Coupled fixed points in bicomplex partial metric space and an application

Abstract: In this study, we develop coupled fixed points for a self map on a bi complex partial metric
space that satisfy certain generalized contraction conditions. We support our findings using examples.
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1. Introduction and Preliminaries

Segre [8] made a first attempt at developing
special algebra. Complex numbers, bicomplex
numbers, tricomplex numbers, and so on were
envisioned as elements of an infinite set of
algebras. Researchers contributed to this field in
the 1930s [2, 9,10]. Recent research on this
topic [1, 11] discovered several important
applications in mathematics as well as other
sectors of science and industry. Several
researchers have published a substantial
quantity of study, to which we refer [1- 6].

Bicomplex Numbers[6]. The set of bicomplex
numbers indicated by €, is the first of an
infinite sequence of multicomplex sets that are
generalisations of the set of complex numbers.
In this case, we recollect the set of bicomplex
numbers¢,, for example, [6,7] as:

€, = {w =0y +iyd; + iy, + i4i,d3:0, €R
(» =0,1,2,3)}

¢, can also be expressed as

€y ={py +i292:91,9, € €1}

Eur. Chem. Bull. 2023,12(10), 5510-5520

i.e., €, ={Z: vy +1392:91,9 € €4}

Where D = bo + ilbl’ Do, = bz + i1b3‘i1 and iz
are imaginary independent units such that

i? = —1 = iZ The product of i;i, = jsuch that
j? = 1 product of units is defined as

L = =izl = —ly.
The norm of w = y, + i,1,, is denoted by
[l [land is defined

1
lwll = lloy + 2920l = (91l + [9,1%)z.

1
e, llwll = (F +bd] + b3 +03)z.
A bicomplex numbers

w = Dby +i,0; + iy, + i1i,d5 IS degenerated

[7] if the matrix [DO %
[

] is degenerated.
D3

Further, for 3,7 € €,, it is easy to show that
0) 0<y, d<, 7= <17l
(i) 1+ T < I3+ 117
(i) el < all>ll
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(iv) 137l < V23110171

(v) 137l = a7l whenever
at least one of X and 7 is
degenerated [7]
(vi) 1571l = [I»I~* holds for any
degenerated bicomplex number.

Letd=X +i0 €CandT="T, +i,7, €
€,,the partial order relation on €,be defined in
[3] as A <, Tiff 3y <, Tand 3, <5, 75, Where
<i,is a partial order relation in ¢;. Then
(1) Re(d) = Re(7,) and Im(;) = Im(7,)

Re(d,) = Re (7, )and Im(3,) = Im(7,)

(2) Re (3;) < Re(7,) and Im(O;) < Im(7,)

Re (3;) = Re (7,) and IM(,) = Im(7,)
(3) Re(3;) = Re(7,) and Im(,) = Im(7,)

Re (3,) < Re(7,) and Im(3,) < Im(7,)
(4) Re (31) < Re(7,) and Im(;) < Im(7,)

Re (3,) < Re(7,) and Im(,) < Im(7,)

We write 3 55, Tif 2 <;, Tand X = Tifany
one (1), (2), (3) is satisfied and 3 <;, 7 if
the condition (4) is satisfied.

Definition 1.1[6]. A function

bg,: & X G - €, is a bicomplex valued metric

space on a non empty set S if forall T,,5 € G,

we have
() 0=y, Pe,(T,2);
(i) bg, (T,2) = Oiff T= x;
(i) Pg,(1,30) = by, (3,1);
(iv)  Pg,(T,30) <y, P, (T,9)
+bg, (s, );

Then (&, bg,) is a bicomplex valued metric
space.

Eur. Chem. Bull. 2023,12(10), 5510-5520
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Definition1.2[4]. A bicomplex partial metric on
a non-empty set S is a function

prpmS: EXG - ¢2+

such thatforall T,»%,s € G :

1.0 <y, Ppepms(T1) <y, Pyepms (T, %),

2. pbcpms(T; n) = Ppepms (1),

3. Poeyms (L) = Preyms (T, #) = Ppeyms (2,30
if and only if T= z,

4. Ppepms (1,2) <4, Prepms(1,9)

+pbcpms (5,7) _pbcpms (s,9).

Then (S, Ppepms)is @ bicomplex partial metric
space.

From here onwards, we denote (&, bypms) is a
bicomplex partial metric space.

A bicomplex valued metric space is naturally,
a bicomplex partial metric with self distance
space. A bicomplex partial metric space is not
required to be a bicomplex valued metric space.
Examplel.3. Let s = {(1,2),(3,4),(5,6),(7.8) }
be equipped with a bicomplex partial metric
space,

Ppepms: © X & = €3 by which is illustrated as
follows :

Clearly (&, Ppepms) is a bicomplex partial
metric.

For example, if T= (1,2),»% = (7,8),s = (1,2)
then

Pcpms (1, %) 1.2 34) (5.6) (7.8)
1,2) (1+i2)(1,2) | (1+i2)(3,4) | (1+ip) (5,6) | (1+i2)(7.8)
(3.4) (1+i2)(3,4) | (1+i2)(3.4) | (1+i2) (5,6) | (1+i2)(7,8)
(5.,6) (1+i2) (5,6) | (1+i2)(5.6) | (1+i2) (5,6) | (1+i2)(7,8)
(7.8) (A+i2)(7,8) | (1+i2)(7.8) | (1+i2) (7,8) | (1+i2)(7,8)
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Pocoms (((1,2), (7.8))) = (1 +,)(7,8)

I)bcpms (((1,2), (758))) si2 I)bcpms (((192)9 (334)))
+ I)bcpms (((3:4): (7:8))) - I)bcpms (((394)5 (334)))

={(1+)EH+1+1)(78)} - (1 +i)E4)
=(1+1,)(78)

Therefore

I)bc:pms (T, 2) <iz I)bcpms (T,9)

+prPmS (s,2) — I)bcpms (s,9).

Hence(S, Ppepms) is @ bicomplex valued partial
metric space (conditions (1), (2), (3) are trivial)

Here, we note that

Pocpms (((1.2). (1,2))) = (1+5,)(1, 2) #0,
This implies (&, Pyepms )is a not a bicomplex
metric space.

For more literature on bicomplex partial metric
spaces we refer [4]

Definition 1.4[4]. A sequence {T,} in
(S, Ppepms)is converges to T€ &, if for each

0 <;, € € ¢ there exists me N such that

Tr E B pbcpms (T, E)
= {m € S: Pyepms(T,w) <€+ bbcpms(T,T)}

for all r > m, and it is denoted by lim,_,,,T,=T.
Lemma 1.5[4]. A sequence {T.} in (S, Pycpms)
is converges to T € G iff

pbcpms(TrT) = lirnr—»oo IDbcpms(-l-'-rr)-

Definition 1.6[4].A sequence {T.} in
(S, Pyepms) is said to be Cauchy sequence, if

forany e > Othereexist Y € ¢,*and m € N
such that

|| Ppepms(TeTo) — Y” <eforallr,0 > m.

Eur. Chem. Bull. 2023,12(10), 5510-5520
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Definition 1.7 [4]. A bicomplex partial metric
space is complete iff every Cauchy sequence in

(S, Ppepms) is convergent.

Lemma 1.8[4]. Consider a sequence {T,} in
(S, Ppepms ). Then {1} is Cauchy sequence in &

Iff lim, e (T,Tp) = DbcpmS(T,T) .
Definition 1.9[4]. Anelement (T,%) € G X G is
a coupled fixed point of the mapping
FGSxG->GCif

&(T,%) =Tand F(¢,T) = x.
Theorem 1.10[4]. Consider a mapping

F: S X S = S, where S is a bicomplex partial
metric with the following contractive condition:

IDbc;oms (%(T: %), %(A,V))
<iz A I:’bcpms (&(T,50),7)

+ 1 Ppepms (FAY),A),

forall T,2,A,Y € S, where %, T are nonnegative
constants with A + 1 < 1.

Then, & has a unique coupled fixed point.

Theorem 1.11[4].Consider a mapping
¥ : & XS — G satisfies the following
contractive condition:

(F(T,20, FAY))
<iz A I:)bcpms (T,A)
+1 Ppepms (1,Y)
forall T,,A,YE S, where A, >0 with A + 1 < 1.

Then, & admits a unique coupled fixed point.

Motivated,
by Theorem 1.10 and Theorem 1.11,
here we prove the existence of coupled fixed
points for a self map satisfying generalized
contraction condition on a bicomplex partial
metric space.

Theorem 2.1.0ur findings generalize those of
Gunaseelan Mani et.al., [4].

We validate our findings using examples. As a
result of our findings, we determine the
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existence and uniqueness of Fredhlom type of
integral equations.

2. Main results

Theorem 2.1 . Consider a mapping
F: S x G — &, where (&, Pyepms) isa
bicomplex partial metric space is
such that:
(&2, FAN) <, BM>T,3AY) + LN(T,2,A,Y)
(2.1.1)
forall T,#,AYEGS,0<B<1,L>0,
where M(T, »,A,Y)
( Ppepms (TA) + Pyepms (31,Y)
> )
I:’bcpms(-r: g, J’f)) + I:)bcpms (%, g(”;T))
5 ,
I:’bcpms (A: %(A;Y)) + I:)bcpms (Y; %(V;A))
5 ,
I:)bcpms (A: &, J’f)) I:)bcpms (A; %(A;V))
\ 1+ Ppepms (TLA) + Ppepms (4,Y)

max <

and

N(T, 3,A,Y)

C i {Pbcpms(?s(n #),A), Pbcpms(?s(A,V),T),}
Poepms (&(T,2),v), Ppepms &FAY)A)

Then § allows a unique coupled fixed point
in S.
Proof. Let (Ty, #,) € © X G be an arbitrary.

We construct sequences {T,} and {»,} in &
such that

The1= c&(Tn:%n): Hn+1 = C(7):(%71'-'-11)

foralln >0

I:’bcpms (anTn+1)
= I:)bcpms (g(Tn—lt %n—l): %(Tn' %n))

I)bcpms(Tn—ern) + I:"bcpms(;'fn—ll ”n)
2 )
pbcpms(Tn—lr %(Tn—lr Hn—l)) + I:‘.bcpms(;'f‘n—lr %(Hn—ern—l))

2
<
i, P max pbcpms(Tnn F(Tp, ”n)) + prPmS(H"’g(H"’T"))

2
pbcpms(an Cix‘f(Tn—lr Kn—l))' pbcpms(Tn' %(Tn' Hn))
1+ pbcpms(Tn—ern) + pbcpms(”n—lfkn)

Eur. Chem. Bull. 2023,12(10), 5510-5520
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+L mi {pbcpms (g(Tn—li %n—l)tTn)' IDbcpms (3(-[11' Kn)an—l)}
I)bcpms (g(Tn—li Kn—l)t Kn)t IDbcpms (%(Tn' J'{n)an)

pbcpms(Tn—ltTn) + pbcpms(}fn—lt}fn)

2 ’
pbcpms(Tn—ltTn) + pbcpms(}fn—lt J'fn)

2 ’
pbcpms(TntTn+1) + I)bcpms(}fn'}'fn+1)

2 ’

I:’bcpms (TntTn)' I)bcpms (Tn'Tn+1)
1+ I:’bcpms (Tn—ltTn) + I)bcpms (Kn—lﬁ}fn)

pbcpms(TntTn)t pbcpms(Tn+1'Tn—1)'}
I:’bcpms (Tnt J'tn)t I)bcpms (Tn+1'Tn)

—

= 3 max <

+Lmin{

Tn T T
Bmax{—” L ntl

I o+ Lo

B max {%" , %} (2.1.2)

where
h = pbcpms(Tn—lan) + I:’bcpms(%n—lfJ’fn)

Similarly,

I:)bcpms (%nl %n+1)

= Pyepms (i}(%n_l,Tn_l), ?f(%n'Tn))

pbcpms(”n—ll ”n) + I:'bcpms (Tn—ern)

2
pbcpms(”n—ll (8(”11—1'111—1)) + I:'bcpms(Tn—lr (?}Un—lv”n—l))

2
<, B max
tz B pbcpms(”nr (gf(”nr.[n)) + I:'bcpms(an 8(an”n))

2
pbcpms(”nl %(Hn—ll.[n—l))' I:’I7cpms(7‘fn' %(”ann))
14 P0tp_1,%,) + P(Ty_1,Tn)

I:)bcpms (Ll}(%n—lt.rn—l)r %n)' pbcpms (%(Hnr.rn)' ”n—l)}
I:)bcpms (g(%n—ern—l)rTn)' I:)bcpms (%(Hn'.rn)r ”n)

+L min{

I:)bcpms (%n—lrxn) + I:’bc‘pms(Tn—l'Tn)

2 ’
IDbcpms (Hn—lt%n) + I:’bc‘pms(Tn—l'Tn)

2 ’
IDbcpms (Hnt%n+1) + I:’bc‘pms(Tn'Tn+1)

2 ’

IDbcpms (%nt %n)- I:’bcpms (Hn' Hn+1)
1+ IDbcpms(}fn—lt}'fn) + IDbcpms(Tn—lﬁTn)

= 3 max
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p (»,,,1,),P (tpe1r 1),
+L min{ bcpms\“tn,tn bcpms\“tn+1» tn-1

I)bczoms (anTn)' I)bcpms (%n+1' %n)

= pmax {2,211 ol 1 1(0), (213)

2’27 2"’
on combining (2.1.2) and (2.1.3),
we have
Pyepms (T Tn+1) + Poepms Gty 541)

<i, 2 pmax {2 ] (2.1.4)

2’ 2

H ™ Tn+1
I.e., Tyi1 Ny, 2 B max {?” ,”T}

If 1,41 > 1, then from (2.1.4), we get

Tn+1
22| = B sl

sl < 28|

which is a contradiction since < 1.

Therefore

Irnsall < B limall. (2.1.5)

Similarly, we can show that

7l < Bllry-all. (2.1.6)

Hence from (2.1.5) and (2.1.6), we can conclude
that

llr, ]l < Bllry—1ll , foralln € N (2.1.7)
Thus, 15,1l < Blir,—1 1l < B2l |l < B3lIn sl
< - < B[l (2.1.8)
Ifry =01in(2.1.8)
then pbcpms(TliTO) =0 :pbcpms(}fl'%o) =0
= T0:T1,%0 = %1,
s0 (T, ) follows as a fixed point of (T, x),
Now supposer, > 0

For m > n, we now show that {T,,} and { » }

are Cauchy sequence in G.

Eur. Chem. Bull. 2023,12(10), 5510-5520
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For all n > m, we have

pbcpms(TnJTm) <i2 I)bcpms(anTn+1)
+ I)bcpms(Tn+1:Tm)
- I)bcpms (Tn+1rTn+1)

<i2 pbcpms(TnJTn+1) + pbcpms(Tn+1:Tm)

<iz I)bcpms(.rn'.rn+1) +

I)bcpms (Tn+1'Tn+2 ) +pbcpms (Tn+2'Tm)

<iz pbcpms(Tn'Tn+1) + pbcpms(Tn+1;Tn+2) + -+
I:’bcpms(Tm—ltTm) (219)
Similarly,
I:)bcpms (%n' J'fm) <iz I)bcpms (Hnt J'tn+1)
+pbcpms (Hn+1tHm)_bbcpms(}fn+1'”n+1)

<l'z pbcpms(%nt%rwl) + I:)bcpms(}fn+1, }'fm)

<l'z pbcpms(%nt%rwl) + I:)bcpms(}fn+1'}'fn+2)
+ I:)bcpms (%n+2t %m)

<iz I:)bcpms (%n»%n+1) + I:)bcpms(}fn+1'}'fn+2) +
-t I:)bcpms(}{m—l’ ;{m) (2110)
Based on (2.1.9) and (2.1.10), it follows that

I:)bcpms (Tn:Tm) + I:)bcpms (%n’ J'fm)
siz I:)bcpms(Tn’Tn+1) + I:)bcpms(J'fn'%n+1)

+ I:)bcpms(Tn+1:Tn+2) + I:)bcpms(%n+1'J'fn+2) +

+pbcpms(Tm—1:Tm) + I:)bcpms(%m—lf}fm)
= ”pbcpms(Tn:Tm) + pbcpms(%n'%m)”
< ”rn T 41 T e + 00 + rm—l”

< BMlIroll + B+ Imo
+ B2 |rp |+ .. +B™ LIl

SBPA+ B+ P+ + BT DIl
Bn
=§||r0|| — 0asn - oo,

Therefore {1,,} and {,} are Cauchy sequences
in S.

Based on completeness bicomplex partial metric
space (S, Pyepms ), there exists T, € &

such that
5514
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{1,,} =T and {»,} » xasn - oo, and

I)bcpms an = mlriE)loo I)bcpms (TT)

== llm pbcpms (Tn,Tm)
m,n—oo

=0 (2.1.11)
Similarly,

Ppepms (0, 20) = mlrillllooprpms (o, 1)

= limpm no 00 Phepms Otn, #m)
=0 (2.1.12)
We now show that T= &(T, ) and » = F(¢,T)
Suppose that T# §(T, %) and » # F(¢,T)
Therefore
0 <i, Pyepms (T,%(T, J{)) and
0 <, Ppepms (36, G 1))
Then

IDbcpms(.rr g(T» }f)) <L'z I:)bcpms (T'Tn+1)
+pbcpms(Tn+1: %(Tw }f)) - I:)bcpms( Tn+1lTn+1)
<iz I:)bcp‘ms (T'Tn+1) + I:)bcpms( Tn+1: %(T: %))

<L'2 I:)bcpms (T'Tn+1) + I:)bcpms (?"(Tn:”n): (. %))

= ”pbcpms(T' %(T:”))” < ”phcpms(T:Tn+1)”

( ”pbcpms (Tn:T) + I:)bcpms (”n:”)”

2
”pbcpms (Tn: %(Tn:”n)) + I:)b(:pms (”n: CL‘Y(”nJTn)) ”

+B max

2
[P bcpms (T F (T 20D + Prpms (6, FGeD) |
2 )
I:)bcpms (T: %(Tn: ”n))- I:)b(:pms (”: 8’(%",]'")) ‘ |
1+ I:)bcpms (Tn:T) + I:)b(:pms (”n:”)

\

+L . { ”pbcpms (%(Tn! ”n)!T”! ”I:’bcpms (%(T: J'f):Tn ”
”pbcpms (%((Tn! ”n)! ”) ”! ” I:’bcpms (%(T: H):T) ”

Letting n — oo, using (2.1.11) and (2.1.12)
in (2.1.13), we get

Eur. Chem. Bull. 2023,12(10), 5510-5520
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Pocpms (1, F(1,20) |
S B” I)bcpms (T: g(T: %))
+ I)bcpms (}f) 8(%:-[)) ”

Similarly,

I)bcpms (J’f: %(J{,T)) <iz I)bcpms (%r %n+1)
+pbcpms (%n+1J g(%rT)) - I)bcpms( %n+1,%n+1)
<iz I:’bcpms(}f' %n+1) + I)bcpms(}tn+1' 3(}{'.[))

<iz I:)bcpms(%' J'fn+1) + I)bcpms( %(Kn'Tn)'g(K'T))

”pbcvms (”: %(K:T)) ” < ”pbcpms (o, 7 41) ”

”pbcpms (Hnt H) + I)bcpms (Tn'T) ”
2 )

”pbcpms(}fnt %(HntTn)) + bbcpms(Tn'ig(Tn'Kn))”

2
+ B max{ 1P pcpms G FCOT)) + Ppepms (T &(T,20) ||

2
I:)bcpms (%» c&(%n»Tn))- I:)bcpms (T' %(Tn'}{n))
1+ I:)bcpms (%n»}f) + I:)bcpms (Tn'T)

+L min{ ”pbcpms(c(rf(”n’.rn)’”)”’ ”pbcpms(g(}f’-r):}‘fn”
”pbcpms(clrf((%n’.rn)’.r))”’ ”pbcpms(%(}'f'.r)r”)”

= 7P_)n.}o”I:’bcpms(%' c5'(%’-[)) ”

<p ”pbcmps(T’ (. ”)) + pbcmps(}'f' %(K:T))”
Hence from (2.1.13) and (2.1.14),
it follows that

”pbcpms(T' (. 7’{))“ + ”pbcpms(”: %(H:T))”
< ﬁ[”pbcpms(T' &(, ;’f))“ + ”pbcpms(}‘f: %(H:T))”]

which is a contradiction, since f < 1,

ThUS [|Pycpms (T, T, 20) | + [[Pocpms (26 FCoD)|| = 0
= ”prpmS(T'?f(T'”))” =0

and ||Dbcpms(%,{§(%,T))|| = 0.

Therefore 7= &(T, »),x = F(,1),

which ensure that & has a coupled fixed point

(T, »).

Next, suppose that & has more than one coupled
fixed point such that(A,v) # (T,%)

Hence A = F(A,Y),Y = F(V,A).

5515
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Based on the inequality (2.1.1), we have
I)bcpms A = I)bczoms (%(T' n), %(A,V))

Ppepms (TA) + Ppepms (36,Y) '
Ppepms (T.F(T,20)) 2+ Ppepms (26 FO0D)
Ppepms (A FAY)) +2 Ppepms (V) ?x(v,A))'
Pyepms (A F(T, ) )2- Ppyepms (A FAY))
1+ Pyepms (TA) + Pyepms (£,Y)

+ L mi {bbcpms (%(T: ”):A)' bbcpms (%(A:Y);T);}
Ppepms (B (T,20,Y), Phepms (FAY),A)

<i2 B max 1

— B max {bbcpms (T'A) + I:'bcpms (%'Y)

> ,0,0,0}+ L(0)

Therefore
”pbcpms (T’A) ”

<p ” bbcpms(T:A)';Dbcpms(”:V) ” (2.1.15)

Similarly,
IDbcpms (ey) = I:’bcpms (%(K'T); %(Y:A))

I:)bcpms (}{,Y) + bbcpms (T:A)
2 )
I:)bcpms (”: %(”:T)) + I:)bcpms (T: %(T; 7{))

~~

<, B max

2
I:)bcpms (Y: %(Y:A)) + I:)bcpms (A: %(A,Y))

2
I:)bcpms (A: %(T: ”)) I:)hcpms (A: %(A:Y))
1+ I:)bcpms (T:A) + I:)bcpms (%,Y)

+L mi {pbcpms &G, V), Pycpms &(v,0), ”):}
Pycpms &GN, Pycpms &(v,A)Y)

_ Bmax {pbcpms (”:V) + I:)bcpms (T:A)
2

,0,0,0}+ L(0)

”pbcpms (%:Y)”
< ﬁ ||pbcpms(”:v);'pbcpmsa:/\)|| (2116)
Hence from (2.1.15) and (2.1.16), it follows
”pbcpms (T,A)” + ”pbcpms (%:V)”

< ﬁ [”pbcpms (T:A)” + ”pbcpms(){;v)”]:

Eur. Chem. Bull. 2023,12(10), 5510-5520
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a contradiction, since f < 1
Hence & has a unique coupled fixed point.

Corollary2.2. If a mapping : 6 xS — Sis a
bicomplex partial metric, is such that

Poepms (F(T,20, FAV)) <5, BM(T,36AY)  (2.2.1)

Where M is defined as in the Theorem 2.1, then
& has a unique coupled fixed point in .

Proof. If we choose L = 0, in Theorem- 2.1
then the proof follows.

Corollary 2.3.Corollary 2.2also continuous to
be true if (2.2.1) is replaced with

Ppepms (§(T, 70, FAY)) <4, APpepms (TA)
+1Ppepms (1,Y),
forall T, ,AYy € Sand A tisin [0,1)
withZA+1< 1.

8

Proof. Proof follows by choosing 2 =1 = S

B <1and
M(T,2,A,Y) = Ppepms(TA) + Ppepms (2,Y)
forall 7,2 A,y € S in Theorem 2.1.

Corollary 2.4. Corollary 2.2 also continuous to
be true if (2.2.1) is replaced by

(g(T: %); %(A;Y)) <iz A [pbcpms (%(T, %),T)]

+ 1 Ppepms FAN,A)]
forall T,:,A Yy € GwithA + 1 < 1.

Proof. Proof follows by choosing X =1 = g,

B <1and

M(T, 5,AY) = [Ppepms (F(T,20,D] + [Pocpms FAN),A)]

in Theorem- 2.1.

Remark 2.5.

(i) Corollary 2.3 is an enhancement of
Theorem 1.10 of Gunaseelan Mani et.al.,[4]

(ii) Corollary 2.4 is an enhancement of
Theorem 1.11 of Gunaseelan Mani et.al.,[4]

Example 2.6. Let G = [0,1] be equipped with
the partial order <;,define p,c,,:6 xS — ¢,
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DY Ppeyms(T,2) = (1 + i) max{T,»x} B T,x €S
Clearly, (&, Ppcpms)is @ bicomplex partial
metric space.
We define §: S xS — Shy
0, T<xu

(T, %) = {12 — »?

YR
LetT,»,AYE Gsuch that TS A, x> V.

= xn

To verify the inequality (2.1.1), we have the
following cases

Case (i): LetT= x,since T<A, % >V,
= AZTZx 2V .

Now

Ppepms (&30, FAY)) = (1 +1iy) max{

=(1+1iy) (AZ"VZ)

4

<i2 (A—Y) (1 N iz) (A+Y)

2 2

1252 Az_vz}
4 ' 4

_ (ﬂ) % [(1 + i) max{TA} + (1 + i) max{, )]

2
_ (A - Y) pbcpms (T:A) + I:)bcpms (%'Y)
= 5 2

A
<i2 E M(T! }{)A)Y)

1
<i 5 M(T, #,A,Y)
<i, BM(T,,A,Y) + LN(T,2,A,Y)

Case (ii): When T< 3, A2Y and T>Y

AZ—YZ
I:’bcpms (g(T: %): C&(A,Y)) = IDbcpms <0: —>

4
AZ—YZ
=(1+ iz)max{O, 2 }

AZ—y2

=1 +i)—

- ()

(50 ()

= (AZ;V)% [(1 +iy)max{T,A} + (1 + iy)max{x,Vv}]
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_ (ﬂ) [Dbcpms(T:)\)‘*‘Dbcpms(ntv)]
2 2

A
<1'2 E M(TP %PAPY)

1
siz E M(Tl %,A,Y)

<i, BM(T,2,AY) + LN(T,2,A,Y)
Case(iii): When 7> », A<Y does not arise,
since 7>V, » >A.
Case(iv): When T< »,A<Y.
Then &(T,5%) =0 and (A, Y) =0and

Ppepms(F(T, %), F(A, Y)) = 0 so that inequality
(2.1.1) holds.

From the above four cases,we validated the
inequality (2.1.1) with p = - and for any L > 0.
Therefore, all the conditions of Theorem 2.1,
are satisfied and & has a unique coupled fixed
point (0,0).

Example 2.7. Let © = {0,5,7} and we define

Ppepms: © X & — €,by

((1+0)2 if (1,%) € 4,

[ (1+i,)4 if (1,%) € A,

IDbcpms(T' %) = 4 0 if (T,n) € Az
| (1+414,)7 if (T,%) € A,

(1+i,)5 if (1,3) € As

where A; = {(0,0),(5,7)}, 4, = {(5,0)},
45 ={(0,5),(0,7),(5,5)} A4, = {(7,0)},
As ={(7,5)(7,7)}

Clearly (&, Pycpms) is @ bicomplex partial metric

space but it is not a bicomplex valued metric
space,

since Ppepms(7,7) = (1 +1i3) 5
We define §: © X G — S by

5 if(T,x) € B;
(. :{7 if (T,%) € B,
where
B, ={(0,0),(0,5),(0,7), (5,0), (5,7),(7,5), (5,5), (7.7)}
B, = {(7,0)}
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We now verify the inequality (2.1.1) with
B= Z and L = %

when
(0,0),(0,5),(0,7),
(12 € {(5,0), (5.7),(7.5), (5,5). (7,7)}

and (A,Y) € {(7,0)}

since in remaining cases

we have Ppepms (§(T, 30, F(AY)) = 0.

Case 1: When (T,) = (0,0), (A, Y) = (7,0)
Ppepms (F(1,2), FA))

= I)bcpms (L&(O’O)’ 3(7’0))
= I)bcpms(S 7)=(1+1,)2

(1 +i,)(4.5)

\12 6

= BM(T,,A,Y) + LN(T, %,A,Y)

Case 2: When (T,%) = (0,5), (A Y) = (7,0)

Ppepms (g(T: ), %(A;Y))
= I:’bcpms (%(0'5); %(7:0))
= I:’bcpms(s 7) = (1+iy)2

(1 +i,)(3.5)

\lz 6

= B M(T,2,A,Y) + LN(T,2,A,Y)
Case 3: When (T,x) = (0,7), (A,Y) = (7,0)
IDbcpms (g(T: %), 8:(/\,\())

= IDbcpms (%(0'7): 8(7:0))

= pbcpms(5:7) = (1+1i,)2

5

<i, 3(1 +i,)(7)

= B M(T,,A,Y) + L N(T,3,A,Y)
Case 4: When (T,x%) = (5,0), (A Y) = (7,0)

I:)bcpms (%(T, n), C&(A:Y))
= Ppepms(F(5,0),&(7,0))
= pbcpms(5:7) = (1+iy)2

5.
<i, 2(1+)(7)
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= B M(T,#,AY) + LN(T, 2,A,Y)
Case 5: When (T,%) = (7,0), (A,Y) = (7,0)
I)bcpms (S(T; %); 8(/\,\/))

= pbcpms(%(zo): %(7:0))
= I)bcpms(7 7) = (1 +i3)5

" (1 +i,)(2.5)+ = (1 +i,)(7)
Case 6: When (T, %) = (5,5), (A, v) = (7,0)
I)bcpms (g(T; J’f); g(A:Y))

= I)bcpms(?):(s’s)’(1-3‘(,7'0))
= I)bcpms(s 7) =1 +1)2

\1

(1 +i,)(2.5)

\12 3

= BM(T,2A,Y) + LN, 2,A,Y)
Case 7: When (T, %) = (5,7), (A Y) = (7,0)
IDbc;oms (%(T: %), %(A,V))

= pbcpms(%(sj), %(7,0))
= I:)bcpms(5 7) = (1+iy)2

<i, 3 (1 +i,)(4.5)
= B M(T,x,A,Y) + LN(T, %,A,Y)
Case 8: When (T,%) = (7,5), (A Y) = (7,0)
I:)bcpms (%(T: ), %(A,V))
= pbcpms(%(7,5), %(7,0))
= I:)bcpms(5 7) = (1 + iz)z

(1 +i,)(2.5)

\12 6
= BM(T,#,AY) + LN(T,x,A,Y)
Case 9: When (T,%) = (7,7), (A,Y) = (7,0)

Ppepms (%(T: "), %(A,Y))
= pbcpms(c&(7’7), %(7,0))
= pbcpms(sj) =(1+iy)2

5,
<i, 2(1+1:)(6)

= B M(T,5,A,Y) + LN(T,2,A,Y)

Therefore, all the conditions of Theorem 2.1 are
satisfied and & has a unique coupled fixed
point (5,5).

5518



Coupled fixed points in bicomplex partial metric space and an application

3. Applications to integral equations
We study the existence of the following system
of integral equations.
T(x) =
n(x) + Lb(kl(x,x) + k(06,300 (F1(3,T () + F, (4, 2(x)))d x
n(x) =
n(x) + Lb(kl(x,x) + Ky (06,30 (F1(3,T () + F, (4, 2(x)))d x

where x€ [a, b, k;, k, € (([a,b] X [a, b]), R)
such that k;(x,x) = 0 and k,(x,%) < 0

Let © = C([a, b], R) be the class of all real
valued continuous functions on [a, b].

We define a partial order
<i, on ¢, asx <i, yifand only ifx <'y.

Define §: G x G — G hy

b
(1,20 () = f ey (5, 59) [ (59,7 (9)) + § (9, 6 ()]

b
+ [ a0 (4,500 4, (047 G0+ ()

Now (T (%), #(x))is a solution of system of
integral equation iff (T (%), #(x)) is a coupled
fixed point of §.

Define Pyepms: © X & — €, by
pbcmps(T;%) = |T—xul+2+ ile —x|+ 2
forall T, € G.

Theorem 3.1. Assume the following
hypothesis:

1. The mapping
& la, b]XR - R, F,:[a,b] » R
are continuous.
2. ThereexistsT,x ER,
T< » such that
0<F (1) —F1(x, ) <;,7T—xand
—(T=30) <y, T2 (1) = Fa(, %) <3, 0

3. [lky(x,x) — ky(x,3)|d x < g,
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B €10,1),
then the integral equation (3.1.1) has a
unique solution in .

Proof. Consider
I)bcmps (%(T, J’f); %(A:Y))

= (1 +i)F(T20) = FAV)[+2)
<i, A +1y)

F2 Ty (3<,) [ (50T (0)) + Bz (30, 2¢0x))]d 30
+f Ky (5¢,%) [§1 (2, 2#(2)) + F, (3,7 (x)]d = + p(xl)
—f Ky (0¢,20) [§1 (3,4 () + F, (3, Y (%) ]d >
- fa Ky (5¢,50) [§1 (3,4 () + F, (0,Y (0)]d > — p(>)

<i, (M+43)

b
f Kk, (%)

—f k, (x,%)

c’}l (N,T ()4)) - %1 (N,A ()4))
+F2(34,5(X) — F2 (X, (%)

CLTH(>4 Y (><1)) $1(>‘1 H("’))
+F2 (A (¥) — FL(%,T (%)

) [k (¢,%) — k, (x,x)|d >
<i, 1+ lZ)L [T (%) —1A (x) + }{(ZN) -y (x)| +2

+2

<, [2—;[IT () —=A ()| + 2+ iyle(x) =y (x)| + 2]

— g[pbcpms(T,A) + pbcpms(%'v)]

I:)bcpms (T:A) + I:)bcpms (%’Y)
=p 5
<i, BM(T,7,AY) + LN(T,3,A,Y)
forall T,,A,YE S, B € [0,1)
Hence all the hypotheses of Theorem 2.1 holds .
Therefore by Theorem 2.1, the §has unique

coupled fixed point in &, hence the integral
equation (3.1.1) has a unique solution in &.
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