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Abstract

A graph G(V, E) with vertex set V is said to have a prime labeling if there exist a
bijective function f: V (G) — 1, 2, ..., |V | such that for each edge xy € E(G),
ged(f (x), f (y)) = 1. In this paper, we introduce vertex k-prime labeling of a
graph G and exhibit the existence of such a labeling by discussion through various
cases.
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1 Introduction

A labeling for a graph is a map that takes graph elements namely vertices, edges or both
to numbers (positive integers) subject to certain conditions. Over the last three decades, there
has been a vast literature dealing with various types of graph labelings and for a survey of
various graph labeling findings we refer to Gallian [5].

Roger Entringer proposed the concept of prime labeling which was first introduced in
a paper by Tout, Dabboucy and Howalla [11]. In 1980s, Entringer conjectured that all
trees have a prime labeling. Path graph, star graph, caterpillar graph, complete binary
trees, spider graph have prime labeling. Baskar Babujee and Vishnupriya [2] proved the
following graphs have prime labelings: nP,, P,UP,U... U P,, B, . Baskar Babujee
[3] further proved that the following graphs also satisfy the condition of prime labeling:
(Pm UNK1) + Kz, (Co UNKy) + Ky, (Pm UCh UK,) + Kz, Cy U Cpit, (20 — 2)Con(n
> 1), €, mPy and the graph obtained by subdividing each edge of a star once. Seoud,
Sonbaty and Mahran [8] provide necessary and sufficient conditions for a graph to be
prime. Other graphs with prime labelings include all cycles and the disjoint union of Cy
and C,, [7]. The complete graph K, does not have a prime labeling for nZ 4 and W, is
prime if and only if n is even [6].

The concept of k-prime labeling was introduced by Vaidya and Prajapati [12]. They
proved that every path graph Pn, m > 1 is k-prime for each positive integer k. k-prime
labeling for cycle graphs C,, tadpole graphs T,m, friendship graphs F,, barycentric
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subdivision of cycle graphs C,(C,), Y — tree P3, X — tree P}, one point union of
path graph P! are proved in [9, 10].

For our study we need the following definition of planar graph based on complete
graphs. In [1], planar graphs are defined by J Basker Babujee as graphs obtained by
deleting certain edges from the complete graph K. PI, denotes the class of planar graphs
containing the maximum number of edges possible in a graph with n vertices.

Definition 1.1. The graph Pl, = (V, E) where vertex set V = {1, 2, ..., n} and edge set E =
{E(Kn) M(i, J) :3<i<n-2andi+ 2 <j<n}}isa planar graph having the maximum
number of edges with n vertices. Thus Pl, is obtained by deleting [(n — 4)(n — 3)]/2 edges
from K, and it is a planar graph with 3n —6 edges.

J. Baskar Babujee [4] proved the class of Planar graphs Pl, for odd n admits
primelabeling.

2 Main Results

In this section, we introduce vertex k-prime_labeling of a graph G and prove the existence
of such a labeling by discussion through various cases.

To begin with we first modify the definition of k-prime labeling given by Vaidya and
Prajapati in [12] and redefine the labeling as vertex k-prime labeling.

Definition 2.1. A vertex k-prime labeling of a graph G is a bijective function f: V —
{k, k+1, k+2,..,k+|V|—1}for some positive integer k such that gcd (f(u), f(v)) =1

Ve =uv € E(G). A graph G that admits vertex k-prime labeling is called a vertex k-prime
graph.

Figure 1. Planar graphs Pl,
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Theorem 2.1. The class Pl, is vertex k-prime for k > n, odd n and k, k > 3 except for k
and k +n—1 not prime.

Proof. Consider the planar graph PI,(V, E) with n vertices vi, Vs, ..., v, and 3(n — 2)
edgesfor odd n > 5. We use the following embedding for the PIl, graph: Place the
vertices Vo3, ..., Vo1 in that sequence along a vertical line, with v,—; at the bottom with
degree 3 and v, at the top. The degree of the vertices on the path vy, vs, ..., V,—2 is 4.
Now place the vertices v; and v, with deg v; and deg v, to be n — 1 as the end points of a
horizontal line segment with v; to the left of v, so that the vertices vy, v, and v, form a
triangular face. The edges of the graph Pl, can be drawn without any crossings. All
the faces of this graph are of length 3. The vertex set and edge set of G is denoted asV
(G) = {v1,Vv2,...,vp}and E(G) = E; UE, UE3 where E; = {vivi, vpvi : 2 <i <n-—1},
Ez; = {vivis1 : 2 <i<n-2}and E; = {vivh}. See Figure 1. A bijective function f
from V (Ply) to {k,k + 1, ...,k + n—1} is defined as follows. We consider three cases:
Case 1: kand k + n — 1 are prime numbers
Definef :V —-{k,k+1,.....,k+n—1} by
f(vy)) =k
f(vh) =k+n-1
f(viy=k+i—-1, 2<i<n-1
For any edge v1v; € Eq, ged(f (v1), T (vi)) = ged(k, k +i—1) = 1 since k is a prime number.
For any edge vnv;i € Eq, ged(f(vp), f(vi)) = gcd(k+n—-1,k+i—-1) = 1since k+n—11is
a prime number. For any edge vivi+1 € Ey, gcd(f (vi), T (viz1)) =gcd(k+1 -1, k+1) =
1since k + 1 — 1 and k + 1 are labeled with consecutive positive integers. For the edge
Vivy € E3, ged(f(vy), F(vn)) = ged(k,k + n—1) = 1 since kand k + n— 1 are prime
numbers.
Case 2: k is prime and k + n—1 is not prime
Let I, be the largest prime number such that k + 1 <Il; <k +n—1. Definef :V —
{k,k+1, ... ,k+n—-1} by
f(vy)) =k
f(vn) = 11
f(v-):{ k+i-1if2<i<l—k

: L+n—1i) iflu—-k+1<i<n-1
For any edge v1v; € Ej, ged(f(vy), f(vi)) = 1 since f(v,) is a prime number. For any edge
vnVi € Ej, ged(f (vq), T (vi)) = gcd(ly, T (vi)) = 1 since |I; is a prime number. For any
edge vivis1 € Ep, ged(f (vi), f (vir1)) = 1 since f (vi) and f (vi+1) are labeled with
consecutive positive integers. For the edge vivn € Es, ged(f(vy), f(vn)) = ged(k, 1)) = 1
since k andl; are prime numbers.
Case 3: k is not prime and k + n—1 is prime
Let I; be the largest prime number which is k + n — 1 and I, be the second largest prime
number such that k + 1 <Il, <k +n—2. Definef : V> {k,k+1,..., k+n—1} by
f(vy) =12
f(vn) = 11
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f(vi):{ L-((-1Dif2<i<l,—k+1
L—(—-1) iflL-k+2<i<n-—-1

For any edge vyvi € Ey, ged(f(va), F(vi)) = ged(lz, f(vi)) = 1 since I, is a prime
number.

For any edge v,v; € Ej, gcd(f(vn), f(vi)) = gcd(ly, f(vi)) = 1 since I, is a prime number.
For any edge vivi+1 € E, ged(f(vi), f(vi+1)) = 1 since f(v;) and f(vi+1) are labeled with
consecutive positive integers. For the edge viv, € Es, gcd(f(vi), f(vn)) = ged(lz, 1) = 1
since I, and I; are prime numbers.

Thus Pl, is vertex k-prime if k >n and at least one of k and k + n—1 is not prime. A
simple illustration for case 2 is shown in Figure 2.

Figure 2. Vertex k-prime labeling of Pl; for k = 19

Theorem 2.2. The class Pl, : n >5, odd k >n and k >3 is not vertex k-prime
labeling if both k and k + n—1 are not prime.

Proof. Let G =PI, be a complete planar graph where k and k +n— 1 are not prime.
Let I; be the largest prime number fromk <l <k+n-—1 and let I, be the second largest
prime number from k <1, <I; —1. Define a bijective function f : V (Pl;)) —

{k,k+1,...,k+n—1} by f (v2) =k; f (v1) = I, and f (v,) = l;. The vertices
labeledl, — 1 and I, + 1 are adjacent and will be labeled with even integers since I, is prime.
For any

edge vivi+1 € E(G), gcd(f(vi), f(vi+1)) = gcd(l, — 1,1, +1) > 1sincel,—1land I, +1
are both even intergers.
Similarly, define a bijective function f : V (PIl,)) —>{k,k+1,...,k+n—1} by f(v,) =
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k; f(vi) = I, and f(v,) = l;. The vertex labeled 1; —1 is adjacent to the vertex labeled
I1 +1 will also be labeled with even integers since I; is prime. For any edge vivi+1 € E(G),
ged(f (vi), f (vis1)) = gcd(l; — 1, 13 + 1) > 1since I3 — 1 and I; + 1 are both even integers.
Therefore, the graph PI, is not vertex k-prime when k and k+n—1 are not prime.

Theorem 2.3. The class PI, is not vertex k- prime for even n.

Proof. Let G = Pl, be a complete planar graph for even n. As a contrary, let us assume G
is vertex k-prime for even n. Let I; be the largest prime number from k <I; <k +n—1and let I,
be the second largest prime number from k <I, <I; —1.

Case 1: k =1(mod 2)

Define a bijective function f : V (Pl,) — {k, k+1, .....,k+n—=1} by f(v2) = k; f(v1) =1,
and f(v,) = l.. For odd k, k + n —1 will be an even integer for even n. The adjacent
vertices labeled 1; —1 and I; + 1 will be even integers since |, is largest prime. For any
edge vivis1 € E(G), ged(f (vi), T (vis1)) = ged(li — 1,1 +1) > 1sincel;—1and|l; + 1
areboth even integers. This is a contradiction to our assumption.

Case 2: k =0(mod 2)

Define a bijective function f : V (Pl,) — {k,k+1,.....,k+n—1} by f(v2) = k; f(v1) = I,

and f(vy) = I;. For k even, k + n—1 will be an odd integer for even n.

Subcase 1. Suppose k+n—1 is prime, the vertices labeled I, —1 and |, +1 are adjacent and

even since I, is a prime number. Hence for any edge vivi:1 € E(G), gcd(f (vi), T (Vis1)) =

gcd(l; — 1,1, + 1) > 1 which is a contradiction.

Subcase 2. Suppose k + n—1 is not prime, the adjacent vertices labeled with I, —1 and I,

+ 1 are even integers. Similarly, the adjacent vertices labeled with I; — 1 and |; + 1 are even

integers since both I, and I, are prime number. Hence for any edge vivi:1 € E(G), gcd(f

(vi), f (vi+1)) = gcd(l; — 1, I, + 1) > 1 which contradicts our assumption. Similarly for

any

edge vivi+1 E(G), ged(f(vi), f(vi+1)) = ged(ls — 1,1; + 1) = 1. This is a contradiction

to our assumption.

Therefore, the graph Pl, is not vertex k-prime for even n.

Theorem 2.4. Complete graph K, : n >4 is not vertex k-prime for every k.

Proof. Let G = K, be complete graph for n >4. By contradiction, assume that K,

is vertex k-prime for n > 4. Let V (G) = {v1, V2, ..., Vo }be n vertices of K, and

E(G) = {viviss / V i} be "= edges of K,. Define a bijective function f : V (G)

{k,k+1,..,k+n—1} by

f(viy=k+i—-1, 1<i<n

For any edge vivi+» € E(G), gcd(f(vi), f(vi+2)) =gcd(k +i-1, k+i+1)>1forf
(vi) to be even which contradicts our assumption.

For any edge vi:1Virze E(G), gcd(f (Vi+1), f(Vis3)) = gcd(k +i, k+1+2) > 1 for f
(vi+1)to be even which contradicts our assumption.

Hence K, is not vertex k-prime for n = 4.

A simple illustration is shown in Figure 3.
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Figure 3. Complete graph Kg for k = 22

Theorem 2.5. If G1(p1, g1) and Gz(p2, g2) has vertex k- prime labeling, then G; U G,
admits vertex k-prime labeling.

Proof. Letf; : V (G1) — {k,k+1,...,k+p1—1}and f; : V (G,) — {k,k+1, ..., k+p2—
1} be vertex k- prime labeling of G; and G,. Let {u;, 1 <i <p;} be the vertex set of G;
let {vj, 1 <] <p} be the vertex set of G, respectively. Define f : V (G1) UV (G,) —
{k,k+1, ..., k+ps+p— 1}by

f(u) = fi(u), 1<i<ps

f(v) = fa(vp), 1<j=p2

For any edge uiuiv1 € E(G1) U E(G2), ged(f (ui), f(ui+1)) = ged(fi(ui), f1(uiv)) =
1since f; is a vertex k-prime labeling.

For any edge vjvj+1 € E(G1) U E(Gy), gcd(f(vj), f(vj+1)) = gcd(fa(vj), f2(Vj+1)) =
1since f; is a vertex k-prime labeling.

Thus G; U G, satisfies the condition of vertex k-prime labeling.

3 Conclusion

In this paper we have proved that the class of planar graphs Pl, for odd n and G UKj,
are vertex k-prime and the class of planar graphs Pl, for even n and complete graph K,
are not vertex k-prime. The study of the existence of vertex kprime labeling for other
families of graphs is an area for further investigation.
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