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I. INTRODUCTION

In the direction of generalization of contraction
condition, Wardowski [10] introduced a new
concept namely, [F-contraction as follows:

Definition 1.1.[10] Let G be the family of all
functions FF: (0, c0) — R satisfying the following
conditions:
(F,): Forany ¢,k € (0,4+),t < k implies
F() < F(k)
(Fy):limy 0ty =0 &
lim,_, o F(t,) = —
{ta} © (0, +00).
(F3): There exists a number k € (0,1) such that
lim,_ o+ (*F(1) = 0.

oo, for any

We denote G = {FF: (0, o) — R/Fsatisfies
(F,) — (F3)}.

Example 1.1. [10] The following functions belong
toG. Fort> 0,

) F() = —%
i) F() = ¢+ Int
iii) F(1) = Int

Eur. Chem. Bull. 2023,12(10), 3922-3931

iv) F(1) = In(® +0).

We denote G*, the family of all functions F*
which satisfy the conditions (IF,) and (IF,). Here
we observe that G c G*.

Example 1.2.The following functions belong to
G*, butnotto G. For¢ > 0,

) F(y) = —%+lnl+t

i) F()) = 7t Int.
Definition 1.2. [10] Let (Z, o) be a metric space.
Let A:Z — E. IfthereexistI' > 0 and [F € G such
that
(1.1) o(AAAP) >0=T +F(o(AAAP))

< F(e(A )
forall A, o in E, then A is said to be an FF-
contraction.

Wardowski [10] observed that every [F-
contraction is a continuous mapping.

Theorem 1.1. (Theorem 2.1, [10]) Let (Z,0) be a

complete metric space and let A: £ — E be an FF-
contraction. Then A has a unique fixed point
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A*€ E and for every A€ E, {A™ Ap}nen IS
convergent to A*.

For more works on F-contractions and related
results on existence of fixed points, we refer
[6].[11].

Further, in 2020, Alfagih, Imdad and Gubran
[1], introduced the following class of functions.

Let G' = {F: (0,) » R/lim,_ F(t,) =
—00 = lim,,_,, t, = 0 for any {¢,} < (0, )}

Obviously, G c G'. But its converse is not true
and it was shown in Example 2.1 and Example 2.2

[1].

Definition 1.3. [1] Let (&, o) be a metric space.
Let A: Z — E. Ifthereexist ' > 0 and F € G’ such
that
(12) o(AAAP) >0 =T +F(o(AA, Ap))

< F(m(A $€))
where (A, ) = max {o(A, £),0(A, A A),
o(gp, )}, Tor all A, g0 in E, then A is said to be an
[F'-weak contraction.

Theorem 1.2. (Theorem 2.1, [1]) Let (E,0) bea
complete metric space and A: £ — E an [F’-weak
contraction. If F’ is continuous, then

a) A has a unique fixed point 1in Z,

b) lim,,_,, A" A =1for all A€ E.

Moreover, A is continuous at 1 if and only if
lim,_,, m(A,1) = 0.

In 1984, Khan, Swaleh and Sessa [4]
considered contraction condition with an altering
distance function to prove the existence of fixed
points in complete metric spaces.

Definition 1.4. [4] Let v: R* - R*(R* = [0, 0))
be a function. If v satisfies the conditions

(v,) Y is continuous

(v5) Y is monotonically increasing, and

(Y3) () =0e)=0

then v is said to be an altering distance function or
control function.

We denote the class of all altering distance
functions by Y.
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For more details on altering distance functions
and results based on altering distance functions,
we refer Naidu [5], Sastry and Babu [7] and [8].

A function VY that satisfies (v,) and (v3), we
call v a generalized altering distance function.

We denote v*= {v: R* - R*/v satisfies (V)
and (3)}. Here we note that ycv™.

Motivated by the works of Alfagih, Imdad and
Gubran [1], we extend these results to find the
existence and uniqueness of fixed points by using
generalized altering distance functions.

In Section 2, we define (F*,v*)-contraction,
where F* € G" and Y*€ Y* and prove the existence
and uniqueness of fixed points in complete metric
spaces. We discuss the importance of v* and
provide examples in support of our results. In
Section 3, we extend the result of Wardowski [10]
to orbits, which generalizes the result of
Wardowski [10].

I1. Main results

Definition 2.1. Let A be a selfmap on a metric
space (E,0). If there exist v*€ Y*, F* € G and
' > 0 such that o (A A, Agp) > 0 implies that
1) T+F (v (oA A0p))

S F (v (e(A9)))
for all A, o € E, then we say that A is a (F*,Y*)-
contraction.

Example 2.1. Let £ = [0,1] with the usual metric.
We define A:E - Z by A A= AA: and

v:R* > Rt by Y* (j) =J,) = 0. Then Y*€ Y™,
We define F* € G by F*(1) = —%-i—lnl,t > 0.
We choose I' = In 2 > 0. For this T', we have
F+F (v (e(AAAp)))

=ln2+F <Y* <Q (ﬁ,ﬁ)))

=ln2+F |)
A+2 go+2

A
A+2 go+2
=ln2+F

=In2+ [F* (
( _2a-pl 2)
(A+2)(<(0+2)
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1 2a-p \?
+In
dhepl P2 ((A+2)(5@+2))

|(A+2)(p+2)

o L) (p+2)] 3
=In2 - =2+ 2In(2] A —])

—2In|(A +2)(p + 2)|
<In2-———+2In2+2In|A —g|

=In2—

2|A—p|
—21In4
=21n|A—go|—|AfM—1n2
<2In| A —p| —ﬁ
=In|A—p|* - =
=F(| A —p]?)

= F" (v* (e(A ).
Therefore A satisfies the inequality (2.1), so that A
is a (F*,y*)-contraction.

Theorem 2.1. Let (£, ¢) be a complete metric
space. Let A: E — E be a (F*,v*)-contraction and
[F* is continuous. Suppose that A,€ E. We define
{AFINEby A=A A,n=0,1,2,....1fAlis
continuous, then A has a unique fixed point A* in

-
&

Proof. Let A,€ E. We define the sequence
As1=AA, for=0,1,2, ...
If A, .+1=A, for some n, then we have A A,,=A,,.
By choosing 1 =A,,, we have A1 =1, and the
conclusion of the theorem follows.
We now assume, without loss of generality, that
AnFApsq, foreveryn € N.
By taking A=A, and g =A,,_; in (2.1), we have
I+ F (v (e(A A, A A1)
<F (Y (0(An Ane1)))

and hence
F (Y* (Q(An+1: An)))

<F' (v* (oA, An_l))) —T

<F (V' (e(hn-1, An-2))) — 2T

<F (Y* (o(Ay, Ao))) —nl.
On letting n — oo, it follows that
im0 F* (V" (0(An+1, Ap))) = —00.
By using (FF,), we have
limy, e V" (0(Ans1, An)) = 0.
This implies that v* (lim;,,0 0(Apy1, Ap)) = 0.
Hence, by applying (V5), we have

Eur. Chem. Bull. 2023,12(10), 3922-3931
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liInn—wo Q(An+1J An):o-
Now, if {A,,} is not Cauchy, then by Lemma 1.4 of
[2], there exist ¢ > 0 and sequences of positive
integers {m;} and {n;} with m;, > n, > k such
that @(Am,, Any) = ¢ and @(Am,—1, An,) < ¢ and
limg_,e Q(Aka Ank) =G
limy_,o, Q(Amk—lJ Ank—l) = ¢and
limy_, o Q(Amk_l, Ank) =C.
By taking A=A, and g =A,, in (2.1), we have
I+ F N (e(Amy An)))
=T+ F (V" (0(A Amy1, A An1)))
< F'(v* (@(Amy—15 Any—1)))-
Since F* and v* are continuous and on letting
k — oo, we have
F+F (v (©) <F (V' (5)
a contradiction.
Therefore {A,,} is Cauchy.
Since Z is complete, we have lim,,_,, A, =A™, for
some A* in E.
Since A is continuous, we have
A= rllijgo/\nﬂ = rlli_r)?oAA“ = A(Tlli_l)rgo/\n) =AA*
Therefore A A*=A".
Suppose that Agp* = g*and A*# p*.
We now consider
F (v (o, 07)) = F'(v' (oA A", Ap™)))
< T+ F (v (e(A A, A7)
S F (" (e(A" 7)),
a contradiction.
Therefore A*= gp*.
Hence A* is the unique fixed point of A.
This completes the proof of the theorem.

In the following, we show the importance of
Y*€ Y* in Theorem 2.1.

Example 2.2. Let £ = {1, 2, 3, ... } with the usual
metric. We define A:Z - Z by A A=A% . We

_ 12,0<)<1
define Y*e Y* by v* (j) = y 121an

)
F*€G by F ()= —%+ln¢+¢,¢> 0. We choose

[ =1 > 0. For this T, we consider
L+ F (v (e(A A Ap)))
=1+ F (v (| A%~ 02]))

=1+F*(m)

d
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— 1 A2 n2 1 1

1 1
<1-2iapl+in () + i

1 1
=1—|A—50|—|A—50|+ln(m)+m

S —|A=gp|+1n (|A—1@|) * ﬁ
— F* (ﬁ)

=F*(v" (e(A ).
Thus A satisfies the inequality (2.1), and satisfies
the hypotheses of Theorem 2.1 and ‘1’ is the
unique fixed point of A.
If v* (j) = in the inequality (2.1), we have

T+ F(o(AAAP)) =T + F* (| A2— 02|)
1

=———+
|A2—[02
In(| A2— 9?) + | A2— g2
1
* - ] + In(|A =)

+IA =gl
= F*(o(A, £€)), so that A
fails to satisfy the inequality (1.1) and hence
Theorem 1.1 is not applicable.
Therefore Theorem 2.1 generalizes Wardowski’s
theorem, Theorem 1.1 .

Definition 2.2. Let A be a selfmap on a metric
space (Z,0). If there exist v*€ Y*, F* € G" and
[' > 0 such that o(A A, Ag) > 0 implies that
(22)  T+F (" (e(AAAP)))

< F*(my-(A, 9))
where m-(A, ) = maX{Y* (Q(A, 50)),

Y*oANA, Vx(o(2.02)), Tor all A, €E, then we

say that A isan (IF*,y*)-weak contraction.

If v* is the identity map, then we call A is an
[F*-weak contraction.

Here we note that every (IF*,vy*)-contraction is
a (FF*,y*)-weak contraction. But its converse is not
true due to the following example.

Example 2.3. Let £ = [0,1] with the usual metric.

2 if A€[0,1)
We define A:E > Eby AA=142 . We
Z lf A=1
2,0<)<1
define Y'€ Y* by v* ()) = {1 1>1 and we

)
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define F* € G" by F*(1) = —%-{-lnl,l > 0. We

choose I' = 21n 3 > 0. For this ', we verify that A
satisfies the inequality (2.2). Let A€ [0,1) and

§ = 1. We now consider,

[+ F(v" (e(A A AP)))

=2In3+F <V* (Q Gi)))
=2In3+F (Y* (ﬁ‘ﬂ))
=2m3+F((2))

1 1\2
=2In3— (3)2+1n(1)

4
=ln32—4+ln%
=In9—-4+Inl1—-1In16
<-2+In9-1In16

F'(v' (e(p, AR))) if A=;

F*(v* (e(A, 50))) if A<
< F*(max{v* (Q(A, go)),
v (e(A A R), Y* (e(2, A9)))
forall A, o € E

= F*(my-(A, 9)).
Therefore A is a (IF*,y*)-weak contraction.

But its converse is not true. For, if A= %and
$ =1, then

I+ F* (v* (e(an, ASO))) =I+F (G)z)

. (1)
£ ((z) )
=F*(v* (A, )), for
anyI'> 0, F* € G and Y*€ Y™,
Hence A is not a (IF*,y*)-contraction. In fact, A is

not continuous so that A is not an [F-contraction
also.

The following is an extension of Theorem 1.2
by Y*€ Y*, in which we used F* € G".

Theorem 2.2. Let (5, 0) be a complete metric
space. Let A: E — E be an (IF*,vy*)-weak
contraction and F* is continuous. Let A € Z. We
define {A,,} INE by A,.,1= A A, for
n=20,1,2,... Then A has a unique fixed point
A"€ E. Moreover, A is continuous at the fixed
point A* if and only if lim,,_,,, m(A,, A*) = 0.
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Proof. Let Ao€ E. We define the sequence
As1=AA, TOor=0,1,2,... .
We assume that A, #A,,,1, for everyn € N.
By taking A=A,, and g =A,,_; in (2.2), we have
I+ F (v (0(A Ap, A Ap—1)))
< F*(mv* (An' An—l))
Where My (Anf An—l) = max{v* (Q (An' An—l)),
v (Q (A, A An))'
v* (Q (An—l' A An—l))}
= max{¥* (0(An, An-1)),
A (Q(An; An+1)):
v* (Q(An—b An))}-
= max{¥* (e(An, An-1)),
v* (Q(An+1; An))}-
Let my+(Ap, Apet) =V* (0(Any1, An)), then we
have

4+ F (Y (0hnsss An)))

. < F (Y (@(Aner A))):
a contradiction.
Therefore my-(Ay, An_1) =Y* (0(An, An1))-
Thus, we have

'+ [F* (Y* (Q(An+1» An)))
=T+F (Y* (e(A Ap, A An—l)))
< F* (y* (o(Ay, An—l)))

and hence

F* (V* (Q(An+1» An)))
<F* (v* (oA, An_l))) -T
< F* (v* (0(An1, An_z))) —2r

<F* (v* (o(Ay, AO))) —nl.
On letting n — oo, it follows that
limye F*(V* (@(An+1, An))) = —oo.
By using (FF,), we have
im0 V" (@(Ant1, An)) = 0.
This implies that Y* (lim;,_,.o ©(Ap41, An)) = 0.
Hence, by applying (v3), we have
limy 0 0 (Ans1, An)=0.
If {A,,} is not Cauchy, then by Lemma 1.4 of [2],
there exist ¢ > 0 and sequences of positive
integers {m,} and {n, } with m,, > n;, > k such
that @(Am,, An,) = ¢ and o(Ap,—1, An,) < ¢ and

limy o Q(Amk: Ank) =g

Eur. Chem. Bull. 2023,12(10), 3922-3931
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limy o Q(Amk—b Ank—l) = ¢ and
limy_, o Q(Amk_l, Ank) =C.
By taking A=A,,,, and § =A,,, in (2.2), we have
I+ F N (0(Amy An)))
=T+ F (Y (0(A Amy—1, A Apy—1)))

< (e oms )

where my(Am,—1, Anp-1)
= max {Y* (Q(Amk—lr Ank—l))a
\a (Q(Amk—llA Amk—l))a

V* (Q(Ank—llA Ank—l))}-
On letting k — oo, we have
limy o My (Amk—ll Ank—l) =Y" (¢).
Since F* and Y™ are continuous and on letting
k — oo, we have

T+ F (v () <F (Y (o)),

a contradiction.

Therefore {A,,} is Cauchy.

Since £ is complete, lim,,_,, A, =A", for some A*
In E.

We now show that A A*=A" .

If A,,= A A* for infinitely many n, then there
exists a subsequence {Ay, } of {A,} which
convergesto A A* .

Therefore limy_, A, = A A™.

That is, Ax = AA* .

If A,,= A A* for finitely many n, then

o(Ap, A A¥) > 0 for infinitely many n.

Hence, there exists a subsequence {A,, } S {A,}
such that g(Ay,, AA") >0 forall=1,2,....
Now, using the inequality (2.2), we have, for all k,

I+ F* (v* (Q(Ank,A A)))
< B (my(hmr, 17).
where my+(Ap, -1, A*)
= max {V* (Q(Ank_l, A*)),
Y* (Q(Ank—l' Ank))’
v* (o(A%, A A9)}.
If o(A A*, A*) > 0 then

im0 My (Am1, A7) =Y (2(A A7, AD).
On letting k — oo,

I+ F (v* (e(A%,A A*)))
<F (v (e, AAY)),
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a contradiction.

Therefore A A*=A".

Suppose that Ap* = gp*and A"+ o~ .
We now consider

F* (v* (Q(A*,so*))) =F (V* (oA A*,Aso*)))
<T+F (v* (o(A A*,ASO*)))
<F (v (e, 9)),

a contradiction.
Therefore A*= .
Hence A* is the unique fixed point of A.
First we assume that A is continuous at its fixed
point A* .
Let {A,,} € E such that A,—»A*asn — oo.
Then we have A A,— A A"=A".
Therefore
(2.3) lim,_,, 0(A, A A,) = 0.
We have
my+ (A, A*) = max {¥* (0(A,, A)),
\a (Q (A, A An))'
v* (e(A", A A9)}.
On letting n — oo, we have
lim,, oo my+ (A, A¥)
= max {lim,_,V* (0(An, AY)),
limy Lo V* (0(An, A A)),
v* (o(A", AAD)}.
Therefore, by using (2.3), we have
lim,,_,oo my+(A,,, A*) = max {Y* (Q(A*, A*)), 0,
v* (e, A9)}
=0.
Hence lim,,_,,, m+(A,,, A*) = 0.
Conversely, suppose that
lim,,_,oo my+(A,, A*) = 0.
Then, we have
limy, 0¥ (Q(An: A*)) =0,
limy Lo V* (0(An, A A,)) = 0 and
v* (o(A5,AA")) = 0.
Since Y*€ Y*, by (V3), it follows that
lim, . 0(A,,, A*) =0, 1lim,,_,, 0(A,,AA,) =0
and v* (o(A*, A A*)) = 0 which implies that
lim,, . A A, = lim, A, =A"= A A", s0 that A
is continuous at A* .
Hence the theorem follows.

Eur. Chem. Bull. 2023,12(10), 3922-3931
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Remark 2.1. The selfmap A defined on [0,1] in
Example 2.3 satisfies all the hypotheses of

Theorem 2.2 and % Is the unique fixed point of A.

Corollary 2.1. Let (E, o) be a complete metric
space. Let A: E — = be an F*-weak contraction and
[F* is continuous. Let Ao€ E. We define {A,,} In Z
by App1i=A A, forn=0,1,2,.... Then A has a
unique fixed point A*€ Z. Moreover, A is
continuous at the fixed point A* if and only if
lim, ., m(A,, A*) =0.

Proof. By choosing Y* (j) =,j = 0 in (2.2), the
conclusion of this corollary follows from of
Theorem 2.2.

Theorem 2.3. Let (£, o) be a metric space. Let

A: E - E be an (F*,v*)-weak contraction and F* is
continuous. Suppose that for some A, in Z, the
sequence {A™ Ay} has a cluster point e in Z. If A
is continuous then ze is the unique fixed point of A
and the sequence {A™ Ay} converges to z.

Proof. Let Aj€ E. We define A,,= A™ A,
n=12,...

If A,.+1=A, for some n, then A A,,=A,,, and we
are through.

Hence, we suppose that A A, 11# A A,,.

Then, by applying the inequality (2.2), we have

P+ B (3 (2Chnes Anee)
=T+ F (V" (0(A Ap, A Apy1)))
< Fr(my-(Any Ans1))
where my-(Ap,Apsq) = max{y”* (Q(Anf An+1))a
v (e(An, AAY)),
V*(0(Ans1, A Ay1))}
= max{v* (Q(Anf An+1))a
\a (Q(An, An+1))a
\a (Q(An+1, An+2))}-
=Y* (Q(An+1, An+2)) and
hence
[+ F* (Y* (Q(An+1' An+2)))

<F (Y* (Q(An+1, An+2)))’
a contradiction.
Therefore, A,,.1=A,4, and hence
An+2=Ant1=Aq.
In general, it follows that A,,=A,, forall m > n.
Therefore, lim,,,, o A,, =A,= @, and the
conclusion of the theorem holds.
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Hence, we suppose that A, #A,, for all n.
Then, by taking A=A,,,; and g =A,, in the
inequality (2.2), we have
[+ F (v (0(A Aps1, A Ay)))
< F*(mv* (An+1' An))
where my+(Any1, Ap) = max{y” (Q (A An+1)),
v (A A AR)),
v* (Q (An+1' A An+1))}
= max{Yv* (Q(An, An+1)),
\a (Q(An+1» An+2)):
v (Q(An» An+1))}-

= max{y” (Q(An+1; An))
v* (Q(An+1' An+2))}-
Ifmv*(An+1» An) =v* (Q(An+2' An+1)), then
I+ F (v (e(An+2r Ant1)))
< F*(v" (@(An+2) Ans1))),

a contradiction.
Therefore, my+ (Aps1, An) =V* (0(Any1, A))
and hence
[+ F (v (e(Ant2) Ans1)))

< F*(YV* (0(As1, Ap))) forall n.
Now

F (V' (0Uhnsr An)))
<F* (v* (oA, An_l))) -T
< F* (v* (0(An1, An_z))) —2r

<F* (v* (e(Ay, AO))) —nl.
On letting n — oo, it follows that
limy, e F*(Y* (@(An+1, An))) = —00.
By using (FF,), we have
lim, 0 Y* (@(Ant1, An)) = 0.
This implies that v* (lim,,_,o 0(Aps1, Ap)) =0
and hence, by (v3), we have
(24) lirnn—>00 Q(An+1l An) = 0.
Since {A™ A,} has a cluster point 2 in E, there
exists a subsequence {A™ Ay} of {A™ Ao} such
that the sequence {A™ Ao} converges to a (say) in
Now, from (2.4), lim;_e 0(Ay, .. An,) = 0.
Therefore
(2.9) limg oAy, =limg oA, = 2.
Now, by the continuity of A, it follows that

limk_,ooAnk+1 = llmk_,oo A(Ank)

Eur. Chem. Bull. 2023,12(10), 3922-3931
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= A(limyA,,) = Az, and hence
by (2.5), we have Aze = z.
As in the proof of Theorem 2.2, it is easy to see
that the sequence {A,,} is Cauchy.
Since this sequence {A,} has a subsequence that
converges to &, it follows that the sequence {A,,}
converges to z.

Hence the theorem follows.

I11. A fixed point theorem in orbits by using
generalized altering distance function

Let A be a selfmap on a nonempty set . For
A€ B, O0(Ag) = {A" A;;n=10,1,2,... } is called
the orbit of A, where A° = I, I the identity map
of E.

Definition 3.1. [9] A metric space = is said to be
A-orbitally complete if every Cauchy sequence
which is contained in O(A) forall A in 2
converges to a point of Z.

Definition 3.2. [9] A selfmap A of a metric space
= is said to be orbitally continuous at a point 1 in £
if for any sequence {A,} € O(A), A€ E, A,—> 183
n — oo implies A A,—» A1asn - co.

Motivated by the works of Ciri¢ [3], Sastry and
Babu [8] on the existence of fixed points in orbits,
we prove the following.

Theorem 3.1. Let A be a selfmap of a metric
space (Z, 0). Suppose that there exists a point A,
in E such that the orbit O(A,) has a cluster point 1
in Z. If there exist Y*€ Y*, F* € G" and T’ > 0 such
that o (A A, Agp) > 0 implies that

(31) T+F (v (earnp))

S F(Y (e(A 9))
for each A, o € O(A,) and if A is orbitally
continuous at 1 then 1 is a fixed point of A in E.
Proof. Let Ao€ E. We now define the sequence
{An} by A= AN, fOr=0,1,2,....

We assume, without loss of generality, that
As1FA, forevery n € N.

Let i, =V* (0(Ant1, An))- Then by taking
A=A, and g =A,_; in (3.1), we have

T+ F (V" (0(AAn, A Ap_1)))
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< F (Y (0(Any Ap-1)))
which implies that T' + F*(¢,,) < F*(t,,—1).
Therefore
(32) IF*(Ln) < IF*(Ln—l) - T
< F*(4,_,) — 2T

< F*(tg) — nT.
From (3.2), we obtain that
(3.3) lim,,_,, F*(t,) = —0.
Now by (F,), we have
(3.4) lim,, .o t, = 0.
Let n(k) be a subsequence of positive integers
such that {A )} converges to 1.

Then {t,x)} converges to 0.

By the continuity of v* and orbital continuity of A
at 1, we have

0= lim ¢ = limv” (Q(An(k)' An(k)+1))

=Y* (0(1, Av)).
Thus, by the property (v3) of Y* , we have A1 = 1.

Corollary 3.1. Let A be a selfmap of a metric
space (E, 0). Suppose that there exists a point
Ao€ E such that the orbit O(A,) has a cluster point
1in Z. If there exist F* € G" and T’ > 0 such that
o(A A, Ag) > 0 implies that
F+F (v (o(ArAp)))

< F (v (e(A )
for each A, o € O(A,) and if A is orbitally
continuous at 1 then 1 is a fixed point of A.
Proof. Follows by choosing Y* (j) =3, = 0 in
the inequality (3.1), the conclusion of this
corollary holds from Theorem 3.1.

Example 3.1. Let = = {0,1,2} U {1 + 2( =
1, 2,... with the usual metric. Define A-E—E by

( 2if A=0
AA=41+2(H+2)lfA 1+2( +1)n=1,2,...

| lif A=1

\ 2if A=2

12,0<)<1
We define v* () = {1 1 Then Y*€ Y*.

]
F* € G" is defined by F*(1) = —%+ Int,t> 0.

We chooseI' =2In2 > 0. Let Ap=1 +%,

) =
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o) =f{1+3,143, 141 14

0(Ao) has a cluster point 1, and

0(Ao) =0(Ag) U {1}.
We now verify the inequality (3.2).

Case (i): LetA=1 + 0 =1
We now consider
r+F* (v* (o(A A, Ago)))

=2In2 +F* <Y* <9 (150 1)>>
=2In2 +F <V* (2(n1+2))>

=2In2 +F* ((2(n1+2))2)

1 1 )2

=2Iln2 - — + In (—2(n+2))
\J(z(n+2))

2

- 21n2—2(n+2)+ln(2( +2))

<2In2-2n+2)+1n

)
2(n+1)” ")

2(n +1)

2(n +z)
—21n2—2(n+1)—2+ln

—2(n+ 1)+ln2( D

- [F*< <Q (1+ T 1)>>

=F (v (o, 50)))-
Case (ii): Let A=1+

=1+
We now consider
[+ F (v* (o(A A, Ago)))

=2In2+F <v <Q(1+2( +2),1+2(m+2))>>

2(n +z)

2(n +1)

2(m+1) n>m.

=2In2+F* (V"

2(n+2) 2(m+2))
2(m+2)-2(n+2)

(v &

=2In2+F* <Y* ( 4(n+2)(m+2) )>
(" G
(

=2In2+F* (V"

|m—n| )
2(n+2)(m+2)

(2(n+2)(m+2) )
—+ ln(

=2In2+F*

2
n-m
=2In2- 2(n+2)(m+2))

(n+2)(m+2)
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_ _ 2(m+2)(n+2) n-m 2
=2In2 m +1In (2(n+2)(m+2))

2(m+1)(n+1) . 2(m+n+3)

=2In2—
n-m n-m 5
n-m
+In (2(n+2)(m+2))
_ 2(m+1)(n+1) n-m 2
< n-m +1In (2(n+2)(m+2))
_2(m+D(n+1) n-m 2
S n-m +1In (2(n+1)(m+1))
=F (Y (Q (1 + 2(n+1)’ 1+ 2(m+1))>)
=F (v (er9))

Thus, from Case (i) and Case (ii), we have A
satisfies the inequality (3.1). Also, A is orbitally
continuous at the limit point 1. Thus, A satisfies all
the hypotheses of Theorem 3.1 and ‘1’ is the
unique fixed point of A in O(A,) .

Here we observe that A fails to satisfy the
inequality (3.1) on E forany I' > 0, F* € G~ and
Y*€ Y*. For, by choosing A= 0, = 2 in the
inequality (3.1), we have
T+ F*(v* (0(A0,A2))) =T + F*(v* (2))

< F*(v* (2))

=F" (v (e(A §€))).
Thus Wardowski’s theorem, Theorem 1.1, is not
applicable. Here we observe that the inequality
(1.1) fails to hold even though F € G.
So Theorem 3.1 generalizes Wardowski’s
theorem, Theorem 1.1.

Example 3.2. Let £ = [0,1] with the usual metric.
AL 1
E lf AE [O,E]
Aif A€ G 1]

Let Ap= % then O(Ay) = {%2%2% } and

0(Ao) =0(Ag) U {0}. E is A-orbitally complete

and satisfies the inequality (3.1) with
2,0<)<1

Y(J):]l, ]Zl,YEY,

F() = —%+lnt,t >0,FFegandl =2In2.

Let Ap= % and I' =2 In 2. Also, A is orbitally

continuous at 0. Hence, A satisfies the hypotheses
of Theorem 3.1 and ‘0’ is the unique fixed point of
Aon O(Ap). But it is not an [F-contraction for any
[F € G and hence Theorem 1.1 is not applicable.

We define A:E - Z by A A=

Eur. Chem. Bull. 2023,12(10), 3922-3931
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