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Abstract 

 

Derived graphs are the graphs obtained by some kind of operation on a given and usually smaller graph. By 

studying the relations between a graph and its derived graph, one can obtain information on one depending 

on the information on the other. In this paper, we calculate the first and second Zagreb indices of two of the 

derived graphs, namely double and strong double graphs of circumcoronene series of benzenoid (Hm) by using 

a novel polynomial called vertex degree polynomial. 
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1. INTRODUCTION 

 

Several topological graph indices have been defined and studied by many mathematicians and chemists. 

They are defined as topological graph invariants measuring several physical, chemical, pharmacological, 

pharmaceutical, biological, etc. properties of graphs which are modelling real life situations. They can be 

grouped into three classes according to the way they are defined: by vertex degrees, by matrices or by 

distances. In this paper, we consider degree based topological indices of two derived graphs.  Let G = 

(V, E) be a simple graph with |V (G)| = n vertices and |E(G)| =  m  edges  where  V (G)  =  {f1, f2, 

...fn} and  E(G)  =  {fifj |fi, fj  ∈ V (G)}.  That  is,  we do not allow loops or multiple edges within the 

set of edges.  For any vertex f ∈ V (G), we denote the degree of v by dG(f ) or df . If fi and fj are 

adjacent vertices of G, and if the edge e connects them, this situation will be denoted by e = fifj. 

Adjacency and incidency play a very important role in the spectral graph theory, the sub-area of graph 

theory dealing with linear algebraic study of graphs. The smallest and biggest vertex degrees in a graph 

will be denoted by δ and ∆, respectively. 

 

Two of the most important topological graph indices are called the first an second Zagreb indices denoted 

by M1(G) and M2(G), respectively: 

 

 
 

They were first defined in 1972 by Gutman and Trinajstic, [24] and are often referred to due to their uses 

in Chemistry for QSAR and QSPR studies. 

For more new topological indices see [12, 25]. Many papers [1-16] are written on this simple graph 

invariant. In 2023 [11], Hanan Ahmed et al. introduced new graph polynomial known as vertex degree 

polynomial defined as: 

 

 
 

Using this new polynomial one can calculate the first and second Zagreb indices. For more com- prehensive and 

detailed study on vertex degree polynomial of graphs, we mention the following articles [14, 1 5] for readers. 

The authors obtained that the derivative of V D(G, x) at x = 1 is two times the second Zagreb 

index M2(G) and the sum of coefficients of the vertex degree polynomial is equal to first Zagreb index M 

1(G). This result opens a new gateway to the study of the first and second Zagreb indices and their 

implications. 

 

Theorem 1.1. [11] Let G be a graph with vertex degree polynomial V D(G, x).  Then 

 

Dx(V D(G, x))|x=1 = 2M2(G), 

(V D(G, x))|x=1 = M1(G). 

 

Definition 1.2. The well-known family of the benzenoid molecular graph is the circumcoronene series 

of benzenoids (Hm), where m ≥ 1. This family of graphs is constructed exclusively from benzene C6 on 

the circumference. Certain main members of the circumcoronene series of benzenoids are benzene H1, 

coronene H2, circumcoronene H3, and circumcircumcoronene H4. Generally, the circumcoronene 

series of benzenoid (Hm) is shown in Figure 1. 

 

Definition 1.3. In order to make a double graph D(Hm) of a graph G, take two copies of the graph G 

and join the nodes in each copy with their neighbors in the other copy. For example, the graph (H1) and its 

double graph D(H1) are shown in Figure 2. In double graph of the circumcoronene series of benzenoid, 

there are 12m2 vertices and 4(9m2 − 3m) edges, respectively. In D(Hm), we 
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have 12m vertices of degree 4 and 12(m2 − m) vertices of degree 6. 

 

Definition 1.4. Consider the two copies of graph G, and by joining the closed neighborhoods of one 

graph’s vertex to the vertex in an adjacent graph, one can obtain the strong double graph SD(G) of graph 

G. For example, strong double graph of graph H1 is shown in Figure 3. 

 

This study is laid out as follows. We will examine some degree-based topological indices known first and 

second Zagreb indices of double and strong double graphs of circumcoronene series of benzenoid (Hm) by 

new polynomial named vertex degree polynomial. 

 

2. Main Results 

 

Now we will determine the vertex degree polynomial of double and strong double graphs of 

circumcoronene series of benzenoid (Hm) and using this new polynomial we calculate the exact values of 

first M 1(G) and second M2(G) Zagreb indices. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Circumcoronene series of benzenoid (H1, H2, H3  and Hm). 

 

Figure 2: Circumcoronene series of benzenoid (H1) and its double graph (D(H1)). 

Figure 3: Circumcoronene series of benzenoid (H1) and its strong double graph (SD(H1)). 

 

Theorem 2.1. Let D(Hm) be the double graph of circumcoronene series of benzenoid graph (Hm); 
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then, the vertex degree polynomial of D(Hm) is 

 

V D(D(Hm), x) = [12(36m2 − 60m + 24) + 192(m − 1)]x6 + [288(m − 1) + 192]x4. 

 

Proof. In the double graph of circumcoronene series of benzenoid, there are 12m2 vertices and 4(9m2 − 3m) 

edges, respectively.  There are 12m vertices in D(Hm) of degree 4 and 12(m2 − m) of degree 6. 

We separate the edges of D(Hm) into: 

 

 
 

 
Figure 4: Graphical representation of 2D and 3D of vertex degree polynomial of D(Hm). 

 

 

Theorem 2.2. Let D(Hm) be the double graph of circumcoronene series of benzenoid graph 

(Hm); then, 

M1(D(Hm)) = 432m2 − 240. 

M2(D(Hm)) = 1296m2 − 1008m + 96. 

 

Proof. Let D(Hm) be the double graph of circumcoronene series of benzenoid graph (Hm); we                          have 

 

V D(D(Hm), x) = [12(36m2 − 60m + 24) + 192(m − 1)]x6 + [288(m − 1) + 192]x4. 

 

Hence, using Theorem 1.1, we get 

 

M1(D(Hm)) = V D(D(Hm), x)|x=1 

               = [12(36m2 − 60m + 24) + 192(m − 1)]x6 + [288(m − 1) + 192]x4 |x=1 
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                = [12(36m2 − 60m + 24) + 192(m − 1)] + [288(m − 1) + 192] 

               = 432m2 − 720m + 288 + 192m − 192 + 288m − 288 + 192 

               = 432m2 − 240m. 

 

And, 

 

2M2(D(Hm)) = Dx(V D(D(Hm), x))|x=1 

                = Dx([12(36m2 − 60m + 24) + 192(m − 1)]x6 + [288(m − 1) + 192]x4)|x=1 

                = [72(36m2 − 60m + 24) + 1152(m − 1)]x5 + [1152(m − 1) + 768]x3 |x=1 

                       = [72(36m2 − 60m + 24) + 1152(m − 1)] + [1152(m − 1) + 768] 

                      = 2592m2 − 4320m + 1728 + 1152m − 1152 + 1152m − 1152 + 768 

                      = 2592m2 − 2016m + 192. 

Hence, 

 

M2(D(Hm)) = 1296m2 − 1008m + 96. 

 

Theorem 2.3. Let SD(Hm) be the strong double graph of circumcoronene series of the benzenoid graph 

(Hm); then 

 

 
 

Proof. In the strong double graph of circumcoronene series of benzenoid, there are 12m2 vertices and 6(7m2 

− 2m) edges, respectively. There are 12m vertices in SD(Hm) of  degree  5  and 12m(m2 − 1) of degree 7. 

We separate the edges of SD(Hm) into: 

 

 

 
 

 
Figure 5: Graphical representation of 2D and 3D of vertex degree polynomial of SD(Hm). 
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Theorem 2.4. Let SD(Hm) be the strong double graph of circumcoronene series of the benzenoid graph 

(Hm); then 

M1(SD(Hm)) = 336m2 − 288m. 

M2(SD(Hm)) = 1176m2 − 140m + 96. 

 

Proof. Let SD(Hm) be the strong double graph of circumcoronene series of the benzenoid graph (Hm), we 

have 

 
 

 
 

Hence, 
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