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1 Introduction and Preliminaries

In the year 2002, Csaszar [2] introduced very usefull notions of generalized topology and generalized
continuity. Consider Z be a nonempty set and 1 be a collection from the subsets of Z. Then [ is called a
generalized topology (briefly GT) if @ € p and an arbitrary union of elements from p belongs to . A space
Z is called a Co -space [13], if Co = Z, where Co is the set of all representative elements of sets of p . A
subset A of a space (Z, ) is called as W - « -open [4] (resp. 1 - o - open [4], Y - = -open [4], W - S -open [4],
U - b -open [12]), if A < iycuiu(A) (resp. A c cuiu(A) , A ciucu(A), A c cuixCu(A), A < Cuiu(A) U iucu(A)).
A subset A of Z is p -locally closed set [6], A=U NV, where U is i -open and V is p -closed. A GTS (Z, 1)
is called p -extremally disconnected [3], if the p -closure of every L -open set is 4 -open. A nonempty
family H of subsets of Z is called as a hereditary class [5], if A€ Hand B c A, then B e H. Foreach AC
Z,

AH,W={ze€ez: ANV € Hfor V ep such that z eV} [5]. For A cZ,

define cux (A) =AU A*(H, ) and pr ={AcZ :Z—A=cux (Z—A)}. If H is a hereditary class on Z
then (Z, W, H) is called a hereditary generalized topological space (H.G.T.S).

Definition 1.1. [9] Consider A be a subset of HG.T.S. (Z, 4, H). Then
Ar(HW={z€eZ :ANV €/H for All V € u-rz-open such that z eV}.

Definition 1.2. [5] A subset A ofa H.G.T.S. (Z, 4, H) is said to be
a - H-open, if A S iucuiu(A),

o - H-open, if AC crpiu(A),

7 - H-open, if Acicru(h),

S - H-open, if AC cuucu(A),

strong f - H -open, if A< cpiucu(A),

g -closed, if c*u(A) c A.

ok~ wdpE

Definition 1.3. Asubset A of aH.G.T.S. (Z, Y, H) is said to be ¢ - H-open [7], if iuC*H(A) S c*Hiu(A).
Definition 1.4. A subset Aof a H.G.T.S. (Z, 4, H) issaid to be b - H -open [10], if A S iuc*(A) U cUiu(A).
Definition 1.5. [9] Asubset A of a H.G.T.S. (Z, W, H) is said to be mu* -closed, if Az € A.

Propositon 1.6. [9] Let A be a p-=z-closed. Then Az c A.

Let (Z, 4, H) be a hereditary generalized topological space. For A c Z, define

¢ (A)=A U A~z [9] and ca+ (A) is enlarging, monotone and idempotent.

Definition 1.7. [11] A subset L of a H.G.T.S. (Z, u, H) is said to be b - H, -open set, if L < iuc*o (L) U
craiy(L).

2 b-H;-open sets
Definition 2.1. Asubset Aof a H.G.T.S. (Z, 4, H) issaid to be b - H, -open set, if A S iuc*z (A) U c*ziy(A).

Eur. Chem. Bull. 2023, 12(Special Issue 10), 2625 — 2628 2625



b - Hz -Open Sets In Hereditary Generalized Topological Space Section A-Research paper

Propositon 2.2. In H.G.T.S. (Z, |, H) every u -open set is b - H, -open but not conversely.
Proof. Letasubset A of H.G.T.S. (Z, u, H) is p-open. Then A=i,(A). Now A S iy(A) € iycr* (A) S
iuc* (A) U cmr= iy(A). Hence A is b - H, -open.

Example 2.3. Consider Z={a, b, ¢, d, e} u={0, {a}, {c}, {a, c}, {c,d,e}{a,c,d, e}, {a b,c} Z}, H=
{0, {a}, }. Then A={a,c,e}is b-H,-open but not u -open.

Propositon 2.4. Every b - H, -open is [ - b -open but not conversely.
Proof. Let A bea b-H.-open. Then A C iucrx (A)Ucrs iu(A) S iucpx (A)UCiu(A) SiuCu(A) U Cuiu(A).
Hence A is p-b-open.

Propositon 2.5. Every b - H, -open is b - H -open but not conversely.
Proof. Let A bea b-H,-open. Then A C iuca* (A) U cor* iy(A) S iuCux (A) U CUiu(A).
Hence Ais b - H -open.

Example 2.6. Consider Z={a, b, c, d, e} p={0, {a}, {b}, {c}, {a, b}, {a, c},

{b, c}, {a,b,c}, {a ¢, d}, {b,c d}, {a b,c, d}}, H={0,{a}}. Then A={e}is u-
b -open but not b - H, -open and M = {e} is b - H -open but not b - H, -open.

Theorem 2.7. If Ac Zis both b - H, -open and | - ¢ -open, then it is 5 - H -open.

Proof. Let A be both b-H,-open and p-o-open. Then A < iucz (A) U cm* iy(A) and A < cuiu(A).
Now A < iucw (A) U e iy(A) S cm*x (A), which implies cuiu(A) S cuiperx (A) S cuCH(A) So A ©
Cuiu(A) € cuipcu(A). Hence A is - H -open.

Theorem 2.8. If Ac Z isboth b - H,-openand W -o-open, thenitis W - A -open.

Proof. Let A be both b-H,-open and u-o-open. Then A C iucm* (A) U cziy(A) and A S cuiu(A).
Now A C iyem* (A) U c*iy(A) € cm* (A), which implies cuiu(A) S cuiucz (A) S cuiCp* (A) S cuiuCu(A).
So A < cuiy(A) S cuiycu(A). Hence A is - S -open.

Theorem 2.9. If Ac Z is both b - H,-openand p* -closed, then it is o - H -open.
Proof. Let A be both b-H,-open and p*-closed. Then A C iycm* (A) U c*ziy(A) and cax (A) € A.
Now A Ciucm (A)Ucr* iu(A) S crx in(A)Uiy(A) = ¢ iy(A) < c+piu(A). Hence A'is o - H -open.

Theorem 2.10. If A € Zis both b - H, -open and wu* -closed, then it is o - H - open.

Proof. Let A be both b - H, -open and zu* -closed. Then A C iucz+ (A) U cmiy(A) and cz* (A) S A,
which implies iucax (A) S iu(A). Now A Cigerx (A) U e iy(A) € crmig(A) U iu(A) = crx iy(A) <
c+Miy(A). Hence o - H -open.

Theorem 2.11. If A c Zis both b - H, -open and [ - 7 -closed, then it is o - H - open.

Proof. Let A be both b-H,-openand p -z -closed. Then A C iycm* (A) U cziy(A) and ¢z (A) € A by
Proposition 2.9 of [9]. Which implies iucz* (A) S iu(A). Now A € iyczr (A) U c*ziy(A) € cr* iu(A) U
iu(A) = c* 1y(A) S cux iy(A). Hence o - H -open.

Theorem 2.12. If Ac Zis b - H, -open such that iu(A) = @, then it is = - H - open.
Proof. Let A be a b-H,-open and iu(A) = @. Then A Ciucrx (A) U cax iy(A) =
iuc* (A) < iycux (A). Hence = - H -open.

Theorem 2.13. IfAc Z is b - H; -open, then it is strong - H -open.
Proof. Let Abe ab - H, -open. Then A is b - H -open by Proposition 2.5. Hence
Ais strong S - H -open by Proposition of 2.26 of [10].

Theorem 2.14. If A c Zis both b - H, -open and 6 - H -open, then it is o - H - open.

Proof. Let A is both b - H;-open and ¢J - H -open. Then A C iucn* (A) U cziy(A) and iu,c*u(A) €
cpig(A). Now A C iyerr (A) U e iy(A) € iycp* (A) U cpx iy(A) S cpx iy(A). Hence Ais o - H -open.
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Theorem 2.15. IfAc Z is b-H,-openand A € H, thenitis o-H -open.

Proof. Let A be b-H,-open and A €H. Then A Ciucr* (A) U czx iy(A) and ¢z (A) = A by
Remark 2.10 of [9]. Now A < iuc*z (A) U c*ziu(A) = iu(A) U cziy(A) = c*min(A) S cux iy(A). Hence A is
o - H -open.

Theorem 2.16. IfAc Z is b-H,-openand H=P (Z) thenitis o-H -open.

Proof. Let A be b-H.-open and A €H. Then A Ciucm* (A) U cm* iy(A) and ¢z (A) = A by
Remark 2.10 of [9]. Now A <€ iuc*zr (A) U ciy(A) = iu(A) U c*riy(A) = cmiy(A) S cux iy(A). Hence A is
o - H -open.

Theorem 2.17. If Ac Z is b-H.-open and A c Az, then it is |- -0Open.

Proof. Let A be b-H;-open and A c Azxx. Then A Ciucr* (A) U ez iy(A) and cwiy(A) C cmx
i (A). Now A C iyerrx (A) U crx ig(A) S iuer* (A) U cripcm (A) S czipcm (A) S cpicp* (A) ©
CuluCu(A). Hence A is W - S -open.

Remark 2.18. If Ac Z is b-H,-openand A c Az, then it is strong [f - H -open.

Proof. Let A be b-H.-open and A c Azxx. Then A Ciucm*x (A) U czx iy(A) and cmiy(A) € cmx
iwcr (A). Now A < iger* (A) U crx iy(A) S iger* (A) U crmiycr (A) S cmipen+ (A). Hence A is
strong f - H -open.

Remark 2.19. If AcZ is b-H,-open and A c Az, then it is - H -open.

Proof. Let A be b-H.-open and A c A=z. Then A Ciuc*z (A) U crx iy(A) and cmiy(A) < cmx
i (A). Now A < iyer* (A) Ucrxiy(A) S iper+ (A) U crripcr (A) E cmipcm (A) S C* iyCH(A) S
CuluCp* (A). Hence A is - H -open.

Theorem 2.20. If A c Z is both mu* -closed and strong [ - H -open, then it is

b - H, -open.

Proof. Let Ac Z be both zu*-closed and strong S - H -open. Then c*p(A) € Aand A c cpiucps (A).
Now iucpx (A) < iy(A). Which implies c*piucu(A) < cux iy(A). So, A c crdiucpx (A) € c*Hiy(A) © cux
iu(A) U iucpx (A). Hence A is b - H,-open.

Theorem 2.21. If A c Z isboth W - z -closed and strong f - H -open, then itis b - H, -open.

Proof. Let Ac Z is both p-z-closed and strong g - H -open. Then c*u(A) c Aand A < c*diCu*
(A). Now iucpx (A) < ig(A). Which implies c*piuCpx (A) < cpx iy(A). So, A c crHiuCpx (A) € cMiy(A) ©
c*Mig(A) U ixcpx (A). Hence A is b - H, -open.

Theorem 2.22. Let (Z, y, H) be a strong H.G.T.S., where Z is Co -space and p - extremally disconnected
space, A c Z. Then the following conditions are equivalent.

1. Ais [ -open,

2. Aisb - H;-open and p -locally closed set.

Proof. (1) = (2) This is obvious from definitions.

(2) = (1) Let A be b-H,-open and p -locally closed set. Then A Ciucz (A) U
crriy(A) € iucu(A) U cuiy(A) and A =U N cu(A). Now

A c U N cyA).

< U N [iucu(A) U cuin(A)]

< [U Niucu(A)] U [U N cpin(A)]

c [iW(U) Niueu(A)] Y [iW(U) N cin(A)]

c [iW(U) Niueu(A)] v [iW(U) Niucu(A)]

< [iu(U N cu(A)] U [i(U N cu(A)]

= [I(A)] VU [il(A)]

= iu(A). _

Hence A is 1 -open.
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