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In this paper, we discussed the effect of couple-stress micro on the polar fluid layer heated from below in the 

presence of varying gravitational field in a porous medium with suspended particles. The dispersion relation 

has been analyzed using normal mode, it is found that the medium permeability and suspended particle have 

destabilizing effect. The couple-stress parameter, coupling parameter, heat conduction parameter and micro-

polar coefficient have stabilizing effect. The sufficient condition for the non-existence of over stability has 

also been obtained. 
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1. Introduction 

The micro-polar fluid is one of the significant 

fluid types found in technology fields. One of the 

most difficult and fascinating areas of technology 

that draws scientists and academics is micro-polar 

fluids. The general theory of micro polar fluid was 

introduced Eringen [2, 3]. Sharma and Gupta [11] 

investigated the thermal convection on micro 

polar fluid in porous medium. Sharma and Gupta 

[12, 13] have studied the numerically and 

analytically effect on hydrodynamics flow of a 

suspended and rotating micropolar fluid layer 

heated from below saturating a porous medium. 

Kumawat et al. [5-8] analyzed the effect of the 

couple-stress, magnetic field, permeability, 

rotation and suspended particles on micro polar 

and visco-elastic fluid flow. Mittal and Rana [9], 

and Singh [15] investigated the medium 

permeability, suspended particles and other 

parameters on the micro-polar ferromagnetic fluid 

flow saturating a porous medium.  

Stokes [16] study the classical theory of couple-

stress fluid. Kumar [4] et al. discussed the rotation 

on thermal instability in couple-stress viscous 

elastic fluid. Banyal and Singh [1] investigated the 

rotation on the couple-stress fluid in a porous 

medium. Shivakumara et al. [14] analyzed the 

onset of convection in a couple-stress fluid flow 

saturating a porous medium by the Galerkin 

method. Pundir [10] et al. analyzed the effect of 

medium permeability, couple-stress parameter and 

magnetization on ferromagnetic fluid layer heated 

from below in a porous medium with hall current. 

In this paper, we attempt to study of couple-stress 

on the micro polar fluid flow saturating a porous 

medium with suspended particles. To my 

knowledge this problem has not yet been 

investigated using the generalized Darcy’s model. 

 

2. Mathematical Formulation 

An infinite, horizontal, incompressible electrically 

non-conducting couple-stress micro-polar fluid 

layer of thickness d is assumed and has porosity 

  and medium permeability k1. The upper limit 

z d= and lower limit 0z =  are maintained at 

constant but varying temperatures 0T  and 1T  such 

that a study adverse temperature gradient 
dT

dz
 =

 has been maintained. The whole system 

is acted on by a gravity ( )0,0,g g=
r

and uniform 

magnetic field ( )00,0,H H=
r

is applied along z-

axis. 

 

 

 

The surface porosity is ∈ and 1-∈ is the fraction occupied by solid, then by the Darcy’s law. 

The equation of continuity is  

. 0 (1)q =
r

 

The equation of momentum is 

( ) ( ) ( ) ( )2 20

0 1

1 ' 1 '
ˆ. (2)z d

q K N
q q P ge q q v q q

t k

 
    



  
+  = − − + −   − + +  + −        

r
r r r r r r r

 

The equation of internal angular momentum is  

( ) ( ) ( ) ( )2

0

1
. ' ' . ' 2 (3)

v
J v v v v q v

t


    

 
+  = +   +  +  −    

r
r r r r r r
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Where    – Fluid density, 0 – Reference density, q
r

– Filter velocity, v
r

– Spin (micro rotation),   -  

 

Shear kinematic viscosity coefficient, ς – Coupling viscosity coefficient, 𝑃 – Pressure, ' − Couple stress 

viscosity, ˆ
ze − Unit vector in z-direction, ' −  – Bulk spin viscosity coefficient, ' −  Shear spin viscosity 

coefficient, ' −  Micro-polar viscosity coefficient, J – Micro inertia constant, t – time, ( ),dq X t= −
r

Filter 

velocity of suspended particles, ( ),N X t= −Number density of suspended particles, ( ), ,X x y z= and

' 6 ,K r r= being the particle radius, is stokes drag coefficient. 

 

The equation of temperature is 

( ) ( ) ( )2

0 01 . . . (4)v s s v Pt d

T T
C C C q T mNC q T T v T

t t
    

  
 + − +  +  +  =  +         

r r r
 

The equation of state is 

( )0 1 (5)aT T  = − −    

 

Where vC −   Specific heat at constant volume and magnetic field, sC −  Specific heat of solid (Porous 

Material Matrix), s −  Density of solid matrix,  − Thermal conductivity, T −  Temperature,  −  Micro-

polar heat conduction coefficient,  −  Coefficient of thermal expansion, aT − Average temperature given by 

( )0 1

2
a

T T
T

+
=

and mN −Mass of suspended particles per unit volume. 

Now ignoring the pressure, gravity and forces on the suspended particles, then the equations of motion and 

continuity for the suspended particles are 

( ) ( ) ( )
1

. ' 6d
d d d

q
mN q q K N q q

t

 
+  = −   

r
r r r r

 

( ) ( ). 0 7d

N
Nq

t


 + =



r
 

 

3. Basic state of the problem 

The basic state is given by 

( ) ( ) ( ) ( ) ( ) ( )0,0,0 , 0,0,0 , 0,0,0 ,b d d b b bb
q q q q v v z and P P z  = = = = = =
r r r r r r

 

Under this basic state, equation (1) to (7) become 

( )0 8b
b

dP
g

dz
+ =  

( )
( )

( )1 0

0; 9b a b

T T
T T z z T where and N N N

d
 

−
= = − + = = =  

( ) ( )0 1 10b z  = +  

 

4. Perturbation Equations 

( ) ( ) 0', ', ', ',b d d d b b b b bb
q q q q q q v v v P P z and T T N N N   = + = + = + = + = = + = +
r r r r r r r r r

Where 

0', ', ', ', ' ,dq v q P and N 
r r r

are the denote perturbations in , , , , ,dq v q P T and N
r r r

respectively, we get 

. ' 0 (11)q =
r

 

( ) ( ) ( ) ( )2 20 0

0 1

'' 1 ' 1
ˆ'. ' ' ' ' ' ' ' ' (12)z d

K Nq
q q P ge q q v q q

t k

 
    



  
+  = − − + −   − + +  + −        

r
r r r r r r r

( ) ( ) ( ) ( )2

0

' 1
'. ' ' ' . ' ' ' ' 2 ' (13)

v
J v v v v q v

t


    

 
+  = +   +  +  −    

r
r r r r r r
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( ) ( )( ) ( )

( ) ( )

0 0 0

2

1 '. .

' . ' . (14)

v s s b v Pt d b

b

C C q T C mN C q T
t t

v v T


    

    

  
 + − +  + +  +  +       

=  +   +  

r r

r r
 

( ) ( ) ( )0 0

' 1
'. ' ' ' ' 15d

d d d

q
mN q q K N q q

t

 
+  = −   

r
r r r r

 

( ) ( )0
0. ' 0 16d

N
N q

t


 + =



r
 

0' (17)  =  

To linearize above equation, ignoring the terms ( ) ( ) ( ) ( )'. ', '. ', '. ', '. ',d dq q v v q v q q   
r r r r r r r r

( ) ( ) ( ) ( )'. , '. , ' '. , . , 'dq q v q v v
t


  


    



r r r r r r
then we have 

. ' 0 (18)q =
r

 

( ) ( ) ( )2 20 0

0 1

'' ' 1
ˆ' ' ' ' ' ' ' (19)z d

K Nq
P ge q q v q q

t k

 
    



 
= − − + −   − + +  + − 

   

r
r r r r r

 

( ) ( ) ( )2

0

'
' ' . ' ' ' ' 2 ' (20)

v
J v v q v

t


    


= +   +  +  −

 

r
r r r r

 

( )
( ) ( )

2

0 0

0 0 0 0 0

1
'. . ' . (21)

s s Pt Pt
b d b b

v v v v v

C mN C mN C
q T q T v T

C t C t C C C

     

    

−    
+ +  + +  = +   

  

r r r

( )1 22d

m
q q

K t

 
+ = 

 

r r
 

( ) ( )0
0 . ' 0 23d

N
N q

t


 +  =



r
 

0' (24)  = −  

Now 

. ' 0 (25)q =
r

 

( ) ( )2 20 0
0

0 1

' ' 1 '
ˆ' ' ' ' (26)z

mNq q
L L P ge q q v

t k t

 
     



    
= − + + −   − + +  −          

r r
r r r

 

( ) ( ) ( )2

0

'
' ' . ' ' ' ' 2 ' (27)

v
J v v q v

t


    


= +   +  +  −

 

r
r r r r

 

  ( ) ( ) ( )2

0

' ' ' ' ' (28)T z z z
v

L E b L k v q b q
t C

 
   



 
+  =  −  + + 

  

r r r
 

  0' (29)  = −  

Where 
( )

0

1
,

s s

v

C
E

C





−
=+ 1 ,

'

m
L

K t

 
= + 

 
 

0

T

v

k
C




=  and 0

0

' Pt

v

mN C
b

C
= −Thermal diffusivity. 

 

Converting equation (25) to (29) to non-dimensional from by the following transform and dropping the 

strings 
2

0

2 2

*
*, *, *, ' *, ' *, ' *, *, , *,T T T

dk k k
x dx y dy z dz q q P P v v t t d

d d d d


  




= = = = = = =  = =

r r r r  

2

0

* 1 ,
* '

m
L and

t K d


 




= + =



then we have 

( ). 0 30q =
r
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( ) ( ) ( )2 2

1

1 1
ˆ 1 1 (31)z

q f q
L L P R e F q K q K v

t K t


  
= − + + −   − + +  − 

    

r r
r r r

 

( ) ( ) ( )1 0

' 1
. 2 (32)

v
J C v C v K q v

t

  
=   −   +  − 

  

r
r r r r

 

( )2 33rEP W
t





=  +


 

( ) ( ) ( )2 ' (34)r r z z z
LE P L v q b q

t


 


 =  −  + + 

r r r
 

Where 
4

0

T

g d
R

k

 


= −Thermal Rayleigh number, 

0

r

T

P
k




= − Prandtl number, ' ,rE E b= + 

0 1
1 0 12 2 2 2 2

0 0 ,

' ' ' '
, , , , ,

v H

mN kJ
f J K C C

d d C d d d

    


   

+ +
= = = = = =  and ˆ. zW q e=

r
. 

5. Boundary conditions 

The boundary condition is ( )
2

2
0, 0 0 . 35

d W
W at z and z d

dz
= = = = =  

6. Dispersion Relation 

Taking curl on both side equation (31) then we have 

( ) ( ) ( ) ( )2 2

1

1 1
ˆ ˆ1 36x y

K f
F L q L R e e K v

t K t x x

     +        
+ − −   +  = + +        

             

r r

( ) ( ) ( )
2 2 2 2 2

2 2

12 2 2 2 2
, , , , 'z z d zz z z

Let D q q and v
x y z x y z

 
     

 = + +  = + = =  =   = 
     

r r r

Taking curl and z-component on both sides of equation (36) and (32), then we have 

( ) ( )2 2 2 2 2

1

1

1 1
ˆ1 ' 37z z

K f
F L W L R K e

t K t


    +  
 + − −   +  =  +               

 

( )2 2

0

' 1
' 2 ' 38z

z zJ C K W
t

  
=   −  +    

 

Taking z-component on both sides of equation (34) then we have 

( )2 ' ' 39r r zLE P L W b W
t


 


 =  −  + + 

 

6.1   Normal Mode Analysis 

Let   ( ) ( ) ( ) ( ), , , ' , , , exp.z z x yW W z X z z G z i k x i k y t    =  + +      

Applying above normal mode analysis to the equation (37) to (39), then we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

2 2 2 2 2 2 2 2 2

1

1
1 1 40

K f
F D a D a D a W Ra K D a G

K


  

   + 
 + + − − − + + − = + − + −           

( ) ( ) ( )2 2 2 22 41
A

m A D a G D a W + − − = − −
  

 

( ) ( ) ( ) ( )2 2 1 1 ' 42r rE P D a G W b W      − − +  = + − + +  
 

Where 
2 2 2

x ya k k= + is the wave number, r ri  = + is the stability parameter, and ,
JA

m
K

=
0

,
K

A
C

=   A 

is the ratio between the micro-polar viscous effect and micro-polar diffusion effects. 

Now the boundary condition becomes 

( )2 0 , 0 0 1 43W D W X DX G at z to z= = = = =  = = =    

2 0 0 1,nD W at z to z= = = Where n is positive integer. 
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Thus, the proper solution satisfying (43) can be taken as  

0 sin ,W W z=  0W  is a constant. 

Eliminating and G from (30) to (34) and put the value of
2 2&W b a= + , then we have 

( )   

( ) ( ) ( ) ( )  ( )

2

1

2
2

1
1 2

1 2 ' 2 1 44

r r

r r

K
b Fb b m A b E P b

K

Ab KAb
Ra m A b b m A b E P b


  


    

   + 
+ + + + + + +   

     

  
= + + + − + + + + + +  

   

 

 

7. Stationary Convection 

Put them 0 = in equation (44), then we have 

( )

( )( )
( )

3
2 2

1

2

1
2

1
45

2 1 '

K KAb
b A b Fb b

K
R

a Ab
A b b



  +
+ + + −  

  =
  

+ + −  
   

 

To investigate the behavior of medium permeability, suspended particle, couple-stress parameter coupling 

parameter, micro-polar coefficient and micro-polar heat conduction parameter, we find the nature of 

1

,
dR

dK
 

,
'

dR

db
 ,
dR

dF
 ,

dR

dK
 
dR

dA
 and 

dR

d
 respectively, then 

( )( )

( )( )
( )

2

2 21

1

2 1
46

2 1 '

b A b KdR

dK Ab
a K A b b



− + +
=

 
+ + − 

 

 

1

'
0

dR b
if

dK A



   

From equation (46), we can say that the medium permeability has destabilizing effect when 
'
.

b

A



  

( ) ( )

( )( )

( )

3
2 2

1

2

2

1
2 2

47
'

2 1 '

K KAb
A b b Fb b A b

KdR

db Ab
a A b b



  +
+ + + + −  

  = −
 

+ + − 
 

 

2

1

1
0

'

dR K KA
if Fb b

db K

 +
 + +  

 
 

From equation (47), we can say that the suspended particle has stabilizing effect when the

2

1

1
.

K KA
Fb b

K

 +
+ +  

 
 

( )

( )( )
( )

4

2

2
48

2 1 '

b A bdR

dF Ab
a A b b



+
=

 
+ + − 

 

 

'
0

dR b
if

dF A



   
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From equation (48), we can say that the couple-stress parameter has stabilizing effect when the
'
.

b

A



  

( )( )
( )

3
2

1 1

2

2

49

2 1 '

b b
Ab

K KdR

dK Ab
a A b b



  
− +  
  

=
 

+ + − 
 

 

2 '
0

dR b b
if and

dK K A



  


 

From equation (49), we can say that the coupling parameter has stabilizing effect when the 

2 '
.

b b
and

K A



 


 

( )

( )( )

( )

4
2

1

2

2

1
1 '

50

2 1 '

b K
Fb b K b

KdR

dA Ab
a A b b





  +
+ + − +  

   =
 

+ + − 
 

 

( )2

1

1
0 1 '

dR K
if Fb b K b

dA K

 +

 + +  + 
 

 

From equation (50), we can say that the micro-polar coefficient has stabilizing effect when the 

( )2

1

1
1 ' .

K
Fb b K b

K

 +

+ +  + 
 

 

( )

( )( )

( )

3
2 2

1

2

2

1
2

51

2 1 '

K KAb
b Fb b A b

KdR Ab

d Ab
a A b b

 

  +
+ + + −  

  =
  

+ + − 
 

 

2

1

1
0

dR K KA
if Fb b

d K

 +
 + +  

 
 

From equation (51), we can say that the micro-polar heat conduction parameter has stabilizing effect when 

the 2

1

1
.

K KA
Fb b

K

 +
+ +  

 

 

8. Oscillatory convection 

Putting 
ii = in equation (44) then we get real & imaginary part and eliminating R between them, then we 

have 
4 2

0 1 2 0i if f f + + =  

Put 
2

is = then we have ( )2

0 1 2 0 52f s f s f+ + =  

Where   0 1 1 1 1f a q p b= −  

1 2 1 2 1 1 2f a q p b p b= − −  

2 3 1 2 2f a q p b= −  

1
r rE P mb

a


=


, 
( )2

1

1 'ma b
b

 +
= −


& ( )( )2

2 2 1 '
Ab

b a A b b
 

= + + − 
 
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( ) 
2

2 2

2 2

1 1

21 1
2 r r

r r r r

KAb E Pb K b fb K
a Fb b A b E P mb Fb b E P mb

K K

     + + 
= − + + + + + + + + + +     

          

( )
3

2 2

3

1

1
2

K KAb
a A b b Fb b

K

 +
= + + + − 

 
 

( )  2

1

1

1
2 r r r r

b K b fb
P A b E P mb E P m b Fb b

K




   + 
= − + + + + + + +   

       

 

( ) ( )  ( )
2

2 2

2

1 1

1 1
2 2 r r r r

K b fb K KAb
P A b b b Fb b b Fb b A b E P mb b E P

K K
 

     + + 
= + + + + + + + + + + − +     

         

( )( ) ( )2

1 2 1 ' 1 '
Ab

q a A b b m b
 


 

= + + + + − 
 

 

From (52), we observed that 2

is = which is always positive, therefore the sum of roots equation of (52) is 

positive but this is impossible if 
0 0f  and 

1 0f  , the sum of roots of equation (52) is 1

0

f
f

−  Thus, 
0 0f 

and 
1 0f  are the sufficient condition for the non-existence of over stability. 

Now 
0 0f  and 

1 0f  when 
'
, 2, 2 .r r

b
KE P K bF and KA m

A
 


       

 

9.   Numerical Calculation 

Now we show numerically the effect of medium permeability, rotation, coupling parameter, micro-polar 

coefficient and micro-polar heat conduction coefficient.  

 

 
Figure1 

Where 1,P 2, 0.5, 0.1, 2, 0.2, ' 3 0.05.r rE A F K b and = = = = = = = =  

 

 
Figure 2 

K1
0

10000

1 2 3 4 5

1 2 3 4 5

K1 0.001 0.002 0.003 0.004 0.005

R 6896.812155 3482.478284 2344.366994 1775.311349 1433.877962

K1 R

0

5000

10000

1 2 3 4
5

1 2 3 4 5

R 5222.186667 4038.688272 3292.5103 2779.058402 2404.143272

b' 0 2 4 6 8

b' R



Effect Of Couple-Stress On The Micropolar Fluid Flow Saturating A Porous Medium  

With Suspended Particles                                                                                                                                   Section A-Research Paper 

 

Eur. Chem. Bull. 2022, 11(Regular Issue 11), 2030-2040  2038 

Where 11,P 2, 0.5, 0.1, 2, 0.2, 0.002 0.05.r rE A F K K and = = = = = = = =  

 

 
Figure 3 

Where 11,P 2, 0.5, 0.1, ' 3, 0.2, 0.002 0.05.r rE A b K K and = = = = = = = =  

 

 
Figure 4 

Where 11,P 2, 0.5, 0.1, ' 3, 2, 0.002 0.05.r rE A b F K and = = = = = = = =  

 

 
Figure 5 

Where 11,P 2, 0.5, 0.2, ' 3, 2, 0.002 0.05.r rE K b F K and = = = = = = = =  
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Figure 6 

Where 11,P 2, 0.5, 0.2, ' 3, 2, 0.002 0.1.r rE K b F K and A= = = = = = = =  

 

10.   Conclusions 

A. For Stationary Convection 

❖ 
1

 0
dR

dK
 , Thus the effect of medium 

permeability is destabilizing. 

❖  
'

0
dR

db
 , Thus the effect of suspended 

particle is destabilizing. 

❖  0
dR

dF
 , Thus the effect of couple-stress 

parameter is stabilizing. 

❖  0
dR

dK
 , Thus the effect of coupling 

parameter is stabilizing. 

❖  0
dR

dA
 , Thus the effect of micro-polar 

coefficient is stabilizing. 

❖  0
dR

d
 , Thus the effect of micro-polar heat 

conduction is stabilizing. 

 

B. For Oscillatory Convection 

The sufficient condition for the non-existence of 

over stability  

'
, 2, 2 .r r

b
KE P K bF and KA m

A
 


     

 

 

References 

1. Banyal S.A. and Singh K., A characterization 

of couple-stress fluid heated from below in a 

porous medium in the presence of a rotation, 

International Journal of Advanced Computer 

and Mathematical Science, 3(3), 310-320 

(2012). 

 

 

2. Eringen A.C., Simple microfluids, 

International Journal of Engineering Science, 

2(2), 205-217 (1964). 

3. Eringen A.C., Theory of micropolar fluid, 

International Journal of Engineering Science, 

16(1), 1-18 (1966). 

4. Kumar P., Lal R. and Sharma P., Effect of 

rotation on thermal instability in couple-stress 

elastio-viscous fluid, Zeitschrift Fur 

Naturforschung, 59(a), 407-411 (2004). 

5. Kumawat D, Instability of suspended particles 

on Visco-elastic rotating fluid flow with 

thermal convection, European Chemical 

Bulletin, 12(10), 4083-4094 (2023). 

6. Kumawat D. and Mehta V, Numerical analysis 

of the micro polar ferromagnetic rotating fluid 

flow saturating a porous medium, Journal of 

Rajasthan Academy of Physical Science, 1-

2(22), 57-71, (2023). 

7. Kumawat D., Mehta V. and Tailor V., Effect of 

the couple-stress on micro polar fluid flow 

saturating a porous medium, Ganita, 73(2), 

165-175 (2023). 

8. Kumawat D., Pankaj R.D. and Mehta V., 

Effect of the couple-stress on micro polar 

rotating fluid flow saturating a porous medium, 

Journal of Computational Analysis and 

Applications, 31(2), 270-280 (2023). 

9. Mittal Reena and Rana U.S., Effect of dust 

particles on a layer of micropolar 

ferromagnetic fluid heated from below 

saturating a porous medium, Applied 

Mathematics and Computation, 215, 2591-

2607 (2009). 

10. Pundir K.S., Nadiam K.P. and Pundir R, 

“Effect of hall current on hydromagnetic 

instability of a couple-stress ferromagnetic 

fluid in the presence of varying gravitational 

0

2000

4000

1 2 3
4

5

1 2 3 4 5

R 3467.064591 3529.552783 3594.334812 3661.539347 3731.304858

δ 0 0.2 0.4 0.6 0.8

δ R



Effect Of Couple-Stress On The Micropolar Fluid Flow Saturating A Porous Medium  

With Suspended Particles                                                                                                                                   Section A-Research Paper 

 

Eur. Chem. Bull. 2022, 11(Regular Issue 11), 2030-2040  2040 

field through a porous medium”, International 

Journal of Statistics and Applied mathematics, 

6(4), 01-15 (2021). 

11. Sharma C.R. and Gupta U., Thermal 

convection in micropolar fluids in porous 

medium, International Journal of Engineering 

Science, 33(13), 1887-1892 (1995). 

12. Sharma P.L. and Gupta S., Effect of rotation 

and suspended particles on micropolar fluid 

heated and soluted from below saturating 

porous medium, International Journal of 

Mathematics Trends and Technology, 65(9), 

72-83 (2019). 

13. Sharma P.L. and Gupta S., Numerical 

investigations on rotatory micropolar fluid in 

hydromagnetics permited with suspended 

particles porous medium, Research Journal of 

Science and Technology, 13(2), (2021). 

14. Shivakumara S. Sureshkumar S. and Devaraju 

N., Effect of Non-uniform temperature 

gradients on the onset of convection in a 

couple-stress fluid-saturated porous medium, 

Journal of Applied Fluid Mechanics, 5(1), 49-

55 (2012). 

15. Singh B., Effect of rotation on a layer of micro-

polar ferromagnetic dusty fluid heated from 

below saturating a porous medium, 

International journal of Engineering Research 

and Application, 6(3), 04-28 (2016). 

16. Stokes V.K., Couple-stress in fluid, Physics of 

Fluid, 9(9), 1709-1715 (1966). 


