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Abstract

The focus of this paper is to present results on stability and data dependency for a new four steps
iteration scheme when dealing with contractive-like mappings. We also proffer some weak and
strong convergence results for generalized nonexpansive mappings endowed with the property (E)
in the setting of uniformly convex Banach spaces. We provide a numerical example supported by
graphs and tables to validate our proofs. We used this new iteration method to find the solution of a

Volterra-Fredholm integral equation.
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1 Introduction

Iterative methods have become one of the most interesting topics for numerical analysis to
approximate fixed points and study their convergence results. The iterative method has two main
aspects, the number of iterations and stability. When the number of iterations is small and stable,
the method is considered successful, effective, and better than its counterpart in approximation.
Moreover, we use the concept of fixed points to find the solutions of integral and differential
equations.

The data-dependence result concerning Mann-Ishikawa iteration is in [30] where the data
dependence of Ishikawa iteration was proved for contractions mappings. Soltuz et al. in [31]
proved data-dependence results for Ishikawa iteration for the contractive-like operators.

In the last two decades, iteration schemes have been considered an easy way to calculate the
desired fixed points and, due to this, several interesting iterative processes have been introduced
to obtain the fixed point of various kinds of mappings in different types of domains. Some well-
known-rations are Mann iteration [14], Ishikawa iteration [12], Noor [15], S-iteration [2], Abbas
et al. [1], Thakur et al. ([32], [33]) K iteration [11], M *iteration [34], M iteration [35], K*
iteration [36], Picard-S iteration process [9].
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Let UCBS, N, R, and F (T) denote uniformly convex Banach space, the set of positive
integers, the set of real numbers, and the set of fixed points of any mapping T respectively, and T
be any self-mapping defined on a subset C of a Banach space B.

In 1967, Ostrowski [19] obtained the following classical stability result on metric spaces.
Theorem 1.1. Let T: X — X be a Banach contraction with contraction constant u € [0,1), where
(X, p) is a complete metric space. Let p* be the fixed point of T. Let po € X and p,+1="T p, for n =
01, 2.

Suppose that {q,} is another sequence in X such that €,= p(T q,,qn+1). Then
PP nar) < p(p*, patr) + " plpo, qo) + fo""f-
In addition, lim,_,q, = p* if and only if
lim,_,, €, =0.
Later, Harder and Hicks [10], Osilike [18], Rhoades [22] and Zhou [37] extended above
important result.

The convergence and stability of the iteration scheme are studied by Hussain et al. [[11] and
Ullah et al. [35]] for X iteration and K* iteration respectively. Hussain et al. [11] discussed data
dependency and stability results for their newly defined iteration.

In 2020 Shatanvi et al. [26] introduced the following four-step iteration process, which was
faster than iteration schemes given by Sintunavarat et al. [27], Agrawal et al. [2], Mann [14],
Ishikawa [12], Abbas et al. [1]. for x; € C

Xny1 = (L= an)Tzn + anTyy
Yo = (1 =by)T z, + by Tuy,
Zn = (1 = cp)xp + Cruy
u, = (1 —-dy)x, +d,Tx, neN
(1.1)
where {a,}, {ba}, {ca}, {dn} € (0,1).

In the same year, Ofem et al. [16] introduced the following Al iteration scheme and proved
that the Al iteration method converges at a rate faster than normal S-iteration [24], M iterative
process [34], Garodia et al. iteration [8] and Picard S-iteration process [9]. For x; € C

Xn+1 = Tyn,

Yn = Tzy,
Zy =T uy,
u, = 1l—a)x, + a, Tx, ne

N (1.2)
where {a,} € (0,1).
Motivated by the work done in this direction, we introduced a new iteration method to prove
stability, data dependency and approximate the fixed point of generalized nonexpansive mappings.
Forx, € C
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Xn+1 = T((l _an)yn + an Tyn)

In = Tz,
z, = Tu,
u, = T((1=bp)xn, + byTxy) ne
N (1.3)

where {a,}, {b,} € (0,1).
Definition 1.1. A mapping T: C — C is a contraction, if 3 k£ € (0,1), such that [T a — T bll < klla —
b|l forall a, b € C.
Definition 1.2. T is quasi-nonexpansive, if F (T) #¢and [Ta—pll<lla—pll Va€Candp€
F(T).

In the last few years, several generalizations, and extensions of nonexpansive mappings have
been done by researchers. Suzuki [28] introduced condition (C).

A self-mapping T: C — C is said to satisfy the condition (C) if

1
= || — || = ||u—uv| = w— "y v = | —u vu, v e L
Sl —Tul = || | = 1Tu—Tell < | ¥ c

It is obvious that every mapping which satisfies condition (C) with at least one fixed point is
quasi nonexpansive mapping (see [28]).
In 2017, generalized a-nonexpansive mapping, larger than the mappings satisfying in condition
(C) was introduced by Pant and Shukla [20].
A self-mapping T: C — C is known as generalized a-nonexpansive if there exists a € [0,1) such
that

1
—||le — Tl < [|n vl = [[Tu— Ty < alTu ol + exl| T e wl| + (1 2en || w pl Yu.vel
_}ll

(1.4)
Remark : Suzuki-type generalized nonexpansive mappings, a-nonexpansive mappings and
generalized o-nonexpansive mappings are not necessarily continuous in their domains but
nonexpansive mappings are continuous (see [20], [21], [28]).
Definition 1.3 ([7]). A self-mapping T defined on a nonempty subset C of a Banach space B
satisfies the (£,) condition on the set C if there can be found a real number x4 > 1 so that
lu =T vll < pllu =T ull + llu—vl,
forallu, veC.
Moreover, it is said that T accomplishes the condition (£) if 3 4 > 1 such that T fulfils the
condition (£,).
1. If T is nonexpansive, then it satisfies the condition (£,). The converse need not to be true.
2. From Lemma 7 to [28], if T: C — C satisfies the condition (C) on C, then it satisfies the
condition (E3).
3. From proposition 2.4 in [21] it is obvious that if T is a generalized a-nonexpansive mapping,
then T

satisfies condition
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In [7], it is proved that a mapping endowed with the (£) property with a fixed point is quasi-
nonexpansive.
2 Preliminaries
A Banach space B is uniformly convex if for each ¢ € R+, there is a § € R+ such that |lall < 1, ||6]] <

. P | LS 1 for f=
1 and lla — bl > € implies "7 = {(1—4) fora,be B,

A Banach space B is said to have the Opial property [17] if for each weakly convergent sequence

{pn} in B, converging weakly to p € B, we have

|i]||_:-i|1[: [l = || = lin:-ll[: [l = all for all g € B such that p # ¢

Assume that {p,} is a bounded sequence in Banach space B. For p € B, we set
r (p. {pn}) = limsupllp — pu .
n—a0
The asymptotic radius of {p,} relative to a nonempty closed and convex subset C of Banach
space B is given by
r(C, {pa}) =inf {r (p, {pa}): p € C}.
The asymptotic canter of {p,} relative to C is the set
A(C, {paj) = ip €C:r(p, {pn}) =1 (C, {pai}-

It 1s noteworthy that 4 (C, {p,}) has exactly one point if B is uniformly convex. Also, 4 (C,
{pn}) 1s nonempty and convex when C is weakly compact and convex (for more details, see [29]).
Definition 2.1. [6] Let T: B — B be any mapping. Suppose po € B and p,+1 = f (T, pn) defines an
iterative scheme which produces a sequence of points p, € B. Suppose p, converges to the fixed
point p* of T. Assume that {u,} be a sequence in B and € € [0, «) given by € = llu,+1 — u,ll. Then
the iterative scheme defined by p,+1 =f (T, p,) is called stable with respect to T if lim,,_ ., €, =
0 iff lim, e u, =0.

Definition 2.2. [21] Let {x,} and {y,} be two iterative schemes such that both converging to the
same fixed point x*and [lx, — x*|l < ¢, and lly,— x*Il <w, Vn € N.

If {t,} and {w,} be two real number sequences converging to ¢ and w, respectively and
t, —1t
||——| )
This implies that {x,} converges faster than {y,}.
Definition 2.3. [18] A mapping T defined on a Banach space B is known as contractive mapping on
B if there exist constants L, b € [0,1) such that forall x, y € B
ITx—Tyl<Lllx—Txll +blx—yl (2.1)
Definition 2.4. [6] The operator T is called contractive-like operator if there exists a constant b €
(0,1) a continuous and strictly increasing function 4: [0, o) — [0, o) with 4 (0) = 0 such that for
eachx, y € B,
ITx—Tyll <bllx—yll +g (llx—Txll) (2.2)
Osilike [18] worked on many stability results as a generalization of the works done by Rhoades
[22] and Harder et al [10].
Proposition 2.1. /7] Let T be an arbitrary self-mapping defined on bounded subset C of a

Banach space B.
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If
1. There exists an almost fixed-point sequence {x,} for T in C such that x, weakly
converges to p*,
2. T satisfies condition (E) on C, and
3. (B, ) satisfies the Opial
condition.
Then, T p*=p*.

Proposition 2.2. [7] Let T be an arbitrary self-mapping defined on bounded subset C of a
Banach space B. Then at least one of the following statements hold.

1. There exists a sequence {x,} in C such that |Tx,— x,ll — 0. Such a sequence is called

almost fixed point sequence for T.

2. T satisfies condition (E) on C.
Proposition 2.3. /7] Let T: C — C be a mapping which satisfies condition (E) on C . If T has
some fixed point, then T is quasi-nonexpansive. The converse is not necessarily true.
Proposition 2.4. [20] Let T be a generalized a-nonexpansive self-mapping defined on nonempty

subset T of a Banach space B. Then, for all u, v € C,

; A A )
— Ty <
| T“'l‘[l—r-]

| — T || + || — v

Therefore, if T is a generalized a-nonexpansive mapping, then T satisfies condition
Fy o = e

' ' i1 —ex),
Theorem 2.5. /28] Let C be a convex and weakly compact subset of a uniformly convex Banach
space B and T : C — C satisfies condition (C). Then, T has a fixed point.
Theorem 2.6. /29] Let 0 < a < w,< f < 1 for all positive integers n. Let {x,} and {y,} be two
sequences in a uniformly convex Banach space B such that lim,_ sup || x, ll, lim,_ . sup |l
Yo <M andlim, o |l wpx, + (1 — 0 )y, | = 1 hold for some n > 0. Then lim,_,

Xn — Yn I=0.

3  Stability result
Remark : Since (1 —7)<e ", forn € [0,1]. If {b,} be a sequence of nonnegative real numbers such
that
WEH Y by = o 11 b, =0
= L, then l=l A

b, € (0,1] for all
Theorem 3.1. Let T be a self-contractive-like mappings defined on a nonempty convex and
closed subset C of a Banach space B with F (T ) # @ and {x,} be the sequence defined by the
new iteration scheme (1.3), where {a,} and {b,} are a sequence in [0,1] for all n € N such that
lim,,_,o Yiio @; = .. Then {x,} converges strongly to a unique fixed point of T.

Proof. Assume that p* is a fixed point of T. By the definition of new iteration (1.3) and
contradictive-like mapping

ot — p*Il = IT ((1 = bu)xy+ b, T x,) = T pll
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=y = bu)xy+ b, T x,— p*II] + g(IT p* = p*ll)
< y[(l - bn)”xn _p*" + bn"T Xn _p*"]
<1 = b)llxn = p*ll + pbullx, — p*ll + bug (IT p*— p*I)]

= y[1 = ba(1 = )]llx, — p*II. (3.1)
Similarly
lz,—p*ll = IT u, = T p*ll
<yllu,— p*Il + g (IT p*— p*Il)
= yllun— pll (3.2)
By equations (3.1)
) (33)
lz, = p*ll <y [1 = by (1 = P]llx,— p*ll.
And
Iy, —p*ll =T z,— T p*ll
<ylz,—p*ll + g (IT p* = p*ll)
=9z, — p*I. (3.4)
Therefore, by equation (3.3) we have
llya = p*ll =< y’[1 = by (1 = )]llx, = p°I. (3.5)
Again
X1 = p*Il = IT (1 = @n)yn+ axT y,) = T prll

= — anynt anT yo— pll] + gUIT p*— p*l)

<y[(1 = a)llyn = p*ll + aullT y, — p*Il]

<y[(1 = a)lly.— p*ll + yaully,— p*ll + a.g(IT p*— p*l)]

=701 = a1 = )1ly. = pll. (3.6)
From equation (3.5)
per = pll < 11 = a(1 = I[T = bu(1 = )i, = pIl. (3.7)
Since y < 1 and b, € (0,1] so for all i € N, we obtain [1 — b1 — y)] < 1. Hence
X1 = Il < Y1 = au(1 = p)lx,— p7Il. (3.8)
Inductively we have
e = I <y T [(1 = a1 = NI lx = p I (3.9)
It is evident that a,(1 —y)] < 1 and (1 —#) <e " for all # € [0,1]. Thus, we see that 1 — a,(1 —y)
<
e—a(1-y),

Therefore,

|11 = pl| < p*OHD e~ AN ELo aillxo—ll

. . —(1—- n . -
hmn—)oo ||le+1 — pll S llmn_)oo y4(n+1) e (1 y) le(] al”xo p”
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Since lim,_q Yo a; =

oo, These yields lim,_,, Il X, — p* Il =0 i.e. {x,} converges
strongly to p*.

For the uniqueness of fixed points, suppose that p* and g* are any two fixed points of T. Then
lp =gl =T p* =T g*ll < yllp*— g*l + g (T p*— p*Il) = yllp* — ¢*Il.

Thus, we have (1 — y) llp* — ¢*Il = 0. This implies that p* = g*. O
Lemma 3.2. /3] For a real number n € [0,1) and a sequence of positive numbers {€,} such that
€, — 0 as n — oo, then for any sequence of positive numbers x, satisfying

xntl=nxn+en

forn=12,3, ..., wehave

lim x,= 0.

n—0a0
Theorem 3.3. Let T be a self-contractive-like mappings defined on nonempty closed convex
subset C of Banach space B with F (T) # @ and {x,} be the sequence satisfying (1.3), where
{an}, {bu} € (0,1] for all positive integers n. Then the new iteration scheme (1.3) is T -stable.
Proof. Let {p,} be an arbitrary sequence in B and x,+; = g (T, x,) be defined by (1.3) which

converges to the unique fixed point p*of T and €,= || p,+1 —g (T, p,) ll. We need to show that lim
€,= 0 if and only if limy,_,e Pp=p*.

First, we assume that lim,,_,,, €, =0

and

lpn+1—p*ll = llps+1— g (T, pu) + g(T ,p,) — p*l

<pni1— g (T, p)Il + 1g(T ,pn) — p*li

=6+t IT (1 —ay)g,+Tq,)—p*l

=6, ylI(1 —ay)gn+ a,T q,— p*ll

= e, y[(1 — an)llgn— p*ll + @l T g, — p*ll]

=6, + y[(1 —ap)llgn— p*Il + yaullg,— p*ll + g(T p*— p*)]

=&t y[1—a,(1=y]lg,— I

=e,ty[1 —a,(1 =T r,— i

=6t y[1 = an(1 = P]lylrn—p*ll + g(T p*— p*)]
=6 7°[1 = a1 =T s, pl

=6+ 7°[1 = au(1 = PYllsa— p*ll + g(T p*— p*)]
=6t 7’ [1 = a,(1 = PIT (1 = ba)pa+ b, T p) = pl
=€ty = a1 =PI = bu(1 = P]llpa— p°l

Since (1-y) <1 and a,, b, € (0,1], so y4[1—an(1—y)][l—bn(l—y)] < 1. By the virtue of Lemma
3.2, lim, e I pn — p* = 0 ie. limp,=p*.

Conversely, suppose that lim p, = p*. Then
€= llpnt1 = g(T,pa)ll
<Npu1—p* Il + llp*— g (T, p)ll
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< pur = prll + 5'[1 = @, (1 = I = bu(1 = P]llp,— p*ll (3.10) Taking
limit as n — o in (3.10) we get lim,_. €, = 0. Hence the new iteration scheme (1.3) is
T—stable.
0
4 Data Dependency Theorem
We consider the new iteration process (1.3) for the operator S as follows. For p; € C
Pn+1y = S((l - an)Qn + a, S:Vn)
qn = Sty
T, = Ss,
4.1)
S, = S((l —b)p, + bnSpn) neN
where {a,}, {b,} € (0,1].
Definition 4.1. [4] Let T, S: B — B be two operators. S is said to be approximate operator for T if
for some € > 0 we have [Tu—S ull <eforallu € B.
Lemma 4.1. [31] Let it {220 be a sequence of nonnegative real number for which there exists
ny € € N such that for all n > ng satisfying the relation.

U1 < (1 - ,Bn)an + ﬂn Oy, (42)

where B, € (0,1) for all n €N, Yoo Pn. and 6,> 0 for alln € Y= “I'I'J_;H_:Lll‘ . = lim sup e, N,
Then

Theorem 4.2. Let T and S be defined on a nonempty subset C such that T be a contractive-like
operator with a fixed point p* and S is approximate operator for T with Sq*= q*. Let {x,}n=q be
an iterative sequence generated by (1.3) and iterative sequence{p}y - is generated by (4.1) with

. ooy = o0, If lmopy = g°
the assumption (1 — a,) < a, anda=) n—b00

11e

T -, where €

, then we have o™ —a*|| =
> 0 is a fixed number.
Proof. By using equations (1.3) and (4.1), we obtain
lup— sl = 1T (1 — by)xn+ b, T x,) — S((1 — by)pn+ b,.Sp)l
=T ((1 = bu)xp+ by T x2) = T ((1 = bp)pn+ b,Spn) + T (1 = bp)pn+ b,Spa)
= S((1 = bw)pn+ buSpa)l
<IIT (1 = by)x,+ b, T x,) — T (1 = b)pn+ b,Sp )l + IIT (1 — by)p, +
buSpy) = S((1 = ba)pn+ buSpy)l
<1 = by)x,+ b, T x,— (1 — b)p,+ b,Sp)ll + g(T ((1 — b,)x, + b, T x,,)
= ((1 = bp)xn+ b, T xp)) + €
<y[(1 = D)Xy = pull + Bull T x,, = Spull] + (T (1 = byp)xy + by T x)
= ((1 = bp)xn+ b, T xp)) + €
<y[(1 = b)llxy = pull + bu{IT X, = T pull + IT pr— Spall} ]+ g(T ((1 = by)x,
+b,Tx,)— (1 = by)x,+ b, Tx,)+e€
<1 = b)llxy, = pall + by {yllx, = pall + g(T x,— x,) + €41+ g(T ((1 = by)x,
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+b,Tx,)— (1 = by)x,+ b, Txy))+€

<y[(1 = b)llxy = pall + Dyl = pall + bug(T X, — x,) + bue] + g(T ((1 = by)x,
+b,Tx,)— (1 = by)x,+ b, Tx,) +e€

< y[(L = bu(1 = )]lxy = pall + ybug(T x — x4) + ybye + g(T ((1 — by)xs

+ BT %) = (1= ba)xa+ BT x,)) + € (4.3)
Now ”Zn - rn” = ”T Up— SSn“

< ”T Up— T Sn” + ”T Sn— Ssn"

Sy”un_sn” +g("T Up— un”) te (44)

From equations (4.3) and (4.4)
Nz = 7all = Y [(1 = (1 = P)1lxu = pull + y*bug(T X5 = x) + b€ + yg(T (1 = bu)x,

+ b, T x,) — (1 = bp)x,+ b, T x,)) +ye + g(IT vy, — uyll) + € 4.5)
Similarly, 1y, — gull = IT z, — Syl !
<WT z,= T rull + T 7, = Sl
<ypllz,—rll +gIT z,— zll) + (4.6)

From equations (4.5) and (4.6)
lyn = gnll = V3[(1 = bu(1 = P)]llx, = paull + 73bng(T Xn = Xp) T y3bn€ + Vzg(T (1 = Dn)xn
+ b, T x,) — (1 = D)+ BT X)) + 9% + yg(IT 1, — unll) + pe
+g(ITz,—zl) +e 4.7)
and
X1 = poaill = IT (1 = @n)yn+ anT yu) = S((1 = @n)gn+ a,Sqn)ll
<IT ((1 - an)yn+ anTyn) -T ((1 - an)(In + anSQn)"
FIT (1 = @n)ynt anSqn) — S((1 = an)gn+ anSq,)|l
<y[(1 = ally, = gall + @l T y,— Sqall] + (T (1 = an)yn+ auT ys)
- ((1 - an)yn + anTyn)) +e
<[ = ally,— gall + @, {ITy,— T qull + IT g, — Squll} 1+ g(T (1 — an)yn
+a,Ty,)—((1 —a)yn+a,Ty,)) te
<Y1 = a)llyn = gull + an{yllyn = gull + (T yu=yu) +€}] + (T (1 — an)yn
+a,Ty,) = ((1 = a)yat anTyn)) + €
<YL = an(l = PNyn = gull + yang(T yu = yn) + yane + g(T (1 = an)yn
+a,Ty,)— (1 —a)y,+a,Tyy))+e (4.8)
From equations (4.7) and (4.8)
X1 = pratll < 9[(1 = @n(1 = p)] {)/3[(1 = bu(1 = P)]llx, = pall + V3bng(T Xn = Xp) + V3bn€
+778(T (1= b+ b, T x,) = (1 = baa b, T x,)) + 7%
+ 9g(IT uy,— unll) + ye + g(IT z,— z,ll) + €} + ya,g(T yu—yn)
+yane + g(T (1 = an)yn+ aiT yu) = (1 — an)yn+ aT y,)) + €
=9 1(1 = au(1 =PI = bu(1 = )]s = pall + 7' [(1 = @1 = 9)1bug(T x,— X,
+7'[(1 = a,(1 = )b + 7'[(1 = au(1 = 1T (1 = bu)xu+ b,T x,)
= (1= b+ b, T x,)) +7°[(1 — an(1 = p)]e
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+ 7’11 = au(1 = I wy— w,l) +7°[(1 — an(1 = p)]e
+9[(1 = an(1 = IgIT zu = zall) + y[(1 = a@n(1 = p)]€ + yang(T yu—yn)
+yane + g(T (1 = a)ynt anT yn) = (1 —an)ynt+ a T yn)) +€
(4.9)
Since a,, b, € (0,1] and y € (0,1) it implies (1 — a, (1 — %), (1 — bu(1 =), y*b,, y* ¥, y* < 1. Thus,
11 = il S [(1 = @ (1 = )] = pall + (T x,—x,) + €
+g (T (1 =by)x,+ b, Tx,)— (1 —=bpx,+ b, Tx,)+e+g(IT u,— uyll)
+et+gTz,—zll)+e+a,g (Ty,—yn) +ane
+g (T ((1 - an) wmt anTyn) - ((1 - an)yn+ anTyn)) +e
=[(1 = a(1 = p)x,— pull + g(T x,,— x,) + (T (1 — by)x, + b, T xp,)
= ((1 = bu)xn+ b,Tx,)) + gUIT w,— unll) + gUIT 2, — z,ll) + @,g(T ¥, = yu)
+g (T ((1 - an)yn + anTyn) - ((1 - an)yn + anTyn)) + ane + 5S¢
By the assumption (1—a,) < a,, i.e. 1 < 2a,and taking (1-a,) y,+a,T y,= L,(1=b,)x, +b,T x,= t,,
we obtain
X1 = poetll S [(1 = an(1 = P)]lxn = pall + &(T x,— x) + g(T (1 = byp)x, + b, T x5,)
—((1 = bw)xp+ b, T xp)) + g(IT t— unll) + g(IIT z,, — z,ll)
+ an@(T yo— yu) + g(T (1 = a)yn + @T yo) — (1 — @)y + aiT yn))
(4.10)

t €+ DN
= [I_] iy, 1 "j]"rJ l!'.l...” F2a,0(Txe, — 2n) + 2a,9(Tt, — 1)
L 2'"”."“: |T”r| — My ”:' L E'rrll.r.ll[ |T.-'.'.- — In ":' L r:'..;:!'_.l":'T_-!.l_... - :'.-'.l.-':
+ 2a,g0 Tl — L)+ ane + 5.20,¢
) 20T, — 20+ 20Tty — 1)
=[(1 = au(1 = )]|lrs = pal| + an(l “,I{ L, I:IIJ ‘_;JI' - =
29[| Tun — ua|l) + 2901 T2 — 2all) + 9(T Y — 1)
(1—=)

2g(Tly — 1) + 11e
(1—7)

(4.11)
Take a, = Il x,— pu ll, fn=a, (1 —y), and
_ 29(T ey -f'r.-IJ I f_ﬂli'rf.-r tn) | 29([| Ty — uy|) 4 ‘—'f;IEI]I'T:.-] Enll) + o(Tyn — )
) ) I g
I 20T, — 1,0+ 11 .

(1 -
Since f is a continuous strictly increasing mapping and {x,}, {yv.}, {z.}, {u.} are sequences
converge to the fixed point of T, then

limy oo f (I Ty — 2 1) limpoo f (N Tt — ta D) =limyoo f N Ty, — Yl

) limy oo f I Tz, — 2, )

lim, o f (I Tu, — u, ) lim,,, f (I TI, —
L, I) =0.

By using Lemma 4.1, we have

Ty
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limsup |z, — pol|

T1 =0

< 20(Tawg —an) +2(Tty —ta) | 2g([[Tun — wnll) + 2001720 — 2all) + 9(T 1 — 1)
- (1 == (1— )
2q(Tl, — 1)+ 11e
' (1-7) (4.12)
By using Theorem 3.1 and the assumption lim,_., p, = q *
,we have
lp= ot = 'L .JM;.;,
This completes the proof. O

5 Rate of Convergence

In this section, we will prove that our new iteration process (1.3) converges faster than the iteration
processes (1.1) and (1.2) under contractive-like mappings.

Theorem 5.1. Let C, B, T and {x,} be as in Theorem 3.3. If p* € F (T) then the iteration process
(1.3) converges faster than iterations (1.1) and (1.2).

Proof. From equation (3.9) of Theorem 3.1 and the assumption a < a,<1 for some a > 0 and n € N,
we have

1 = pxll < y*0+D T[ — a1 — Y] %o — p° |

< y*™ (1 = a(l = )](n+1D)Ix0 — pll. (5.1)
Set hn =y*@* D [(1 — a(1 — »)](n+1)lIx0 — plI.
From equation (1.1) with assumption a,, b,, c,, d, are sequences in [a,1—a],[b,1—b],[c,1—c] and
[d,1-d]
Where @ ttoc,d & ([, %), we get
Ixp+1 = p* Il < [1 = (1 =) du(cn+ anbn(1 — c))]llx, — p*ll
<[1 = =y d(ctab(l —c)]llx,— pll
Inductively, we find that
i1 = p*Il < [1 = (1 = p) d(c + ab(1 = )" llxo— p*
Set 1,=[1— (1 —p)d(c + ab(1 — ¢))]""llxo— p*Il. Then from equation (1.2), we obtain
lxnt+1 — p*ll < y3@*FD [(1 — a1 — Y] 1P+ D]1x0 — p=l. (5.2)
Set v,= """ D [(1 — a(1 — )]"Pllxo— p*Il. Now we observe that

lﬂ . J.Ll:llllll:'l. ':’I. AI'.:Illll Ty
e — [ — L M llzo = pl —+ D as n — oc
e L= (1 —~)de +ab{l — )]+ |zo — p*|

This implies that iteration (1.3) converges faster than (1.1). Also
h, AU — a1 — )] Y|z — p|

X . s no— o0
iy .:I-!-I.'.—I:.[] all — ]_|.-.+|| |IJ-_:I iad | *

This shows iteration (1.3) converges faster than iteration (1.2). O
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Remark 5.1. Since Shatanvi et al. iteration 1.1 is faster than Sintunavarat et al. [27], Agrawal et
al. [2], Mann [14], Ishikawa [12], Abbas et al. [1] and our new iteration (1.3) is faster than
Shatanvi et al. iteration (1.1). Therefore, our new defined iteration is faster than Sintunavarat et
al. [27], Agrawal et al. [2], Mann [14], Ishikawa [12], Abbas et al. [1].
Remark 5.2. Similarly, the Al iteration method (1.2) converges at a rate faster than normal S-
iteration [24], M iterative process [34], Garodia et al. iteration [8] and Picard S-iteration process
[9] and our new iteration (1.3) is faster than the Al iteration method (1.2). Therefore, the new
iteration (1.3) converges at a rate faster than the normal S-iteration [24], M iterative process [34],
Garodia et al. iteration [8] and Picard S-iteration process [9].
To illustrate the efficiency of new iteration process (1.3), we consider the following numerical

example. Example 5.1. Let B=R, C=[0,4], and let T: C — C be defined by

Tte) = {T o ifue[02)

' T, if u €
[2,4].

Clearly 0 € T (F). Since T is not continuous at 2, it implies that T is neither contraction mapping
nor nonexpansive mapping. Next, we show that T is contractive-like mapping. For this, consider
a strictly increasing continuous function /> [0, ©) — [0, «) defined by

,ifx € (0, )

ifx=0.
When u € [0, 2), we have
i 2t ”‘_!Tr.xl o
e =Tul = lu =31 = 3 g 150 =5
When u € [2,4], we have
i D S, Du
=Tl =1 =51 = 5 and 106 7= 12
Now we consider the following cases.
Case 1: If u, v € [0, 2), then
; 1 |
[T —Toll = 15 — 51 = 3lhe—ll < 3 llu— vl + 3]
| o 2 1 .
= |l — vl + SO = = [l — o] + F(llu — Tul))
3 b 3 .
Case 2: Ifu € [0, 2), v € [2, 4], then
) _ i 0 ! i oo 1 . E
ITu=Tol =I5 - gl =115 + 5 - 21 < glu—ol + 151
I | 2
< sllu—vll+ 151 < 3llu = vl + 75D
| y
= 3 llu = vl + f(llw = Tul).

Case 3: Ifu € [2, 4], v €O, 2), then
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i (1) i i (I | it
ITu=Tvl =15 -3l=l3-5 3l =glu-vl+l
< < fu—vll+lI7z 1 < 3lu—vll + £ 1)
1
= gllu = vl + flllu = Tul).
Case 4: If u, v € [2, 4], then
u 1 1 ST
[T — T —||ﬁ ﬁ“if_i”” ]| 4 |E|
1 5 1
< glhe =l + S 1) = Fllu = el + £~ Tul)
. ] v .

Thus, Case 1, 2, 3 and Case 4 are satisfied for b = § Hence, T is a contractive-like mapping for
for b= <.
3

By using example 5.1, we tried to show that the rate of convergence of the iteration process (1.3)

is better than some known iteration processes for contractive-like mapping. Parameters are
20n 15kt il n

i, = oy = 5 Oy T —
! 20n + 3 (5n* +7)* forall n € N.

30+ 7"
Clearly p* = 0 is a fixed point of contractive-like mapping T. Table 1 shows the behaviour of

= g
lam + )=
some iteration processes to fixed point of T for initial value xo= 1.5.

Table 1: Comparison Table

Convergence behaviour of the iterative schemes of Shatanvi et al., Al iteration and the new

iteration (1.3) for the function given in Example 5.1 when the initial guesses are x,=1 and 3.

St Shatanvi Al New Shatanvi Al New

ep Iteration Iteration iteration Iteration

S

1 1.000000000 | 1.00000000 | 1.00000000 | 3.000000000 | 3.00000000 | 3.00000000
000000 0000000 0000000 000000 0000000 0000000

2 0.121808121 | 0.01234567 | 0.00168248 | 0.103390956 | 0.00231481 | 0.00010347
906936 9012346 4481530 476623 4814815 3832066

3 0.014837218 | 0.00015241 | 0.00000283 | 0.012593858 | 0.00002857 | 0.00000017
562495 5790276 0754031 230579 7960677 4093117

4 0.001807293 | 0.00000188 | 0.00000000 | 0.001534034 | 0.00000035 | 0.00000000
727420 1676423 4762700 218629 2814329 0292909

5 0.000220143 | 0.00000002 | 0.00000000 | 0.000186857 | 0.00000000 | 0.00000000
054671 3230573 0008013 827112 4355732 0000493

6 0.000026815 | 0.00000000 | 0.00000000 | 0.000022760 | 0.00000000 | 0.00000000
212040 0286797 0000013 800984 0053774 0000001

7 0.000003266 | 0.00000000 | 0.000000000 | 0.000002772 | 0.00000000 | 0.000000000
310617 0003541 000000 450421 0000664 000000
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8 0.000000397 | 0.00000000 | 0.00000000 | 0.000000337 | 0.00000000 | 0.00000000
863162 0000044 0000000 706979 0000008 0000000
0.000000048 | 0.00000000 | 0.00000000 | 0.000000041 0.0001818 | 0.00000000

9 462965 0000001 0000000 135453 82440 0000000

10 0.000000005 | 0.000000000 | 0.00000000 | 0.000000000 | 0.000000000 | 0.00000000
903183 000000 0000000 000000 000000 0000000

-l Shatarmw 0 . Shatarmw
‘ Al iteration | Al iteration

l New Reration New Rerabion

n

' ' ' ' . ' v v ' ' ' v .
[ 8 10 12 4 0 2 4 [ 8 10 12 14
No. of Iteratyans No. of Iteratyans

(a) Graph corresponding to Table 1 for initial value 1(b) Graph corresponding to Table 1 for initial
value 3
Figure 1: Convergence behaviour of the iterative schemes of Shatanvi et al., Al iteration and new
iteration (1.3)

6 Convergence Theorem

Now, we introduce our convergence theorem.

Theorem 6.1. Let T: C — C be a self-mapping endowed with the property (E) defined on a
nonempty convex and closed subset C of a UCBS B with F(T) # @ and {x,} be the sequence
defined by iteration scheme (1.3), where sequences {a,}, {b,} € (0,1] for all n € N. Then F(T) #
@ if and only if {x,} is bounded and llim,_,, | T x, — x, | =0.
Proof. Since F (T) is nonempty, by Proposition 2.3 T is quasi-nonexpansive. If p* € F(T), then from
the
iteration (1.3)
letw = p*l = T ((1 = Du)x + b, T x) = pll
<1 = bp)xu+ b, T x, = p*ll
< (1 = bp)lxy, = p*ll + bl T x, — pll
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< (1= Db)llxy = p*ll + bullx, = p*ll < llx, — p*Il. (6.1)
So, we have
lz, = p*ll = IT wy— p*ll < Nty — p*Il < llx, — pIl. (6.2)
Similarly, we have
ly, = p* Il = IIT z,— p*ll < iz, — p*ll < llx, — p*Il. (6.3)

From equations (6.1) and (6.2), we have
X1 = p*Il = IT (1 — an)y,+ @, T yu) — p*l
<A = anyn+t a,T y,— pll
< =a)lly,—p*ll + alT y,—p*l

< (I =aply,—p*l + anllyn = p*lIl < yn = p*Il < llx = p*I. (6.4)
Thus, llx, — p*ll is bounded below and nonincreasing. Hence lim |lx, — p*|l exists. Assume
that
lim, e Il x, — p* ll=¢
(6.5)
Again by (6.1), we have limsup llu, —p* |l <limsup |l x,, —
p*ll =e.
Therefore,
limsup lu, —p* Il < e. (6.6)

Since T is a generalized nonexpansive mapping endowed with the property (E) with a fixed point, it
implies that T is quasi-nonexpansive mapping. Hence,
limsup IIT x, — p*ll < limsupllx,— p*ll = ¢ (6.7)
and (6.8)
Ix.c1— Pl =T (1 = a)yn+ a, T y,) — p*ll

<I(1 = a)yu+ a,T y,— p*ll

< =a)lly,—p*ll + a,llT y,— p*ll

<1 =a)IT z,— p*ll + a,lly,— p*ll

<1 —ayllz,—p*ll + a,lT z,— p*ll

<1 = a)lIT u,— p*ll + a,llz,— p*Il

< = ap)llu,—p*ll + a,llT u,— p*|l

< (1 - Cln)"Xn _p*" + an"un_p*”
which implies that

[Ensr — 2%l < [2n — 2| + anl||tta — 2% |20 — 07|
lzni1 = p*| = o —p*|l _ . .
< lu,, —p*|| — ||z — 27 ||.
un — 1l — | | 69)
Since a, € (0,1], then from (6.9)
* * - ”"I.l' =1 |”‘| "_J'._., I‘I-.” - * £
T ) T = < ||y } Fi ¥
[#a1 —p*|| — | Pl o | P =l i ||. (6.10)
Thus, we have
Ixn+1 — px|l < llun — px||
& < liminf [lu, — p*]. (6.11)
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From equations (6.6) and (6.11), we have |lu,— p*|| = .
Therefore,
&= %1_{{.10 [ Up, — p* Il = Al_r)glo Il T(T((l - bn)xn + bnTxn)) _p* I

< 1113)10 Il (T((1 — by)x, + b,Tx,) —p*I
< 7llim Il (1 - bn )xn + bnTxn _p* I
< lm (1 = b))l xn =p" Il + by I Txp, —p” |

Now using equations (6.5), (6.7) and Theorem 2.5, we conclude that lim,_,,, Il x, —

Tx, = 0.
Conversely, suppose that {x,} is bounded andlim,, ,, Il x,, — Tx, = 0. Let p*€ 4 (C, {x,}).
By Proposition
(2.4)
r (T p*, {x,}) =lim,sup ll x, — Tp =l
< limsup [Uow X, — Tx, I+ 1 x, — p* ]
< plimsup o0 Il X, — Txy, 1| +limsup Il x, — p* Il].
n—oo

Since lim, lx, — Tx, =0, it

follows that
r (T p*, {x,}) <limsup | x, —

n—oo
p*II]
r(Tp xad) =r @ {Xa}).

Therefore, we conclude that T p* € A(C, {x,}). Since B is uniformly convex, 4 (C ,{x,})
possesses a unique element. Thus, we have T p*= p*.

O

It is obvious that if T: C — C is nonexpansive, then it satisfies condition (£;). Thus, we get the
following corollary.

Corollary 6.2. Let B, C and {x,} be as in Theorem 6.1 and T be a nonexpansive self-mapping
defined on a nonempty closed and convex subset C of a UCBS B. Then F (T) # @ iff {x,} is
bounded and lim,_,, Il x, — Tx, = 0.

If, in Theorem 6.1, we assume that T satisfied the condition (£3), then we have that T satisfies

condition (C) i.e., T is Suzuki’s generalized nonexpansive mapping and hence we get the following
corollary.
Corollary 6.3. Let T be a Suzuki's generalized nonexpansive self-mapping define on a nonempty
closed and convex subset C of a UCBS B, {x,} defined by (1.3), where {a,} and {b,} are
sequences in [0,1] for all n € N. Then F(T ) is a nonempty set iff {x,} is bounded and lim,,_, |l
X, — Tx, = 0.
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In Theorem (6.1), if we assume that T is a generalized a—nonexpansive mapping, i.e., it
3+ e

satisfies the condition (£,), for | —« and 3 < u < oo. Then T satisfies the condition (£) and
hence we obtain the following corollary.

=

Corollary 6.4. Let T be a generalized a—nonexpansive self-mapping defined on a nonempty
closed and convex subset C of a UCBS B, sequence {x,} is defined by (1.3), where {a,} and {b,}
are sequences in [0,1] for all n € N. Then F (T) # @ iff {x,} is bounded and lim,,_, Il x, —
Tx, = 0.

Theorem 6.1 plays an important role in proving the following weak convergence theorem.
Theorem 6.5. T be a generalized nonexpansive self-mapping defined on a nonempty closed
convex subset C of a uniformly convex Banach space B satisfying condition (E), {x,} defined by
(1.3), where {a,}, {b,} are sequences in [0,1] for all n € N. Suppose that B has Opial's property
and F(T) # ¢. Then the sequence {x,} converges weakly to an element of F' (T).

Proof. In Theorem 6.1, it is proved that {x,} is a bounded sequence, lim,, o, | x, — T x, Il =

0 and lim,_, Il x, — p* I = 0 exists. Since B is uniformly convex, it is reflexive. Therefore,
there are a subsequence {x, } of {x,} such that {x, } weakly converges to p) € C. By
Proposition 2.1, p; is an element of F' (T). It is sufficient to prove that {x,} converges weakly to
p1. If we assume that {x,} does not converge weakly to p;. Then, there exists a weakly
convergent subsequence {x, } of {x,} which converges weakly to p» € C and p; = p». Again, by
Proposition 2.1, p, € F(T). By Theorem 6.1, lim,,_,,, Il x,, — p* Il = 0 exists for all fixed points
p* € F(T). By Opial’s property

limn_mo ” Xn — P1 ” = limi—wo ” xni — D1 ” < limi—)oo ” xni - D2 "
=limy e l Xy — P2 1= limjo | X, — P2 |l

which is a contradiction. Thus, p; = p». This proves that {p,} weakly converges to p1 € F(T). O
The Strong convergence theorem using the condition (C) is proved as follows.
Theorem 6.6. Let T be Suzuki'’s generalized nonexpansive mapping defined on a nonempty convex
and closed subset C of uniformly convex Banach space B. If {x,} is generated by iteration
process (1.3), then the sequence {x,} converges strongly to an element of F(T).
Proof. By Theorem 2.5, F(T) # @. Therefore, Theorem 6.1 implies the lim, o, | Tx, — x, | =
0 =0 and the
sequence {x,} is bounded. Because of the compactness property of C, {x,} have subsequence {xy, }
such that {x,,} —peC.

Since the mapping T satisfies condition (C) is a generalized nonexpansive mapping which
satisfies condition (£3), we have by Definition 1.3,

lu =T W <3lu =T @)l + llu—vll.
Put u = x,;,v = p*, we get
I, — T @I < 3llxy; — T x5l + llx,; = prl,
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as j — oo, so the conclusion is {x,;} converges to T p*, so T p*= p*. Therefore, x, — p*.

O

We now prove a strong convergence theorem for the mapping endowed with the property (£)

P, F(T)).
Theorem 6.7. Let T , B, C and {x,} be as in Theorem 6.1. Suppose that p* € F(T ) ¥ @ and
lim,,_,, inf p(x,, F(T)) = 0 (where p(x,F(T )) = inf llx — p*ll). Then, {x,} converges strongly to
an element of F(T).

pEF(T)
Proof. In Theorem 6.1, lim,_ Il x, — p* Il exists for all p* € F(T ). So lim,_. p(xn,
F(T)) exists. Thus,
lim p(x,, F(T )) = 0.
n—00

Therefore, there exists a sequence {g;} in F(T) and {x,} has a subsequence {x,;} which satisfies
-1
4l = 2i for all j € N. In Theorem 6.1, it is proved that {x,} is

|:.l.',,._i

the following inequality
nonincreasing, so

1
||-"'r|_..| — iy | 1 |-4 my 4y | 1 F
Therefore, lignj+1 — gjll < llgnj+1 — xnj+11 + llxnj+1 —

g/l
|

|
— - - g .
2040 0 28 = 2i-1 Qasj— o

i

The above argument shows that {g;} is a Cauchy sequence in F(T), so {g;} converges to some p* €
F(T).
Now, apply triangle inequality
;= p*Il < lxy; — gill + llg;— p*Il.
lim [Ix,; — p*ll < lim llx,— gjll + lim lig;— p*l.
J—© J—®© J—®©

Above argument completes that {x,;} converges strongly to p*. By Theorem 6.1, lim,,_, |l

O
X, —p" |l exists, hence {x,} converges strongly to p* € F(T).

In 1974, Senter et al. [25] introduced the condition (4) as follows.

A mapping T: C — C satisfies the condition (4) if there exists a nondecreasing function g : [0,%0)
— [0,00) with g(0) = 0,g(a) > 0 for all a € (0,) such that p(a,T a) > g(p(a,F(T))) for all a € C.
Theorem 6.8. Let T, B, C and {x,} be as in Theorem 6.1 such that F(T) # @. If {x,} is a
sequence defined by the iteration process (1.3) and T satisfies the condition (A), then {x,}
strongly converges to an element of F(T).

Proof. By Theorem 6.1, lim,,_, Il x,, — p *Il exists for all p* of T and
lIxn+1 — pxll < llxn — pxIl
Taking inf in both sides
PEF(T)
12900
Eur. Chem. Bull. 2023, 12(Special Issue 4), 12883-12908



A NEW FOUR STEP ITERATION SCHEME TO APPROXIMATE FIXED POINTS FOR CONTRACTIVE-LIKE
MAPPINGS AND ITS APPLICATION

Section A -Research paper

inf  x—pl<  inf  lx,— prll
pER(T) pER(T)
which yields
1 = F(DII < llx, — F(THII.
From the above inequality it is obvious that the sequence {llx,— F(T)Ill} is bounded below and
nonincreasing. Therefore, by Theorem 6.1 lim,,_,, | x,, — F(T) Il exists.
Also, by Theorem 6.1, we have
lim |lx,— T x,|l = 0.
n—a0
By the condition (4),
limy 00 g (0 (X, F(T))
lim;, 0 p(x,, T x,) =0.

IN

Thus, we have
lim g (p(x,, F(T))=0.
n—0o0
Since g is a non-decreasing function satisfying g (0) = 0 and g(a) > 0 for all points a € (0, ).
It compels that lim p(x,,, F(T )) = 0. As all the relevant conditions for Theorem 6.7 are satisfied.

O
Thus,

n—ao0
the sequence {x,} converges strongly to a fixed point of T.
If, in Theorem 6.8, we assume that T is a generalized a-nonexpansive mapping, where
u—3

=T and 3 < u < oo, then we have the following corollary.

Corollary 6.9. Let T be a generalized a-nonexpansive self-mapping defined on a nonempty closed
and convex subset C of a uniformly convex Banach space B such that F(T) # @. If {x,} is a
sequence defined by the iteration process (1.3) and T satisfies the condition (A), then {x,}
converges strongly to an element of F(T).

If, in Theorem 6.8, T is generalized nonexpansive mapping satisfying the condition (E3), i.e.,
T is Suzuki’s generalized nonexpansive mapping then we obtain the following corollary.
Corollary 6.10. Let T: C — C be a Suzuki’s generalized nonexpansive mapping defined on a
nonempty closed and convex subset C of a uniformly convex Banach space B such that F(T) # Q.
If {x,} is a sequence defined by iteration process (1.3) and T satisfy the condition (A), then {x,}
converges strongly to an element of F(T).

Now, we give an example of generalized nonexpansive mapping endowed with the property
(E) to illustrate the convergence of the iteration process (1.3).
Example 6.1. Let C = [1,6], which is a closed and convex subset of the Banach space B = R,
endowed with the usual norm. T: C — C is defined by

N RN
'T;-u:-={-°
1,
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, ifu € [0,6)
ifu=6.
It is obvious that 4 € F(T) and T fulfils the Garc’1a-Falset condition for all © > 1 and for

u= 22 and v =6, T fails to satisfy condition (C).

Case 1: Ifve [0,6) andu =6, then [lu — T ull =116 — 4l =2,lu — vl =116 — v, and

i i 0 i ) h—
e =Tl =165 =2 =L+ 5 - I < I+ 1=~

< 1201+ 116 — vl < plli2l] + 116 = vl = plls — Tul| + [l — o
Case 2: Ifu € [0,6) and v = 6, it is similar to Case 1:.
Case 3: If u and v € [0,6), then [l — Tuf = [ju — 3 —2[[ =5 — 2 and

L1} LL} i (] 4} L
2|+ 115

L! -
[li = Tu|| = ||u 5 2| = ||_J b5 -3 2 < | 5

= |I—; — 2|+ llu — o]l = pellue — Toe]| + || — v
Thus, Case 1, Case 2, Case 3 hold true for ¢ > 1. Therefore, T is a Garc'1a-Falset mapping.
7 An Application to Volterra-Fredholm integral equation

In this section, we use iteration (1.3) to solve the following Volterra-Fredholm integral equation
given by Lungu and Rus [13]:

Tl
fley) =glx, g i fle.ul)) + I/“ j, K(x,y, v, flt, v))dude, (7.1)
Where x, y € R+. Let (W, | . |) be a Banach space. Let 7 >

0 and
X,= {f€CR® W)| 3 M) > 0 : [fixy)le < M(f)}. We
now consider Bieleckid4 Z norm on X; as follows:
Il = sup (A, yle ™).
X,y €Ry
Obviously, (X5, II.1l;) is a Banach space (see [5]).
The following result will play a major role in proving the main result.
Theorem 7.1. [13] Suppose the following conditions are fulfilled
(A) g € C(RL x W, W), K € C(RL x W, Wy,
(B) h: X,— X,such that
35> 0: b (ix, 1) = h (@ Y < Iy NIfi = foll.e™ 7,
for all x,y € R+ and f1,f> € X;
(C) 31,>0:|g(x y u) —gx y u)| <l llur —usll, for all x, y € Ry and uy , up € W;
(D) 3 Ik(x, y, u, v) K, y,u,vuy) — K yuvu)| < Ik (x, v, u, v)|up— uz
forallx, y, u,v€R+and u,, u, € W,

(B e COTES VB gnd
o
/ [ e (x, o n, 0)e T T ¥ iy < JeTletul
Ju Jo

’

>

forall x ,y € R+;
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(F) Ui+ 1) < 1.

Then the equation (7.1) has a unique solution z € X, and the sequence of successive

approximations
i (]
Fimenlz.w) = glz, g b fulz, 0))) + [ [ Foa, gou, v fulw, v) ) dudo,
S0 40

for all n € N converges uniformly to z.
Our main result is as follows:

(7.2)

Theorem 7.2. If all the conditions from (A) to (F) in theorem 7.1 are satisfied, then the equation
(7.2) has a unique fixed point p* € X,and the iteration (1.3) with sequence {a,}, {b,} € (0,1) such

that 22 n = iconverges strongly to p*.

Proof. Let {x,} be the sequence defined by the new iteration scheme (1.3) for the operator T: X;

— X;defined by
Tifix. gl =glx gy b flez y))) + f / Kir, youow, flu o)) dude,
0 #0

We must show that {x,} — 0 as»n — c. By (1.3)

Ixpe1 — pille= sup (IT (1 — ap)yn+ a, T x)(x, ¥) — T (*(x, y))le ).
x,yER+
[T — )t + an Ty ), u) — Tlp*(z, )|
< gl RO — g Dt + 0 T e, 1)) — gl w, Rip® (e )4

T ey
| [ [ Kz gu, v, ({1 — ag e + an T s )1, 1) )dude
Joo S

T
f [ Kiz.wn, r.'.J'.;J“[.'.I.J']]r.l'rraf."|
0 Jo

HH i
< Llh((1 = an )t + 0 Ty ) (2, 9) — hp* (2, 1))] 4 / [ | (e, v, (1= an )
S S

+ ay Tipe M, v)) — Ko, g, w.v, p©(w, v)|dude

R
< gl (1 — g ) yn + T ) — p*||le™ % + / j BrcCaey v 0} | (1 — ey, b
il LA
+ o Tipe M, 1) — p* {1, v)| drede
< Ialal((1 — @)y + anT i) = 2 lre” 9 4 U1~ @y + anTy) — p° 7=

- ["I:'_J'r.l. + ”"“ - HII_:IHI.' T '”nT_".l'.'.- - IJ'”.-'{ rizdy)
_ ['llf.l'r.'. + ||'| "l:]- — iy, :'.4.-"1-' Ty F U — .“-”.-

and
N1 = an)yn+ a T yo=p*ll:= (1 = an)(yn—p*) + an(T yo = pH)ll:
<1 =a)lyn—pH:+ @l T y,— p*ll..
So
IT ya—p*ll.= sup (T yu(xy) = T p*(x,)le ™),
X, yER+
Now
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T yu(x, ») = T p*(x, Y)| < |g(x, y, h(yu (x, ¥))) — (X, ¥, A(p*(x, )

|f0x nyK(x,y,u, v, y, (u, v)dudv - f;c nyK(x,y,u,v, p*(u, v)dudv|
< lg|h(yn 6 3)) = 0" @Y + [y [ 1KY, w, 5, (W v) — K(x,y,w,v, p*(u,v)|dudy

<Ll llyn = plee™™ + [ [ Le(x, y,w,v) [y — p®|dudy
<lglh llyn—pxlicer(x +y) + 1 llyn—p"lic

er(x+y)

=(g Ih+1D)llyn—p*llteTx+¥)
<Uglhh+ D lya—prll-
From equations (7.5) and (7.7), we get
(1 =an)y,+ aiTy,—pl:< (1 = a)llyu— p):+ an(le I+ Dlly, — p*ll
=1 —an{l = Ut Diya— p e
Thus, from equations (7.4) and (7.8) we obtain
IT((1 = anynt anTya)(x, ») = T (e, Y < Ug bt DI = an{l = (e ln+ Di1lly
Therefore,
i1 = p*lle< (g ln+ DI1 = an{l = (g b+ D} lyn = p*ll=
Again,

= prlle="sup (T z)(x, ») = T p*(x, y))le ™)
x,yER+
[Tzl ) — T (p" (4]
< |gla, y, bl za (e, w))) — gle, o, hpt Ge, w) )4

|[ / K, g, v, 200, v) Jduduy [ / K{a,you, v, p" (v 4|r.'.'r."r|
i

<y Wzl 1)) — hip" (e, )|+
C
/ [ | By gy w2 (i, 0} ) — B, a,w, vy p* (o) )| diedu
JooJo

Ty
< Lly|lze — p°||lre™ T + [ Vel g, w,v) |z (1) — pf (e, o) dudy
g0 S

|r”|r_ll ||:_.r I.lnlll_.l-'_l Tyl g, — p* |1-r"_':"'+"':'
= (lgln + Dllza — p"lr7 "
Hence, we get

"yn _p*"‘ES (lg lh + l)”Zn _p*”r
From (7.9) and (7.10), we obtain

"xn+l _p*"rs (lg lh + 1)2[1 - an{l - (lg lh + l)}]llzn _p*”t-
Similarly, we get
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(7.9)

(7.10)

(7.11)
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”Zn_p*“ri (lglh+ l)”un_p*"r- (712)
Putting (7.12) into (7.11)
11— o< (g n+ D1 — an {1 = (g b+ D)} Nty — pll.. (7.13)
Similarly,
Netw = plle< (g In+ DI = budl = (g b+ D} lIx, = p*ll- (7.14)

Now from equations (7.13) and (7.14)

s = P (e D1 = anf1 = (el DY = bufl = Ul + DY, = prlle (7.15)
Recalling assumption (/y [, +/) < 1 and b, € (0,1], it follows that [1-b, {1—(ly [, +])}] < 1. Thus,
equation (7.15) becomes

”-xn+1 _p*”rS [1 - an{l - (lg lh + l)}]”xn _p*"r- (716)
From equation (7.16), Inductively we obtain
i=n
s = pelle< o = p7lle TG [ — a:{l — (g b + D] (7.17)

Since a; € (0,1] for all i € N and from condition (F) we have (g, +1 < 1). Thus, [1—a; {1-(Ig s
+1)}]1 < 1. We also know that 1 —# < e "for all € [0,1]. From (7.17) we have

lxn+1 — pxlle < lIx0 — pxllre @il 1-Ugln+ DI Tisg a; (7.18)
i=n
Therefore, lim,, e | X, — p* Il = 0 as ¥'=" a; = cowhenever n — o0 and ¢ *= 0.
This completes the proof. 0

8 Conclusion

In Section 3 we proved stability result of the iteration scheme (1.3). Section 4 deals with the data
dependence results for the iteration process (1.3) under contractive-like conditions. In Section 5
we proved that the new iteration scheme has a better rate of convergence than some well-known
iteration schemes for example, Mann, Ishikawa, Abbas et al., Sintunavarat et al., normal S-
iteration, M iterative process, Garodia et al. iteration and Picard S-iteration process, Shatanvi et
al. and Al iteration process. Our assertion is supported by a numerical example with table and
graphs. Some weak and strong convergence results for new iteration scheme for generalized
nonexpansive mappings endowed with the property (£) in uniformly convex Banach spaces are
discussed in section 6. More precisely, Theorem (6.1) extends and generalized the works done by
Asha Rani et al. [23], Ullah et al. [35] and Thakur [32], [33] in the sense that it provides almost
fixed point property results for generalized nonexpansive mappings endowed with the property
(E) more general than Suzuki’s generalized nonexpansive mappings and nonexpansive mappings.
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In final Section 7 we used new iterative algorithm to solve the Volterra-Fredholm integral
equation.
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