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Abstract

A graph G = (V,E) is said to be identity graph if the vertex set V(G) =T and the edge set
EG)={(x,y)U(x,e)|lx*y=e,x #+yandx,y € I'} where I' is a group and e as an identity
element. In this paper, we substantiate some of the results about E-cordial, k-cordial labeling on
identity graph associated with some groups.
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1 Introduction:

In this paper, we prefer to work related on graph from algebraic structures which means that
there is an inter-relation between groups and graphs. In particular, we focus on identity graph
which was first introduced by W. B. Vasantha Kandasamy [5]. In view of [5], “Every finite
group can be view in form of graph”. Rosa [4] initiated the concept on certain valuations of the
vertices of a graph in 1967. Graph labeling investigation started in middle of 1990’s. Graph
labeling was first introduced by Rosa [4] in 1967. A graph labeling is an assignment of integers
to the vertices (or) edges (or) both with respect to certain defined conditions. For the past five
decades, the researchers and the findings on graph labeling has brought forth a new revelation
and its broad range of applications like communication network, coding theory, circuit design
etc. In particular, k-cordial labeling for certain classes of graphs were studied in 2009 by
M.Z.Youssef [7].

I. Cahit [1] introduced a variation of both graceful and harmonious labeling. In [3], Hovey
defined a function g is said to be a cordial of G if the number of vertices (edges) labeled with 0
and number of vertices (edges) labeled with 1 differ by at most 1. In 1991, Hovey [3] proposed
the idea generalizations of harmonious and cordial labeling. In [7], a graph G = (V, E) is said to
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be k-cordial if there is a labeling function g on the vertex set of G to {0, 1, ..., k — 1}, it induces
an edge labeling such that xy = (g(x) + g(»))(mod k) for all x,y in V(G), then |i —j| < 1
where i and j be the number of vertices (edges) of labels of G. In this research script, we venture

to explicate the existence of k-cordial and E-cordial on identity graph associated to some special
groups.

2 Preliminaries:

Definition 2.1. [2] Let G be a graph. A labeling g:V(G) —» {0,1} is called a binary labeling
of G. A binary labeling g of G induces an edge labeling g x of G as follows: g * (u,v) =
|lg(u) — g(v)| for every edge e = uv € E(G). Letv,(0) and v, (1) be the number of vertices of
G labeled with 0 and 1 under g and e, (0) and ey, (1) be the number of edges labeled with 0
and 1 under g * respectively. The binary labeling of ¢ is said to be cordial if |v,(0) — v, (1)| <
1 and |es,(0) — eg. (1) < 1.

Definition 2.2. [6] Let G be a graph with vertex set V(G) and edge set E(G) and let g from E(G)
to {0,1}. Define g * on V(G) by g * (v) = X{ g(uv)|uv € E(G)} (mod 2). The function g is
called an E-cordial labeling of G if |v,,(0) — v,,.(1)] < 1 and |e,(0) — e, (1)| < 1. A graph is
called E-cordial if it admits E-cordial labeling.

Definition 2.3. [7] Let G(V, E) be a graph. A vertex labeling g from V(G) to Z, induces an edge
labeling g* from E(G) to Z,, defined by g*(xy) = (g(x) + g(¥))(mod k), for all edges which
belongs to the edge set E(G). For i € Z, let n;(g) = {v e V(G)|g(v) =i} and m;(g) =
|{e € E(G)|g*(e) = i}|. A labeling g of a graph G is called k-cordial if |n;(g) —n;(g)| <1
and |m;(g) —m;(g)| < 1foralli,j € Z.

Theorem 2.4. [6] Necessary condition for a graph G, to admit an E-cordial labeling is n #
2(mod 4), where n denotes the number of vertices of G.

Definition 2.5. [5] A graph G is said to be identity graph if the vertex set V(G) contains the
elements of group I' and the realtion between two vertices x,y is defined on the edge set
E(G) ={(x,y)U(x,e)|x*y =e,x # yandx,y € '} where is e an identity element. That is if
we say two elements x, y in the group are adjacent or can be joined by edge if x * y = e.

Definition 2.6. The dihedral group of order 2n is the group formed by the symmetries of a
regular n-gon and it is denoted by D,,,. Let r be the rotation of the n-gon by 27" radians and let s
be the reflection across the line connecting to the center of the object.
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D err? .., r* areall distinctand v = e

2)o(s) =2
(3)s#riforanyi
4)ris# risforall 0 <i,j <n-—1withi =#j.

From this, we can conclude that D,,, = {e, 7,72, ..., " 1,s,7s,r%s, ..., " 1s}.

It is interesting to note that when we construct the identity graph under the group Z,, we grasp
that if n is odd, the identity graph Id( Z,) contains only BJ triangles and if n is even, the

identity graph Id( Z,) contains ”T_z triangles and a line incident with apex vertex.

Let us construct the identity graph under the group D,,, identity graph Id(D,,) contains s — 1
traingles when 2n = 0 (mod 4) and s traiangles when 2n % 0 (mod 4) where s is a quotient
and it contains 2k + 3 lines when n = 0,2 (mod 4) and 2k + 1 lines when n = 1,3 (mod 4)
where k denotes number of triangles occur in the identity graph Id(D,,) graph.

3 E- cordial Labeling on Identity graph:

Theorem 3.1. Let I" be a finite cyclic group of order n where n = 3. Then the Identity graph
Id(I") admits E-cordial labeling.

Proof. LetT = (ala™ = 1) be a finite cyclic group of order n.
Case 1: n is odd and n = 1,3 (mod 4). Let ey, e,, ""eSH be the edges of Id(TI). Let us
2

consider the edges ey, e,, ..., e, be the matchings M, where k be the number of triangles in
Id(T) and the remaining edges ey41, €x+2, ...,eleJ be star S,,_,. Define a labeling l: E(G) =
2
{o,1}asfollows: For1 <i<kandfork+1<i<3 BJ
(0 if iisodd
e = {1 if iiseven
Case 2: nisevenand n = 0 (mod 4). Let e, e, ...,eg(n_—Z), e3(n_-z)+1 be the edges of Id(T').
2 2
Let us consider the edges e, e,, ..., e be the matchings M, where k be the number of triangles in
Id(T') and ey1, €x42, ...,63(11_—2) be the edges of star S,,_,. For1 <i <3 (%)
2
_ (0 if iisodd
e = {1 if iiseven
and I(e,) =1 where e, denote an edge incident with pendent vertex. From the above said
labeling, we infer that vertex and edge conditions of E-cordial labeling established.
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Theorem 3.2. Let I' be a group. Then the identity graph Id(I") where I' = D,,,n = 3 and
n # 1 (mod 2) admits E-cordial labeling.

Proof. Since n = 0 (mod 2). Let ey, e,, ..., e, be the matchings M,where k be the number of
triangles in Id(T") and eyq, €42, ..., €35 bE the edges of star S, and esy41, €342, ..., €, Where
e,, denotes the number of edges incident with pendent vertices. Define a labeling I: E(G) — {0,1}
as follows:

Forl<i<k,k+1<i<3kand3k+1<i<p,

if iisodd
ey = {1 if iiseven

From the above said labeling, it is evident that E-cordial labeling exists.

Theorem 3.3. Let I' be a group. Then the identity graph Id(I") where I' = Z,, X Z,,2 <p <q
admits E-cordial labeling.

Proof. Since 2 < m < nandn = mn. The identity graph Id(T) where I' = Z,, X Z, contains

n vertices.

Case 1: m=2 (mod4) and n % 2 (mod 4). Let ey, ey, ...,es(n_—z) be the edges of Id( Z,, X
2

Z,). Let us consider the edges e;, ez,...,eg(n_—4) be the matchings in Id(Z,, X Z,) and the
2

remalnlng edges e(n 4)+1, e( )+2, ey eg(nz;z

) be a star Sn_(n_—c;). Define a labeling l: E(G) -

2

{0,1} as follows:
For1<is (), () +1<i<3(L2)

2
_ (0 if iisodd
Wer) = {1 if iiseven

Case 2: p =0 (mod4)and n = 0 (mod 4).

Subcase 2.1. When nis even. Let ey, ez,...,e3(n_-z) be the edges of Id(Z,, X Z,). Let us
2

consider the edges e, e,, ,__,e(ﬂ) be the matchings in Id(Z,, X Z,) and the remaining edges
2

) be astar S e (124) Define a labeling I: E(G) — {0,1} as follows:

e(n 4)+1, e( )+2,...,e3(n_—2 -

2

For1<z<( - )andfor (7’24)+1<1<3( 2)

_ (0 if iisodd
l(e-)—{ if iiseven
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Subcase 2.2. When n is odd.
The identity graph Id( Z,,, X Z,) contains ( ) triangles and one line. Let e, e, ...,8(3112_—4) be
the edges of Id( Z,, X Z,). Let us consider e, e,, ..., e(nT—z) be the matchings in Id( Z,, X Z,)
and remaining edges e(n 1=2),p- e( 242 ""e(ﬁ) be a star Sn_(ﬂ).

2

Define a labeling I: E(G) — {0,1} as follows:
n— 3n—4
For1<l<( > )andfor ( . )+1<z<( . )

_ if iisodd
W) = {1 if iiseven

Case 3: m = 1,3 (mod 4). If n is even, the identity graph Id(Z,, X Z,) contains ( )trlangles
and one line. Let e4, e,, ...,e(ﬂ) be the edges of Id(Z,, x Z,). Let us consider e, e,, ...,e(ﬂ)

2

be the matchings in Id(Z,, X Z,) and remaining edges e(n 2)+1,e( 12}, ...,e(ﬂ) be a star

2

Sn_(;). Define a labeling I: E(G) — {0,1} as follows:

F0r1<l<( - )andfor (’72 )+1< <(3”24)

_ if iisodd
) = {1 if iiseven

Subcase 3.2. If nis odd, the identity graph Id(Z,, X Z,) contains ("2;1) triangles. Let
ey, €y, ...,e3(772;1) be the edges of Id( Z,, X Z,). Let us consider these edges e, e,, e(nT—l) be

the matchings in Id(Z,, X Z,) and remaining edges e(n 1), 1,e( )+2,...,e3(n7—1) be a star

Sn_(n_-z). Define a labeling I: E(G) — {0,1} as follows:
2

For1<z<( - )andfor (”21)+1<l<3( 2)

_ (0 if iisodd
l(e-)—{ if iiseven

This labeling proves that, Id(I") admits E-cordial labeling.
The following results are immediate from the above theorem.

Proposition 3.4. Let Id(Z,,), I1d(Z,) be two E-cordial graphs then Id(Z,, X Z,) is also E-
cordial.

Proposition 3.5. Let Id(Z,,), 1d(Z,) be two non E-cordial graphs then Id(Z,, X Z,) is E-
cordial.
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Proposition 3.6. Let Id(Z,,) be E-cordial and Id(Z,) be non E-cordial graphs then Id(Z,, X
Z,) is E-cordial.

4 k-cordial labeling on Identity graph:

In this section, we demonstrate the k-cordial labeling on Identity graph associated with the
groups Z, and D,,.

Definition 4.1. [7] Let G(V, E) be a graph. A vertex labeling f from V(G) to Z, induces an edge
labeling f* from E(G) toZ, defined by f*(xy) = (g(x) + g(¥))(mod k), for all edges
xy € E(G). For i € Zy, let ni(f) = [{v € V(G)|f(v) = i}| and m;(f) = |[{e € E(G)| f*(e) =
i}|. A labeling f of a graph G is called k-cordial if |n;(f) —n;(f)| <1 and [m;(f) —m;(f)| <
1foralli,j € Z.

Theorem 4.2. Let I" be a finite cyclic group of order n where n is odd and n > 3. Then the
Identity graph Id (I") admits k-cordial labeling.

Proof. LetI' = (ala™ = 1) be a finite cyclic group of order n. It is clear that the identity graph

1d(M)\{v,} contains EJ matchings namely G4, G, ...,G 2 where v, is an apex vertex. Let X =
2

{vl,vz, vy U I } and Y = {vl*,vz*, UEJ } be the partitions of the bipartite graph Id (I")\{v,}.

Note that v; is adjacent only to v;*. Define a labeling I: V(G) - {0,1, ..., n — 1} as follows:

I{ 0 if X =V,
l(x)=4 i if x=vi,1SiSng
Ik(n—lg)+i if X =v;

It is clear that, for all a’,a’ € T, ||I(v;)| — [L(vj)|| < 1 because all the vertex labels are assigned

only once, and considering the edge labels it is clear that the maximum number of occurrence of
an edge label is twice. Therefore we conclude that [[I(e;)| — |l(ej)|| < 1.

Theorem 4.3. Let I' be a finite cyclic group of order n where n is even and n = 4. Then the
Identity graph Id( I") admits k-cordial labeling.

Proof. Let I' = (ala™ = 1) be a finite cyclic group of order n. In identity graph Id(T) we
denote the apex vertex by v, and let [(v,) = 0 and I(v,) = g From the construction of identity

graph Id(T") it is clear that the identity graph Id(Zn)\{vo,vp} contains g— 1 line graph, namely
G,Gy,...,Gn__,Gn__,
1 H2 5251
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Let X = {vl, 2T A } and Y = {vl*,vz*, e, Un_y } be the partitions of the bipartite graph
2 2

1d(M\{vo, v, }. Define a labeling : V(G) - {0,1, ...,n — 1} as follows:

( : . . _n

i if x=v wherelSLSE—Z
n n
—+i+1 if x=v;" where 1<i< -2
2 2
5—1 if x=v%_1
n 1 if x=vn"—-1
5+ 1 x—v%—

In view of above defined labeling, one can obtain the k-cordial labeling.

Remark 4.4. In view of Theorems 4.2 and 4.3, all the edge labels of k-cordial labeling on
identity graphs are (i) odd integers when n = 0 (mod 4) and (ii) even integers when n #
0 (mod 4).

Theorem 4.5. Let I' be a group. Then the identity graph Id(I") where I' = D,,, admits k-cordial
labeling where n > 3 and 2n % 0 (mod 4).

Proof. Let us consider an identity graph Id(T") where I' be a dihedral group. By the construction
of identity graph Id(I")contains s traingles when 2n # 0 (mod 4) where s is the quotient.
Whenever n is prime, there are n lines contained in Id(T) and if n is non-prime then Id(T)
contains 2k + 3 lines when n = 0,2 (mod 4), 2k + 1 lines when n = 1,3 (mod 4) where k is
the number of triangles in the graph. In this context all the lines and triangles are joined to a
simple apex vertex and assign the label for the apex vertex as 0. That is [(v,) = 0. Consider the
vertex set V(Id(T')) =T, UT, UL where T; = {uy,uy, ..., ux}, T, = {vy, vy, ...,0} and L =
{wy, wy, ...,w, } where i = 2k + 1 (or) 2k + 3. Hence u; is adjacent to v; where 1 < i < k. Now
assign the label to u;,v; (1<i<k) as l(w;)) =i and l(v;) = 2k+ 3+ 2(k—1i) and also
assign the label for w; as the remaining numbers in as ascending order {0,1, ...,k — 1}. Now by
using the above labeling, it is clear that vertex and edge labeling exists.

Theorem 4.6. Let I" be a group. Then the identity graph Id(I") where I' = D,,, admits k-cordial
labeling where n > 3 and 2n = 0 (mod 4).

Proof. When n is prime, there are n lines contained in Id(I") and if n is non-prime then Id(T’)
contains 2k + 3 lines when n = 0,2 (mod 4), 2k + 1 lines when n = 1, 3 (mod 4) where k is
the number of triangles in the graph. In this context all the lines and triangles are joined to a
single apex vertex and assign the label for the apex vertex as 0. That is [(vy) = 0. Consider the
vertex set V(Id(T)) =T, UT, UL where T; = {uy, uy, ..., ux}, T = {vy, vy, ...,v} and L =
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{wy, wy, ..., w;} where t = 2k + 1 (or) 2k + 3. Hence u; is adjacent to v; where 1 < i < k. Now
assign the label to u;,v; (1 <i<k)asl(uy)=1iandl(v;) = n—2k+ 1 and also assign the
label for w; as the remaining numbers in as ascending order {0,1, ..., k — 1}. In view of the above
labeling, it is clear that vertex and edge labeling exists.

Conclusion:
In this paper we initiating the E-cordial and k-cordial labeling concepts for the identity graphs
for certain groups.
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