1,205, 1) Py = (1, 2,,1,), Py =
(1251, ) &Py = (1,,23,%). Then w = {P: j= 12,..,35} together with the remaining
edges form a 2-acyclic sge of K, so that |y|=35+7v—70=7v—35. Hence 7,, (K”)S
7v—=35.For any 2-acyclic sgc y of K, , t,=15andt, =v-13. Hence
t,=15t>v-13, so that 7, (K, )27v=7+v-15+v-18=7v-35.  Thus
Tes (K7, ) = 7V—35. 0

Theorem 3.2. For a complete bipartite graph K,,,(u> 8)and u is even, then

u,v!?

uv—2u-2v I USVSLUZ—U/4J

nZas(Ku,v)z
2uv —u? —3u if v>|u®-u/4]
2
Proof. Now let X ={r,,r,,I,,.....I,}and Y ={z,,2,,7,,...,Z,} be the bipartition of

K., (U=8), ueven with p=8+v,q=8v. Then there are two cases.
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u?-u
Case 1. When usvs[ 1 J

Then there are three subcases.
Subcase 1.1. When u=8

Then the collection of paths are B, =(z,1,2,),P,=(2,.1,.2,),P, =(2,,1,,2), P, =(z,

r4726)’ Ps :(25'r5127)’ Pe Z(Ze’rwzs)’ P7 :(leer?)’ Ps =(22,I’8,ZS), Pg =(Z4’r1’zs)’ PlO =(23,I’2
27)’ P11 =(22,I‘3,26), Plz =(Zl1r4’25)’ PlS =(Zl’r5’28)1 Pl4 :(ZZ’r6725)1 PlS :(231"7’26)’ PlG =(24’r8’
27)’ P17 :(rz’zl’re)’ P18 :(G’221r7)’ P19 :(r4’23'r8)’P20 :(I’5,Z4,I’7),P21 :(I’l,ZS,I’B), P22 :(rzyzs’ra)’

P =(0,2,,5), Py =(1,,25,1, ), Pos = (1, 21,15 ), Prs = (11 25,15 ) Py = (15, 2,15 ) Pog = (1, 24, 1),
P =(1 25,17 ) Py = (126,15 ) Py = (10, 2,1 ), Py = (15, 2,1, ), Q) = (5, 25,5, 1) and R, =(,

Z.;oly ) k£l = p#0,j:12,..,6 and 8+ j<v.Then y ={P,:j=1.,32}{Q;:j=1.,6}
AR, 1 j=12,...,6}along with the remaining edges form a minimum 2-acyclic sgc of

K in  which every vertices made internal twice. By corollary 2.1,

8,v
Tes (Kgy ) =0 —2p=uv—2u
—2V.

Subcase 1.2. When u=10

Then the collection of paths are
M; :(zj,rj,zj+2): j=12,..,8

Nj = (2(2—1)’ Fovi): Z(H)) :j=01
Py = (26 5 Ty Zuo gy ) 1°02.,5

i i) (i)
_(r Z I’(B_j))ij:O,l,Z

(4-1)" =(i+1)?

S5 =T i) Zyy oryy )1 § =0,1.2,3,4

] (5-1)" “(4+J)’

20
|

Ti - (rj’z(8+j)'r(8+j)): =12

3737
Eur. Chem. Bull. 2023, 12(1):3728 — 3749



2—ACYCLIC SIMPLE GRAPHOIDAL COVERS ON COMPLETE BIPARTITE GRAPHS

Section A-Research paper
ISSN 2063-5346

Ui = (s 2y o)) 1 1=0.1

V =(r,2,,r,)

Wj:(r(8+j) Z(4+j 9+J) J_Ol

X; _(r2+j (6+j)° ) J_Ol

Vi = (e 2y T ) J=012

A =(rk’z(10+j)’rl)

B; :(rp,z(m+j),rq) k#l=p=q,j:12,..,12and 10+ j<v.

Then y={M,:j=12,...88U{N,: j=0,3{P,: j=01..,55{Q, : j =1,2,3,4}{R; : j
=0,1,210{S; 1 j=0,1... 43T, : j=L2}0fU; 1 j =0, {V}U{W,: j=01 U{X,: j=

0,3 u{Y; 1 §=012} U{A :j=12,.,12}{B;: j=12,..,12} along with the remaining
edges form a minimum 2—acyclic sgc y; of K, in which every vertices made internal

twice. By corollary 2.1, 772as( mv) g—2p=uv—2u-—2v.

Subcase 1.3. When u>12

Then the collection of paths are

=(2,,1,2.2) " | =12..(v=2)
Q,— =y iy Zo-p) - 1 =01
Ry = (2.0 Yooiyr Zsey) 1 1 =0,1,...(v=5)
S;=(Z(-j Ny Zojy) 1 1=0,1,2,3
Ty = (G 2oy To-p) £ 1 =015
U= (1 26y Faowpy) - 1 =1.2,..(v-10)
Vi =iy Za-iy Tompp) 1 1=0.12,3
Wi = (K Zw-ay-jy Kiegy) 1 1 =0.1...(v=5)
X = Gy Zuayey Noa-p) 1 1 =0.1,2,3

= (K, Ziuvjyr Ny n)
Z —(rp, ZgojyoTy) k=l 2 p£0, j=12,..... ,L(u2—5u)/4J &U+ j<V
Then y={P,:j=12...,(v—2)}u{Q; : j =0, 3 U{R;: j=0,1...,(v—5)}{S;: j=0,1,2,3}
AT 0 j=01..5 0{U;: j=12,..(v-10}{V;: j=01,23 W, : j=01,....(v-5)}v
{X;:1=0123p{Y;: =12, ....L(u2 —5u)/4J}u{Zj j=12,..... ,L(u2 —5u)/4J}anng
with the remaining edges form a minimum 2—acyclic sgc of K, , inwhich every vertices

made internal twice. By corollary 2.1, 7, (K,,)=q-2p=uv—2u—-2v.

2_
Case 2. When v{u 1 UJ

Then there are three subcases.
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Subcase 2.1. Whenu =8

Then the collection of paths are B, =(z,1,2,),P, =(2,.1,,2,), B, =(23: 1, Z5), P, = (.,
I’4,26), Ps :(25,r5,z7), Pe :(Zs’re'zs)’ I:)7 :(21’r7'27)’ Ps :(Zz'rslzs)’ P :(Z 'r1yzs)'Plo :(23’
'r2’27)’ Pnz(zz’rs’ze)!Plz:(21!r4’25)'|:)13:(21’r5’28)’P (Z fs, Z ) P (23'r7’z6)’P16:
(24’r8’z7)’ P17 :(rz’zvre)’ PlB :(r1’22’r7)’ P19 :(r4’23'r8)’ Po :(r5124’r7)' P21 :(rvzsyra)’Pzz =

(0 26:1) Pa=(120,1) . Po=( 12 25 1) . Pom( 12 2,0 P ( 1y 2, 05 P s Za)6, P
(6,24,1), Pog=(1p25,1) , P=( 1, 2 1) Psr( 2220, Pir( 1y zy b, Px( 1, Ze),, P3
(55:26,) Pas=(ruZ 1ol ) Ps=(r 2 i y P a7 (r 2 )P 5(r 2 B)P =(r 2 1)
Po=(11205,1, ), P =(1, 215, 1, ), Py = (15, 245, 1, ), Prg = (13, 240,15 ), Py = (15, 244,15 ). Then

w ={P, : ] =12...,44}along with the remaining edges form 2-acyc|ic sgc of Kgy in which

p— 2 —_—
{y, : 1 =15,16,...}are not made internal. Thus|y |= 44+8v—88:8v—44:{wJ-

2uv—u?-3u
2

2 2 2 2
u°+3u 4v—u‘ +u uc+3u 4v—u® +u
J,tl//: —J Hence t2 S\‘ ) J, tzi‘ 4 JSO that UZaS(KS,V)Z

— 2 —
.Hence n,, S{MJ For any 2—acyclic sgc y, of Ky, t,(v)=

4 4

2uv—u’® -3
B s m%(K&V){

Subcase 2.2. When u=10

2uv—u’®—3u
— |

Then the collection of paths are B =(z,1,2,),P, =(2,.1,,2,), B =(2, %, %), P, =
(2,1, 2) P =(26.%.2, ), Py = (26,15, ) P =(27. 1,29 ) By = (25, 15, 240, Py = (25015, 240,
Po = (z No:Z0), P = (26,1, 20 ) Py = (25,150 24 ), By = (24015, 2), Py = (23,14, 2, ) Ps = (2,
5, 2), B = (2,5, 25 ), By =(2,, 17, 2, ), By = (2,, 1, 25) Po=(251,25), P =(24. 10,2, ), Py

=(r,2,1,),P, =(1,2,,1,), Py = (1, 2, r) P =(5:24.%), Pis = (11 25,1 ), P = (15, 26, 1),
PZ7=(I’2,Z7,I’9),P28=(r1,28,r10),P29=(I‘1,29,I‘) P —(I’ Zy ) P (r5,zl,r9),P32=(r4,zz,

rlo)’ P =(r5,23,r7), P :(r8124’r9)1 Pss :(r9'25’r10)' P :(rZ’ZG’r7)’P37 =(I’3,Z7,I’6),P38 =(I’4,
'Zslr9)1 P39 =(r5’29’r8)’ P40 =(r6’ZlO’r7)’ F)41 :('1’2111r2)’ P42 =(I’4,le,r5), P43 :(r1’2121r3)1 P44 =

(I‘4, 127 )P —( Zy3, )P46_(r3’213’r) P47=(I’1, 147 )P —( Ziys ) ( Zys, )7

Pso=(r3’215,r9)1P51=(r1’2161r7),|%2= (rs’ 167 )P _( Zy7, )P —( Zy7, )’P55=(r8’
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218’r3)’ Pse :(I’6,218,I’10), P57 :(rZ’ZlQ’r4)’ Pss Z(I’7,219,I’8), Psg :(r2’220!r5)’ Pso :(r7,220,r9),

P61 :(rz’zzl’rs)! Pez :(rslzzvrg)! Pes Z(I’3,222,I’4), P64 :(r77222!r10) and P65 :(r5,223,l’10).

Then y={P,:]j=12,..,65}along with the remaining edges form a minimum 2-acyclic
sgc of Ky, in which vertices {v,:j=24,...}are not internal. Thus|y|=65

2uv—u?-3u
2

—_— 2 —
+(10v—130) =10v—65= MJ.Heme Maas <

> J For any 2—acyclic

2 _ _ 2 . 2 _
s v of Kaou ()= 22 |y {WJ Hence t, {%J >

_ 2 _ _ 2_ _ 2_
[—4\/ u4+u sto that Uzas(Ks,v)Z 2uv—u -3 ; 3uJ.Thus nZas(K&V):{—ZUV ; 3UJ.

Subcase 2.3. When u>12, Then there are two subcases.
Subcase 2.3.1. When u=0 (mod 4)

Then the collection of paths are

P =(2,,1,,2,2): i =12..(v-2)

Qi =(Z(uy Nyrefyr Zoojy) 1 1 =01

Ry = (2,0 Yo-jyr Zsey) - 1 = 0,1,V =5)
S; =2y Ky Z-p)) 11 =01,2,3

T =Gy Ze iy ) - 1=0.1..5

U; = 26,y Taorjy) - 1 =01, (v=10)
Vi =iy Zvayjy To-py) - 1=0.1,2,3
Wi = (K 2010 Te9) 1= 0.1, (V=5)
X =Ny Zw-aye iy Tva-pp) - 1= 0,1,2,3
Yj = (rk'z(u+j)’r|)

Z,=(r r)k=l#p=q, j=12,.. ,L(uz—Su)/4J&u+jsv

pr ZLusj)?
Then y ={P,: j =12...,(v—2)}{Q, : j =0, B3U{R,: j=01...,(v-5)}U{S,: j=0,1,2,3}
AT, j=0,1..,550{U, : j=1,2,...(v—10)} 4V, : j =0,1,2,3y W, : j=0,1,...,(v—5)}U

{X;1j=01230{Y; 1 j=12...,| (u*-5u)/4) pAZ;: j=j:12,..[ (u*—5u)/4) [yalong

2 —u?-
with the remaining edges form a 2-acyclic sgc with || :[u ZSUJJ{ZUV ; 3UJ -

[WJ Hence nzas{wJ. For any 2-acyclic sgc y, of
Ku,v’tZ(l//):
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2 2 2 2
\\U +3UJ"[W:\‘4V5’I%J,HEHCG t2 S\\u ZSUJ,tZ\\M%JSO that

4

6202 2R s, () 222 |

Subcase 2.3.2. When u=2(mod 4)
Then the collection of paths are

P =(2,,1,2.2): 1 =12..(v-2)

Qi = (Z(j+1)' r(v—l+j)’ Z(vfj)): J =01

Ri = (200 Tomiyr Zsejy) 1 1=0,1,...(v=5)

S = (2 Ny Z-p) 1 1=0.1,2,3

Ty = (G 2oy To-p) £ 1 =015

U= 2oy Taoepy) - 1=1.2,..(v=10)

Vi =Ty Zus-iy o To-py) 1 1= 0,1,2,3

Wi = (e Zay-iy Tgey) - 1= 0.1V =9)

Xy = (W Z-9peiy f2- ) 1=0,1,2,3

Yi :(rk’z(u+j)1r|)

Zy=(rp 2y, g) k== p=a, j=12,.. ,L(U2 —SU)/4J &U+j<v

M :(ru,zrzMJ,rv) k#l#pzg#u=v
2

Then y ={P,: j=12...,(v-2}{Q, : j=0,3U{R, : j=0,1..., (v—5)}{S, : j =0,1,2,3}
T, j=01.., 50U, j=12,..(v—10)} 4V, : j=0,1,2,3UfW, : j=0,1,...,(v—5)}u

£X;:17=01230{Y; 1 j=12,.,| (u*-5u)/4) pAZ; 1 j= 1,2, (U ~5u)/4) pu{M}
along with the  remaining edges  form a  2-—acyclic sgc  with

u®+3u 2uv—u®—3u 2uv—u’®—3u 2uv—u®—3u
| = 7| 5 = 5 . Hence 7, < — | For any

u2+3u—2Jt _{4v—u2+u—2
’l//_ -

2—acyclic sgc y, of Ku,v’tz(*//):{ 4 4

2 _ _y? — —u’ -
u”+3u ZJtZVV u4+u 2Jso that 772as(Ku,V)ZLMJ'ThUSHZaS(KB!V):

J. Hence t, <,

4 2

2uv—u’®—3u
— |

Theorem 3.3. For a complete bipartite graph K, ,,(u> 9)and u is odd, then
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if (u=1(mod 4) and u<v<|u*-u/4)
uv—2u-—2v (or)

(u =3(mod 4) and u SVSL(UZ —“_2)/4J)

77 as =
2 if(usl(mod 4) and V>LU2_U/4J)
{MJ o
2 (uz3(m0d 4) and V>L(“2_u_2)/4j)
Proof. Now let X ={f,5,,1,......1,}and Y ={z,,2,,2,,...,z,} be the bipartition of

K., (U=9),uodd with p=u-+v,q=uv. Then there are four cases.

u?+u

Case 1. When u=1(mod 4) and u Své[ J , Then there are two cases.

Subcase 1.1. When u=9
Then the collection of paths are P, =(z,r,2,),P,=(2,,5,.%),P, =(2,,1,,%).P, =

(24,r4,z7),l35=(25,r5,28),P6=(26,r6,zg),P7=(23,r7,29),PB=(22,r8,28),P9=(zl, ' )P

(2:0.26), By = (23,1, 2, ) Bo = (240525 ) Ry = (25,10, 25 ) Py = (22,16, 2 ) Bs = (21,15, 2,), B
=(2,,0,2,), Py =(23.1%,25), Py = (24,15, 25 ) P = (1, 2,1 ), Py = (15, 2, 1), Py = (1, 25, ),
P =(:24.), P =(15, 26,1 ) P = (1, 26,15 ) P = (1, 25,15 ) Pog = (1, 2,1, ) Py = (1, 25,1,
Pe=(1%:2,1), P = (1, 2,,15) , Py _(r 2,1 ) Py =(1,,2,,1), Py = (1,26, 1) Py = (10 26, T ).
P =(12,,5), P = (6,25, 1,), Py :(r3,29,r8),Qj =(h.Z.;.n)and R =(r,,2,.;.1,) .-
Then w={P,:]=12.,36{Q;:j=12,..,.9y AR, : j=12,..,9}along  with  the
remaining edges form a minimum 2—acyclic sgc of K, in which every vertices made
internal twice. By corollary 2.1, 7,, (Kglv) =Q—-2p=Uv—-2u—2v

Subcase 1.1. When u>13
Then the collection of paths are

M, (z r. z(4+j)):j:1,2,...,(v—4)

Tt
NJ. :(Z(m)’ r(vfj),z((v_s)”)): j=01..,3

P = ( (6- J-),I’(J.+1),Z((V_1)_J.)):j:O,l,...,5
Q=(2,.1,.2,)

Ry = (211 sy 2oy ) 1 =0 (V—8)
J:i=01..3

S

j (r(4—j)’z(j+l)’r((v 3+J)
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—

] :("(8+i)’z(5+j)"’(10+j)): j=0,1,...,(v-10)

uj=(rj+1,z(vf4)+j) I’(Sﬂ))j 01,..,4
Vi = sy 2y Tueayeg)) - 1 =0

W, = (10076 5+J)] 0,...(v-5)
X ( (2+j)" vl+] ) J_Ol

2

u®-5u .
Y; (rk,z(uﬂ)r);zj (r, Zo gy ty) k== p=q, j=12,. [ J,u+1sv

Then w={M,;:j=12,..,(v=4}{N,;: j=0,12,3}U{P,: j=0,1....53{Q} AR, : j =
0,1...,(v=8}u{S; 1 j=01...3p T, 1 j: j=0,1.,(v-10)}{U, : j=0,1., 434V, : | =
0, AW, 1 j=0,1,...,(v=5)}U{ X : j=0,1f U{Y;: j=1..| (0 —5u)/4 pAZ,: j =1,

L(u2 —5u)/4J}anng with the remaining edges form a minimum 2—acyclic sgc of K, in
which every vertices made internal twice. ThereforenZas( 13V) gq-2p=uv—-2u—2v.

Case 2. When u=3(mod 4) and u<v<| (u’-u—2)/4], then there are two subcases.

Subcase 2.1. Whenu =11
Then the collection of paths are

M, = (zj,rj,zsﬂ) 1=12,..8
Ni:(zum’r( i) Z<9+J) 1=012
P :(Zum’r(e i)’ Z(8+J) 1:01,2.3
Qj = (Zeuj) Ny Zory)) 1 1 =01

R=(z,1,2,)

S5 = (2 Yoo Zonp )1 1 =0.1,2.3
T =(aip Zy Ty ) =01

(Hl -y n”)1—0123

V; =( (o 2y Teg)) 11 =01

W =(r,,z, r)

X; = (Tauir 2oy Ty ) 1=01.23

Y. :((J+1) Zg 3+J) j=01

Z; = (Vo) Zuojyo Nsepy) 1 =01

A :(rk,z1l+l ) =(r,, 21 1) K== p=q, j=12..16 and 11+ j<v

3743
Eur. Chem. Bull. 2023, 12(1):3728 — 3749



2—ACYCLIC SIMPLE GRAPHOIDAL COVERS ON COMPLETE BIPARTITE GRAPHS

Section A-Research paper
ISSN 2063-5346

Then y={M;:j=12...8/U{N;:j=0123}U{P:j=01..,2} L{Q;: j=0,}U{R}

OUfS; 11=0,1231U{T; : j=0,1...6}U{U; : j=0,1,2,3} LV, : j=0,3W}I{X;: j =
0,12,30{Y; 1 j=01}L{Z; : j=01}U{A : j=01..,16}{B; : j=0,1...,16} along with
the remaining edges form a minimum 2—acyclic sgc of K, inwhich every vertices made

internal twice. Thereforer,, (K, )=q—2p=uv—2u—2v.
Subcase 2.1. When u>15
M, = (z r,z .):j=1,2,...,(v—4)

P S(4r])

N r

(v-i)* £

((HH)): j:0,1..,5

j:(z(j+1)’

( (6-1)7 T2 2

P
Q=(z,.1,.2,)
R ( JJrl)’r(SJrJ) 4+J) J_Olll (V—8)

S

j ('ta—j)’z(m)’r((v s>+1>) 1=0123

—
Il

i (r(8+j)’z(5+j) (10+]) ) J_O 1. (V—lO)

J+1’ (v-4)+j)? 3+J) J 01
) j=01

s < c
Il

j+1’ (3+j)’ 5+]) J_Ol (V_S)
) j=01

(
( J+l
(
(r

(2+j)? —l+J

u?-5u

Y; Z(rk,z(uﬂ-),r.); Z; z(rp,z(u+j),rq) k#l#p=#q, j:1,2,....[ J U+j<v

Then y={M,:j=12,.,(v=4}{N,;:j=0123bU{P,: j=01,..,53{Q} AR, : j =0,
W (V=8)FU{S; 1 1=0,12,3AT; 1 j=01,..,(v—10}u{U; : j=01.., 430V, : j=01}u
W, j=01., (v=5)}{X;: j=01pU{Y;: j=1.| (U’ -5u)/4 [} AZ,: j=1.| (u*-5u)/4 }

along with the remaining edges form a minimum 2—acyclic sgc of K., in which every

vertices made internal twice. Therefore ,,, (K5, ) =q—2p=uv—2u—2v.

2

Case 3. When u=1(mod4) and v {u _UJ , Then there are two subcases.

Subcase 3.1. When u=9
Then the collection of paths are P,=(z,r,2,),P,=(2,,5,.%),P, =(2,,1,,%).P, =

(24,I’4,Z7),|35 :(ZS’rS’ZB)’PG :(Ze’re’zg)’P7 :(Z3yr7729)’|:)za :(Zzlrslza)’Pg =(zl,r9,z7),P10 =
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(2,,0,2), Py =(25.1,,2,), By = (24,155, 25) Py = (25,14, 2 ), Py = (2,1, 2, ), Ps = (2,15, Z,), Py
=(2,,0,,2,), Py =(23,15,25), Py = (24,15, 25 ) P = (1, 2,1 ), Py = (15, 2, 1), Py = (1, 25, 1),
P =(1:24.), Py =(15, 26,1 ) Po = (1, 26,15 ) P = (1,25, 1) Pog = (1, 2.1, ) Py = (1, 25,5,
P =(15:21,5 ), Py = (10 25,1 ) Py = (10 20,5 ), Py = (15,2401 ) Py = (1, 26,15 ) Py = (1, 26,1, ),
P34:(r3,z7,r7),P35:(rz,zg,rg),P%:(rs,zg,rs),Qj:(rk,zgﬂ.,rl) and R, =(r,,z,,.T,).
Then v ={P,:j=12.,36}{Q}{R;}. k=l#p=0q,j=12,..,9and9+ j<v so that

|1//|:54+(9v—108):9v—54:{WJ.Hence nZas(K9,v)S\\w .For any

2 2 2
2—acyclic sgc . of Kgyv,tg(l//)={u Zqu,tu,=[—4v ZHJJ.Hencetzs ! Z3UJ

4v—u’+u 2uv—u’®—3u 2uv—u?-3u
S 6, B ) |0

Subcase 3.2. When u>13
Then the collection of paths are
M, =(z,,1;,2(4+])): j=12,...(v-4)

IR
N; :(Z(m)’r(v—n’z«v—sm)): 1=01..3

z .)):j:O,l,...,S

Q= (Z r, z)
R, ( (+1) N+ )r 2 4+,) j=01,..,(v-8)

)1013

z I

((v-3)+])
T = (r(B+J')’ Zse); r(10+J)) +1=0.1....(v-10)

S.:(r

(4-1)" =(i+1)?

Uj :(rj+1’z(v—4)+j) r(3+j) j=01,..
Vi =(

)J—Ol

Wj:(rj+1,z(3+j) I‘(Sﬂ)j 0,1,...,(v=5): j=0,1,...,(v-8)
X;=( M) 1=01

2+j)? Z(( -1) +j

Z_5y

Yj:(rkiz(u-H ) (rp1 (u+])'r)vk¢|¢p¢q, J:1,21L J!U+JSV

Then y={M,:j=12,..,(v=4}AN,: j=0,123{P: j=01...58{Q} AR, : j=
0,1....,(v=-8}u{S; 1 j=01...3p AT, 1 j: j=0,1.,(v-10)}{U, : j=0,1.., 434V, : =
0, AW, : j=0,1,...,(v=5)}U{X; : j=0,1f U{Y;: j=1..| (0 —5u)/4 [ AZ;: j=1...
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2uv —u? 2uv —u?

| (u*-5u)/4 [} so that |y| :{%J.Hence Tras (Kia) s{

2 2 2
2—acyclic sgc y of Kls,wtz(l//): {U +3UJ’tw :[4V tl1 +qu Hence t, < [u ZSUJ

_3UJ.For any

4
4v—u’+u 2uv—u’®—3u 2uv—u?-3u
S ) B s ) [

Case 4. When u =3 (mod 4) and v > | (u” —u—2)/4 |, then there are two subcases.

Subcase 4.1. When u=11
Then the collection of paths are

M, = (zj,rj,zsﬂ): j=12,..8
N} =(Z(jy Ty ey )1 1 =02
P = (2 oy Zeny ) 110123
Qi = (Zeus) iy Zaony)) - 1= 0.1
R=(z,r,2,)

Sj :(Z(j+l)7r(8+j)lz(5+])) J 0 1 2 3

T :(r(3+j)1z(j+l)’r(5+j)): j=01,...,6

Y :(r(i+1) 2 ) 7+j)) 1=0,1,2,3

Vi =y 2oy o) 0=

W =(r,z rll)

X = (Vo iy Ziariy Ty ) 102,23

Yi = (00 Zo-j) Ny 1 1 =01

Z; =i 2 gy Tisay)) 1 =01

A =(rk AT ) =(r,Zgp 1) k£l p=0q, j=12..16 and 11+ j<v
M=tz ry|k=l#p=gq=u=v

{uz—quZJ’ v
4
Then y={M;:j=12...8/U{N;:j=0123}U{P:j=01..,2} U{Q; : j =0,}U{R}
OfS; 1§=0,123}U{T; 1 j=0,1...6}U{U; : j=0,1,2,3} LV, : j=0,W}{X,: j =
0,1,2,30{Y; 1 j=014u{Z; : j=01}U{A : j=0,1..,16}AB; : j=0,1,.., 161 {M}s0

J— 2 J—
WJ For any 2—acyclic sgc

—_— 2 —_—
that |y/|= {MJ.Hence Mras (Kizy) S{
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u?+3u-2 4v—u?+u-2 u?+3u-2
of Kls,wtz('//)={T 1, = 1 . Hence t, < —

4v—u®+u-2 2uv —u® —3u
t> {fJ 50 that 7, (Ky, )> {#J.Thus Toas (Kisy ) =
2uv—u®-3u
=

Subcase 4.2. When u>15
The collection of paths are

M, = (z .2, )1_12 ,(v—4)

P T(4r)

Ny = (2T 201120223

z

((HH)): j:0,1..,5

P = ( (6-1) T(3s1)
Q=(z,.1,.2,)
R, ( J+1)’r(8+j)’z(4+j)):jzo’l""'(V_S)

s,-Z(Q4_,-),z(j+l),r((vs+])) j=0,12,3
T] :("(8+J)’Z(5+J)ir(10+J)) J :0,1,,(V—10)
U (J+1’ (v—4)+j)’ 3+J) J_Ol 4
V ( j+l _1+]) 1_01

:( ja11 L (3+])? 5+J) 1=01.. (V—S)

:(ZH ((v-2)+j)? VJ) J_Ol

: u?-5u _

Yj:(l’k,Z(u+j)ar|),Zj:(rp (usj)? )kilipiq J_12 ,U+JSV

M= ru,z{uzMJ,rV kzlzpzgzu=v

Then w={M,;:j=12,.,(v-4}{N,;:j=0123U{P,: j=0,1..,5; {Q}A{R, : j =0,
W (V=8)}UAS; 1 j=0,12,3 AT, : j=01,..,(v—10}u{U; : j=01... 430V, : j=01}u
W, 1 j=0,1,.,(v—5)}u{X;: j=010 Y, : ] :1,..L(u2—5u)/4J}U{Zj L =1,..L(u2—5u)/4J}

—u?- 2
{M}so that |W|:{2uv ; 3uJ.Hence n2as(K13,v)s{MJ.For any 2— acyc-
2 _ 112 _ 2 _
lic sgc y of KBV,tZ((//)= W+3u-2 t = Av-u+u-2 .Hence t, < u +3u-2
' 4 4 4 4
3747
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— 2 — - 2_
t> {WJ so that 7, (Kll,v) = {MJ . Thus7,,, (Ku,v) -

2
2uv—u?®-3u
— |
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