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Abstract 

Let G be a graph with p vertices and q edges.A decomposition of G is a collection }...,,,{ 21 ntg HHH= , 

such that iH  are edge disjoint and every edge in iH  belongs to G.If each iH  is a Tribonacci graceful graph, 

then 
tg is called a Tribonacci graceful decomposition of G.The minimum cardinality of a Triboonacci 

graceful decomposition of G is called the Tribonacci graceful decomposition number of G and is denoted by 

)(Gtg .In this paper, we investigate the bounds of Tribonacci graceful decomposition of Diamond Snake 

graph nDs , Mongolian tent graph nMt  and Triangular Diamond graph .nTD  
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1.Introduction 

Graphs considered throughout this paper are finite, 

simple, undirected and nontrivial.Labeling of 

graph is the assignment of values to vertices or 

edges or both subject to certain conditions.The 

parameter  was introduced by Arumugam et al 

[2].The Graceful labeling of graphs was 

introduced by Rosa[5] in 1967.Tribonacci graceful 

Labeling was introduced by K.Sunitha and 

Sheriba.M in 2021[7].In this sequel, we 

introduced a new concept called Tribonacci 

graceful Decomposition of graphs.For standard 

terminology and notations, we follow 

D.B.West[9] and J.A.Gallian[3]. 

 

Definition 1.1[7] 

Let G be a graph with p vertices and q edges. An 

injective function },...,2,1,0{)(: qTGV → , 

where qT  is the
thq Tribonacci number in the 

Tribonacci sequence is said to be Tribonacci 

graceful if the induced edge labeling 

|)()(|)(* vuuv  −=  is a bijection onto the set 

},...,,{ 21 qTTT .If a graph G admits Tribonacci 

graceful labeling,  then G is called a Tribonacci 

graceful graph. 

 

Remark 1.1 

The Tribonacci sequence is obtained as follows: 

31,0 321210 ++==== −−− nTTTTandTTT nnnn

 

...},81,44,24,13,7,4,2,1,1,0{,ie
 

is the 

Tribonacci sequence. 

 

Definition 1.2[2] 

A decomposition   of a graph G is a collection of 

edge disjoint subgraphs nGGG ...,,, 21  of G such 

that every edge of G belongs to exactly one 

niGi 1, . 

 

Definition 1.3 

Let G be a graph with p vertices and q edges.A 

decompositon of G is a collection 

}...,,,{ 21 ntg HHH= , such that iH  are edge 

disjoint and every edge in iH  belongs to G.If each 

iH  is a Tribonacci graceful graph, then tg is 

called a Tribonacci graceful decomposition of 

G.The minimum cardinality of a Triboonacci 

graceful decomposition of G is called the 

Tribonacci graceful decomposition number of G 

and is denoted by )(Gtg . 

 

 

Definition 1.4[4] 

A diamond snake graph nDS  is obtained by 

joining iu  and 1+iu  to a new vertex 
1

iu and 
2

iu  for 

.11 − ni  

 

Definition 1.5[1] 

Mongolian tent graph nMT  is obtained from the 

ladder graph nL  by adding a new vertex u  and 

joining each vertex nivi 1,  with .u   

 

Definition 1.6[1] 

A Triangular diamond graph 3, nTDn  is 

obtained by joining a single vertex w to all 

vertices niui 1,  of Triangular ladder graph 

.nTL  

 

2.Main Result 

Theorem 2.2 The bounds of  Tribonacci graceful 

decomposition of the Diamond Snake graph nDS  

is .3,44)(2 − nnDSntg  

Proof 

Let nDS  be Diamond Snake graph whose vertex 

set 

}11/{}1/{{)( 1 −= niuniuDSV iin 

}}11/{ 2 − niui and edge set 

}11/{}11/}{}11/{}11/{)( 1

2

1

121 −−−−= ++ niuuniuuniuuniuuDSE iiiiiiiin 

such that 

.44|)](|23|)(| −=−= nDSEandnDSV nn  
Claim: },{)( 1212 −−= nnntg PPDS  is a Tribonacci 

graceful decomposition of the Diamond Snake 

graph nDS  

Case 1 Let 12)]( −= nntg PDS and let 

}...,,,,...,,,{ 1

1

1

2

1

132 −nn uuuuuu be the vertices of 

.12 −nP  

Define }...,,1,0{)(: 2212 −− → nn TPV  by 

0

1

111 )(,)( TuTu ==   

niTuu in

i

ii −+= −−−− 2,)1()()( )42(22

1

1
 

12,)()( )32(22

1 −−= −−− niTuu inii   

Thus   admits Tribonacci graceful labeling. 

Hence 3,12 − nP n  is a Tribonacci graceful graph. 

Case 2 Let 12)( −= nntg PDS  

Let }...,,,,...,,,{ 2

1

2

2

2

121 −nn uuuuuu be the vertices 

of .12 −nP  
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In this case,   admits Tribonacci graceful 

labeling. 

Hence 3,12 − nP n  is a Tribonacci graceful graph. 

Therefore },{)( 1212 −−= nnntg PPDS is a 

Tribonacci graceful decomposition of the 

Diamond Snake graph nDS
.
Clearly 

)()()( 1212 −− nnnS PSPSDS 
 

Therefore 2)( ntg DS .The edge set is 

)()( 1212 −−= nn PSPSE   

Note that 2P  is a Tribonacci graceful 

graph.Number of 2P  in nDS  is 

)()( 1212 −− + nn PSPS  

442222|)(||)(||)(| 1212 −=−+−=+ −− nnnPSPSDS nnnS

 

Hence 44)( − nDSntg  

Therefore the bounds of Tribonacci graceful 

decomposition of the Diamond Snake graph nDS  

is .3,44)(2 − nnDSntg  

 

Example 2.1 The Tribonacci graceful decomposition of Diamond Snake graph DS5 is in Figure 2.2 

                                                                                

 

                                                                      

                                        
                                                                          Figure 2.1 

 

Theorem 2.2 The bounds of  Tribonacci graceful 

decomposition of the Mongolian tent graph nMT  

is .3,24)(3 − nnMTntg  

Proof 

Let nL  be the Ladder graph.Join each vertices 

nivi 1,  to a new vertex u .The resultant 

graph is nMT whose vertex set 

}}{}1/{}1/{{)( univniuMTV iin  =

and edge set 

}}1/{}1/{}11/{}11/{{)( 11 niuvnivunivvniuuMTE iiiiiiin −−= ++ 

such that 

.24|)](|12|)(| −=+= nMTEandnMTV nn  
Claim: },,{)( 1,1 KPPKMT nnnntg =  is the 

Tribonacci graceful decomposition of the 

Mongolian tent graph nMT  

Case 1 Let nntg KMT ,1)]( =  

Let }...,,,,{ 21 nvvvu be the vertices of .,1 nK  

Define }...,,1,0{)(: ,1 nn TKV →  by 

110 )(,)( TvTu ==  , niTv ii = 2,)(  

Thus   admits Tribonacci graceful labeling. 

Hence 3,,1 nK n  is a Tribonacci graceful graph. 

Case 2 Let nntg PMT =)(  

Let }...,,,{ 21 nvvv be the vertices of .nP  

In this case, 3, nPn  is a Tribonacci graceful 

graph. 

Case 3 Let 1)]( KPMT nntg =  

Let }...,,,,...,,,{ 2121 nn vvvuuu be the vertices of 

.1KPn  

Define }...,,1,0{)(: 121 −→ nn TKPV  by 

niTuuTu iii +== − 2,)()(,)( 101  , 

11,)(,)()( )1(121 −++= −−− niTuTuv ininn 

 

Thus   admits Tribonacci graceful labeling. 

Hence 3,1  nKPn  is a Tribonacci graceful 

graph. 

1 

0 

44 

20 

33 

26 

30 

28  

29  

1 44 24 13 7 4 2 1  
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Therefore },,{)( 1,1 KPPKMT nnnntg = is a 

Tribonacci graceful decomposition of the 

Mongolian tent  graph nMT
. 

Clearly 

)()()()( 1,1 KPSPSKSMT nnnnS  
 

Therefore 3)( ntg MT .The edge set is 

)()()( 1,1 KPSPSKSE nnn =   

Note that 2P  is a Tribonacci graceful graph. 

Number of 2P  in nMT  is 

|)(||)(||)(| 1,1 KPSPSKS nnn ++  

24121

|||)(||)(||)(| 1,1

−=−+−+=

++

nnnn

KPPSKSMT nnnnS
 

Hence 24)( − nMTntg  

Therefore the bounds of Tribonacci graceful 

decomposition of the Mongolian tent  graph nMT  

is .3,24)(3 − nnMTntg  

 

Example 2.1 The Tribonacci graceful decomposition of Mongolian tent  graph Mt5 is in Figure 2.2 

 
Figure 2.2 

 

Theorem 2.3 The bounds of  Tribonacci graceful 

decomposition of the Triangular diamond graph 

nTD  is .3,55)(4 − nnTDntg  

Proof 

Let nTL  be a Triangular ladder graph.Join a new 

vertex w  to each vertices niui 1, .The 

resultant graph is nTD whose vertex set 

}}{}1/{}1/{{)( wnivniuTDV iin  =

and edge set  

}11/{}11/{}21/{}11/{{)( 111 −−−−= +++ niuvnivunivvniuuTDE iiiiiiiin 

 }}1/{ niwui    such that 

.55|)](|2|)(| −== nTDEandnTDV nn  
Claim: },,,{)( ,1121 nnnnntg KPPPTD −−=  is a 

Tribonacci graceful decomposition of the 

Triangular diamond   graph nTD  

Case 1 Let 1)]( −= nntg PTD  

Let }...,,,{ 121 −nvvv be the vertices of .1−nP  

Define }...,,1,0{)(: 21 −− → nn TPV  by 

0211 )(,)( TuTu ==  ,

13,)1()()( 1

1

1 −−+= +−

+

− niTuu in

i

ii   

Thus   admits Tribonacci graceful labeling. 

Hence 3,1 − nPn  is a Tribonacci graceful graph. 

Case 2 Let nntg PTD =)(  

Let }...,,,{ 21 nuuu be the vertices of .nP  

Define }...,,1,0{)(: nn TPV →  by 

0211 )(,)( TuTu ==  ,

niTuu in

i

ii −+= +−

+

− 3,)1()()( 2

1

1  

Thus   admits Tribonacci graceful labeling. 

Hence 3, nPn  is a Tribonacci graceful graph. 

Case 3 Let 12)( −= nntg PTD  

Let }...,,,,...,,,{ 12121 −nn vvvuuu be the vertices 

of .12 −nP  

Define }...,,1,0{)(: 1212 −− → nn TPV  by 

u  1 u 2 u 3 u 4 

v 1  
v  2 v 3 

v 4  

u 

1 1 2 4  

0  

1 1 2 4  

1 0 2 1  

1 2 1  

24 

0 1 3 7  

14 10 8  

24 13 7 1  

1 2 4  
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0111 )(,)( TvTu ==  ,

niTvu in

i

ii −+= +−

+

− 2,)1()()( )1(2

1

1  

12,)()( 122 −−= +− niTuv inii   

Thus   admits Tribonacci graceful labeling. 

Hence 3,12 − nP n   is a Tribonacci graceful 

graph. 

Case 4 Let 
nntg KTD ,1)]( =  

Let }...,,,,{ 21 nuuuw be the vertices of .,1 nK  

Define }...,,1,0{)(: ,1 nn TKV →  by 

110 )(,)( TuTw ==  , niTu ii = 2,)(  

Thus   admits Tribonacci graceful labeling. 

Hence 3,,1 nK n  is a Tribonacci graceful graph. 

Therfore }.,,{)( ,1121 nnnnntg KPPPTD −−= is a 

Tribonacci graceful decomposition of the 

Triangular diamond graph nTD
 

Clearly 

)()()()()( ,1121 nnnnnS KSPSPSPSTD  −−

 

Therefore .4)( ntg TD The edge set is 

)()()()( ,1121 nnnn KSPSPSPSE  −−=  

Note that 2P  is a Tribonacci graceful graph. 

Number of 2P  in nTD  is 

|)(||)(||)(||)(| ,1121 nnnn KSPSPSPS +++ −−  

552212

|)(||)(||)(||)(||)(| ,1121

−=+−+−+−=

+++ −−

nnnnn

KSPSPSPSTD nnnnnS

 

Hence 55)( − nTDntg  

Therefore the bounds of Tribonacci graceful 

decomposition of the Triangular Diamond  graph 

nTD  is .3,55)(4 − nnTDntg  

Example 2.3 The Tribonacci graceful decomposition of the Triangular diamond  graph 4TD   is in Figure 2.3 

 

 
   

 
Figure 2.3 

 

Conclusion 

In this paper,we investigate the bounds of 

Tribonacci graceful decomposition of Diamond 

snake graph nDS , Mongolian tent graph nMT  and  

Triangular diamond graph 
nTD . 
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