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Abstract

The propagation of the surface waves in a poro-electro-elastic plate studied. The problem is solved
analytically as well as numerically. The computation is done numerically for Barium Titanate 6mm poro-
piezo ceramic and dispersion curves are presented. The behavior of symmetric and anti-symmetric modes of
vibrations and their relation to surface acoustic waves are also studied. The effects of electro-elastic
interaction, wave frequency and porosity on the phase velocities of these modes are observed.
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Surface Waves In A Poro-Electro-Elastic Plate

1 Introduction

Surface waves are elastic perturbations
propagating in a solid plate with traction-free
boundaries having symmetrical and anti-
symmetrical ~ vibrations. The  lowest-order
symmetric mode has high phase velocity in
comparison to the lowest-order antisymmetric
mode. Propagation of Surface waves in electro-
elastic materials has been subject of interest
because of their application in surface acoustic
wave (SAW) sensors.

Different authors [1-5] studied propagation of
surface waves in different types of materials. Jin
and Joshi [6] investigated symmetric and
antisymmetric lower-order surface modes in a
electro-elastic plate for both metallized and
unmetallized surfaces. Nayfeh and Chein [7]
investigated the effects of fluid mechanical
loading on Surface waves. Lee and Staszewski [8-
9] used the model of Surface waves for damage
detection in metallic structures. The effects of
different types of boundary conditions on the
propagation of Surface waves in electro-elastic
plates having 6mm symmetry was studied in [10].

Porous electro-elastic materials have a wide range
of ultrasonic applications such as hydrophones,
actuators, underwater transducers and medical
diagnostics etc. In order to characterize porous
electro-elastic materials, Gupta and Venkatesh
determined the effect of porosity on the
electromechanical response of porous electro-
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elastic ceramics [11]. Vashishth and Gupta
derived basic equations for porous electro-elastic
materials  [12] and  studied vibrations
characteristics of such type of plate and further
studied wave propagation in Porous electro-elastic
materials [13]. Sharma analysed the electro-elastic
effects on the phase velocities and group
velocities of waves propagating in anisotropic
porous electro-elastic materials [14]. The
investigation of SH wave propagation in a
periodically  layered porous electro-elastic
structure has been carried out and stop band
effects are shown [15-19]. he important problem
of propagation of Surface waves in a porous
electro-elastic lamina has not been studied earlier.
In this paper, the characteristics of Surface waves
in porous electro-elastic lamina of 6mm symmetry
are studied. Two groups of waves, symmetric and
anti-symmetric modes, are studied to indicate the
symmetry of the particle displacements associated
with the wave. Dispersion equations for both
approaches are obtained and solved numerically
also. The numerical results are discussed in
particular for Barium Titanate.

2 Formulation of the problem

Let us consider an infinite poro-electro-elastic
plate of thickness h, as shown in Fig.1. Two outer
interfaces of the lamina are z=h/2 and z =
—h/2 and are assumed to be stress-free and
electrically shorted surfaces.

i

Fig 1. Geometry of the problem

The equations of motion are given as
aij,j = (p10)ijlly + (p12)Uf + by (i — U)),
a; = (p12)ijil + (p22)ijU; — byj (i — U},
Di,i == 0,
D;{; =0, 1)

where u;, U are the mechanical displacement
components for solid; fluid phase.

(P11)ij» (P12)ij» (P22)ijs bij  are  dynamical
coefficients; dissipation coefficients.
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The constitutive equations for poro-electro-elastic
materials can be written as
Oij = Cijki€rr + Mij€" — exijEx — CiijEy,
o* =myje; + Re* — (uEy — ez Ey,
D; = e + G + §uEy + Ay Ey,
D = (i + e + AyE +
GiEL Gikl=123)  (2)

Here oy, €5, D;, E; are the stress, strain, electric
displacement and electric field components for
solid phase. The corresponding components with
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* are corresponding to fluid phase.
Cijki Mij, R; eji €7, Sijier $is €1, §ij» Ay are elastic;
electro-elastic; dielectric coefficients.

The strain tensor components and electric field
components are related to displacement
components and electric potential, respectively as

*

gj = E(ui,j +u;), & =Uj,
Ei=—¢; E =-¢j (3)

3 Dispersion equation of surface wave
We consider the plane harmonic solutions of Eq
(1) as follows:

{ur, Uz, us} = {(uf(2), u3(2), us (2)Yexpu(kyx

+ kyy — wt),
{U1, Uz, Us} = {U7(2), U3 (2), U3 (2) }yexpu(kyx
+ kyy — wt),
{9, 0"} ={9°(2), " (2)}expullerx + kyy —
wt), (4)

where k ={k,, k,}" is propagation vector.
|k|=k = w/c, ky = kcos8, k, = ksin@. c is the
phase velocity, w is wave circular frequency and

t=+v-1. 6 is considered as positive when
measured counter clock wise from x-axis.

For symmetric modes, the expressions for
mechanical displacements and electric potential
can be written as
ufs = Ay cos(qz), uzs = Azsc08(qz), ug;
= A;,sin(qz),
Ups = Ays c0s(qz), U3s = Asscos(qz), Uz,
= AgsSin(qz),
¢d = Azssin(qz) ¢;° = Agssin(qz), (5)

and corresponding expressions for antisymmetric
modes are
udy = Ay sin(qz), ul, = Azqsin(qz), u,
= Azqcos(qz),
US, = Ay sin(qz), UY, = Asgsin(qz), US,
= AgqCos(qz),
¢d = A7qc05(qz) ¢a° = Agacos(qz), (6)

where g is an unknown variable and the subscripts

949 %42

s’, ’a’ are associated with symmetric and
antisymmetric modes, respectively.

Making use of Egs. (3) - (6) in Eq. (1), we get
WS =0, @)
where

§= [Ala'AZa:A3a'A4ouA5mA6a:A70uA8a]; (a
=s,a) and W is a 8 X 8 matrix whose elements
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are given in Appendix A.
The non-trivial solution of system (7) exists if
det(W) = 0, which leads to

T1q" + T,q"° + T3q® + Tuq® + Tsq* + Teq*> + T, = 0 (8)

where T, (p = 1,2,...,7) are listed in appendix A.
Eq.(8) has twelve roots with the condition q; =
—qj+6 = 1,2,...,6). The six roots, which have
positive imaginary parts are chosen and are named
aS q1,92,93,94,95,9¢- These correspond to
slowness wave modes propagating in porous
electro-elastic lamina.

For each gq;, the amplitude ratios
(R1j,R2j, R3j,R4j, Rsj, Rej, R7j) are defined as

Ry = Ap“j, ®=12,..... ,7)  where Ay =

Alj
[44],, and
aj
C(Wsz)qj C(W83)qj
= C(W81)q]-’ 2t C(W81)qjl 3t
C(W84)qj C(WSS)qj C(W86)qj
C(W81)q]-’ T C(W81)qjl 5t C(Ws1)qj’ 6l
c(Wa7)gq; c(Wsg)gq ;
Ry = S (g
)

c(Wer)q," "t c(War)g;

where c(Wij)qj are the cofactor of W
corresponding to the eigen value g;.

Thus, by suppressing the term e!(kxX+kyy=ot) for
brevity, the formal solutions for the mechanical
displacements and electric potentials in the porous
electro-elastic lamina are expressed as

6

w, ud, ul} = Z Aqj{cos (qjz + ),
=

Ryj cos(qjz + ),
Ryjsin(q;z+1) 3},
6

(UD,US, U8y = ) Ay {Rs; cos (a7 + ),
=1
R4j cos (qjz + ), Rsjsin (qjz + ) },

{d)O, d)*O} = 216'=1 Al] {R6jSil’1 (q]Z +
¥), Ryjsin (q;z + ) }, (10)

where =0 and Y =m/2, represents
antisymmetric and symmetric Surface wave
modes, and the stress components are given as

6

031 = _z [caa (qj — thexRyj) — te15 kxR

j=1
— {15k R7;] Aqjsin(qjz + )],

[c44(qj R1j — tky Ry;) — tegs ky R
1

032 = —

6
j=

— W15 ky Ryj] Ayjsin(q;z + ¥)],
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033 = 1 [Cc13 kx + C13ky Ryj — 33 Ry qj

6
=1

J
+ m33(R3jkx + R4,jky

—(Rs; q;)
—tes3 Rgjq; — 1033 R7; q;] Ajcos(q;z + ),
6

o' =1 [mllkx+m11R1jky_lm33 RZ] q]

(N

Jj=1
B +R(R3ka+kyR4J—lR5]qj)
—§3Rsjq; — te3R7;q;]A jcos(qjz + ).
(11)

The boundary conditions at the upper (z = h/2)
and lower surface (z = —h/2) of the lamina are
expressed as

0'31=0,0'32=0,0'33=0,U*=O,¢=O,¢*=0. (12)
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Using equations(10)-(12), we have
[F =0, (13)

where  F = [Aj1,A12,A13,A14,A15,A16]"  and
matrix [' is given in appendix B. The dispersion
equation for 3D Surface wave is given as

IT| = 0. (14)

4 Numerical discussion

In this section, numerical solutions of the
dispersion Eqgs.(14), are presented in the form of
dispersion curves. For numerical computations,
the material selected in the present study is
Barium Titanate of thickness 1mm and its elastic,
electro-elastic, dielectric constants are listed in
Table 1.

Table 1. Materials Constants for BaTiOs.

Elastic constants(GPa) | Electro-elastic constants(C/m?) | Dielectric constants(nC/Vm)
c11 =150 eis =114 611 =10.8
C12 = 65.63 e3 = —4.32 633 =13.1
C13 = 65.94 es3=17.4 &f1 =118
Cs3 = 145.5 (15 =4.56 &33 =139
Cas = 43.86 631 =-1.728 A11=12.8
my1 = 8.8 533 =6.96 Azz=15.1
Ms3 = 5.2 €3 = —3.6
R =20 3 =-15

All the figures depict the dispersion of surface
waves. The dimensionless frequency wh/cy is
taken along x-axis and dimensionless phase
velocity c/cy is shown along y-axis. ¢y is the
characteristic ~ velocity and  direction  of
propagation is taken along 6 = 30°. A set of
Figs.2-7, shows the dispersive curves of surface
modes. Three symmetric (S,,S5:,S5,) and four
antisymmetric (4, A, A2, A3) wave modes are
shown in a finite dimensionless frequency range
0—10. The modes are labeled as S, for
symmetric and A for antisymmetric. Also, it is to
be noted that for all modes, a cut-off frequency
exists with the exception of lower order
symmetric (S,) and antisymmetric (A,) modes.

Fig.2 depicts the symmetric surface modes in a
poro-electro-elastic lamina. The fundamental
mode (S,) dispersion is different from dispersion
of other modes of vibration. After the value 4 of
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wh/cy, it is nearly non-dispersive in case of S,
while not so in case of S; and S,. The higher
symmetric modes are highly dispersive in nature
with cut-off frequencies (4 and 5). The
antisymmetric Surface wave modes are shown in
Fig.3. The lowest antisymmetric mode (A4,)
behaves differently, in which the phase velocity
starts from lowest value, increases with the
frequency and finally becomes non-dispersive.
The solution corresponding to third mode (45) are
also obtained in antisymmetric case. The phase
velocity decreases with frequency in A;,4, and Az
modes. The weak dispersion of fundamental
modes, both in symmetric and antisymmetric
modes, in high frequency range makes it distinct
from higher Surface modes. In order to determine
the effect of porosity, considered in the present
study, in comparison to the existing theoretical
electro-elastic model for ceramics, the results for
electro-elastic material are also obtained.
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Fig 2: Dispersion Curves: symmetric modes
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Fig 3: Dispersion curves: Antisymmetric modes

Fig.4 demonstrate the study of effects of porosity
on dispersion curves of symmetric modes. The
dispersion curves for electro-elastic lamina are
shown by dashed curves in these figures. Fig.4
shows that the velocity of S, mode in porous
electro-elastic lamina has higher value in

Eur. Chem. Bull. 2022, 11(Regular Issue 11), 1063-1072

comparison to electro-elastic one, within
frequency range 0—1.8 and becomes less
thereafter. In the case of the higher modes, phase
velocity for porous electro-elastic lamina is less
than that for electro-elastic lamina before
interception.
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Fig 4. Effects of porosity on dispersion curves of symmetric modes

5 Conclusions

This paper has presented a theoretical and
numerical investigation of the propagation of
Surface waves in a porous electro-elastic lamina.
This investigation reveals that the fundamental
mode (S,) dispersion is different from the
dispersion of other modes of vibration and higher
symmetric modes are highly dispersive in nature
with cut-off frequencies. The velocity of S, mode
in porous electro-elastic lamina has a higher value
in comparison to electro-elastic one while phase
velocity for porous electro-elastic lamina is less
than that for electro-elastic lamina before

Appendix A

interception. The phase velocity decreases with
frequency in antisymmetric modes. Due to the
difference in velocities of fundamental symmetric
and antisymmetric modes, the decomposition of
surface acoustic waves (SAW) into S, and A,
modes is useful in explaining the beating effect.
The effect of consideration of porosity in the
theoretical framework of the model is distinctively
observed in the dispersion curves. The results
obtained by Sharma and Pal (2003) for electro-
elastic materials are obtained as a particular case
of study.

_ bij ., _ bii ,_ bij _
(P11)ij = (P1)ij + —L, (Prdi = (P12)ij — 2, (P22)ij = (P22)yj + —% dl(P) = dl(p11)11 —
dl(p12)31/d1(P22) 22, Al(p11)ij = (P11)ijw?, dL(p12)ij = (P12)ijw? dl(p22)ij = (P22)ijw?.

The elements of matrix W in Eq.(9) are:

Wiy = ci1k? + coskd + caaq® — dl(p11)11 Wiz = (12 + Coe)kky, Wiz = —t1(c13 + aa)kyq,
Wiy = m11k;2c —dl(p12)11, Wis = mllkxkyv Wie = —tmy1kyq, W17 = —t(e3q + e15)kxq,
Wig = —t({31 + {15)kxq, Wa1 = (C12 + Co6)kxky, Wop = cesks + C11k321 + C429% — dl(p11)22, Wo3 =
—t(c13 + C44)kvaW24 = mllkxkyv Wys = m11k32/ — dl(p12)22, Woe = —lmnkyqa
Wa7 = —t(e3q + e15)kyq,.Wag = —1({31 + {15)kyq. W31 = 1(C13 + C44)kxq, W3z = 1(C13 + Ca4)kyyq, W33 =
Caaky + C44k32; + c339% — dl(p11)33.Way = tmzzk,q, Was = tmszky,q, W3 = m33q* — dl(p12)33,
Ws; = eys5(ky + k3) + e33q%, Wag = {5 (ki + k3) + {33q%, Wyq = my kZ — dl(p12)11, Waz =
mllkxky'W43 = —imgskyq, Wiy = Rk:% — dl(p22)11:Was = kakya Wye = —tRkxq, Wy7; =
—lz3kxq'W48 = —tezky,q, Wy, = mllkxkyv Ws, = m11k321 — dl(p12)22, Ws3 = —tm33kyq, Wsy = kaky:
Wss = Rk321 = dl(p22)22, Wse = —leyq, Ws; = —tfgkyq, Wsg = —legkyanm =1mq1kyq,

Eur. Chem. Bull. 2022, 11(Regular Issue 11), 1063-1072
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We, = lm11kyqu63 = 7”33612 — dl(p12)33: Wea = tRkxq, Wes = leyq’

Wes = Rq? — dl(p22)33, We7 = (39%, Weg = €3q> Wy = 1(e31 + e15)kyq, Wop = (€31 + e15)kyq,
Wys = eys(kZ + k3) + e33q% Woy = 1{3kyq, Wys j 1G3kyq, Wyg = (3%, Wyy = —[&15(kZ + k3) +
$339°],

Wyg = —[A11(kZ + k2) + A33q%) Way = ({31 + {15)kxq, Way = ({31 + {15)kyyq, Was = {y5(kZ + k3) +
{339°% Wgy = te3k,q,Wes = te3ky,q, Wge = e3q%, Wgy = —[A11 (ki + k3) + A33q%], Weg = —[&11 (k% +
k3) +§339°].

The coefficients Ty, T,, T3, Ty, T, T, T are:
Ty =Ti1Ti7, Ty = TipTig + TagTi1, Tz = TizThy + TagTiz, Ta = TiyTig + TigThs, Ts = ThisTi7 + TigTha, Te
=Ti6T17 + T1gT15, T7 = T1gT1e,
Ti1 = by1dq1 — da1bip + a1dsq — b1adyq, Too
= b11d12 + g11d11 — b12d2 — G12d21 + a1d3y + bi3dzy — biaday — 914dsq, Tis
= b11d13 + g11d12 — b12d23 — g12d22 + a1d33 + by3ds; + gi3dzg — biadys
— 14442, T14
= b11d14 + g11d13 — b12d2s — G123 + A1d3s + bi3dss + g13d3y — Diadas
— G14d43,T15
= b11d15 + g11d1a — b12dys5 — g12d24 + b13dzs + g13d33 — b1adas — g14das, Tie
= g11d15 — 912025 + g13d3s — 1adss
Ty7 = a4, T1g = CoslkZ + kaz] — dl(p),
d11 = by(baaGy — agbzy) + bps(bsaa3 — byyay),dqs
= b3 (Dasbss + gasQy — bazbzs — g3403) + g22(baaqy — azbzs) — by3(baabzy — bazbss),
+by4(a3932 + bazbsz — 9420 — bazbss) + gou(bzza3 — bazasy),
dy3 = byy(basgss + Jaabzz — Gazbsa — bazgsa) + goz(basbsz + 94a@y — basbss — gzaaz) —

by3(b44932 + Gaabsz — b349a2 — g3aba2) — g23(baabzy — bazbzs) + bys(basgsz + gazbss — gazbss —

933ba2) + g24(azgsz + bazbzy — gar@y — bazbzz), dis = by2(gaagss — 9a3934) + g22(baagss +

9aabzz — gazbzs — bazgsa) — b23(gasgsz — Gaz9sa) — 923(baagsz + Gaabzz — b3agar — g3abaz) +
by4(9a3932 — 933ba2) + g2a(bazgsz + Gazbszz — 9azbss — gs3baz), dis = 922(9aag3z — Gazgza) —
923(9aa932 — 9a2934) + 924(9a3932 — 933b42),d21 = b1(baaay — a3bzs) + bys(bs1a3 — byqay), dyy =
by1(baabss + 94aGy — bazbss — g34Q3) + 921 (Das@y — azbss) — by3(bagbsy — barbss) + bas(azgs: +
basbz1 — ga1a; — baybs3) + g2a(b31a3 — ba1ay),dys = by (b4ag33 + gaabss — Gasbza — b3agss) +
921(baabss + g4aay — byzbss — g34a3) — ba3(bssgs1 + Gaabs1 — b3sga1 + Gazba1) — g23(baabzy —
ba1b34) + bs(basgs1 + Gazbsi — 9arbss — g33ba1) + 924(a3931 + bazbs1 — ga1az — bagbsz), dys =
by1(944933 — 9a39sa) + 921(baagsz + gaabzz — gasbzs — bazgza) — b23(gasgsz1 — 9a193a) —
923(baags1 + gaabzy — b3agar — 93aba1) + b24(gazgs1 — gzzbar) + 924(baz 931 + 9azbs1 — garbzz —
933ba1),dzs = 921(944933 — 943934) — 923(gaags1 — Ja193a) + g24(gasgs1 — 933ba1),
d31 = by1(b32bss — bazbss) — byp(b31bas — ba1bzs) + bas(b31bay — b3zbsy), dsy = ba1(b3294s +
932b44 — b42934 — Gazbza) + g21(b32bas — bazbzs) — by (b31944 — 3144 — Garb3a — bs1934a) —
922(b31b4s — b3absr) + bas(b31942 + g31baz — b32941 — G32b41) + g24(b31bsz — b3zbyq),dzz =
by1(932944 — 9a2934) + 921(b329as + 932bas — bazgzs — 9azbza) — b22(g31944 — 9a1934) —
922(b31944 + g31baa — g3abs1 — b349a1) + b24(931942 — 941932) + G24(b3194a2 + g31ba2 — b329a1 —
932b41),d3a = 921(932944 — 942934) — 922(931944 — Ja1934) + 924(931942 — 941932),
d41 = byy(bayay — azbzq) + by1(b32a3 — baray),day = byy(bay1bss + ga1a; — byzbsy — gsia3) +
922(bs1a; — azbzy) — byz(ba1bsy — bazbzy) + byy(azgsz + bazbsy — gar @y — bazbsz) + go1(b3zaz —
bsza;),d43 = byz(ba1gsz + ga1bzz — 9asbszr — bazgz1) + 922(barbss — ga1az — bazbzy — gs1a3) —
by3(b41932 + ga1bszz — b31942 + g31b42) — G23(barbzz — bazbsq) + by1(bazgsz + gazbzz — garbzz —

933baz) + g21(azgsz + bazbzz — gar Qs — barb3z), das = by2(ga1933 — 9a3931) + g22(bs1933 +

9a1b33 — Gazbz1 — bs3931) — b23(941932 — 9a2931) — 923(b41932 + Ja1b32 — b31942 — g31baz) +
by1(9ga3932 — 933baz) + 921(bazg32 + Jazbzz — Jazbsz — g3zbaz)das = g22(941933 — Jazgz1) —
923(941932 — 942931) + 921(943932 — 933b42),

911 = Xg, g12 = x5(m33dl(p22)33 Rdl(p12)33) + k*x4R(ezeqs — (3(15), ; 913 = Rk*(eyse; —
{3{15) 9g1a = k? R[{15x5 + x6(e3€15 — 53515) 21 = %2(X4dl(p12)33 — X3dL(p22)33), 922 =
xsxzdl(P22)33'923 =0,924=0,;931 = 315k Rx, + 53(9546”(!312)33 - x3dl(p22)33) 932 =

x5d1(p22)33G3 + k?x4R(A1103 — §11€3), 933 = Rk?({3A1; — §11€3),, 934 = k? R[xe(A11(3 $11€3) —
XsA11], a1 = k? x4(f3(15 —e3e15),9az = k? x4(e3 $11 t 53511 293(31411), 9a3z = k? (5;1193 + Z?%fﬁ -
Eur. Chem. Bull. 2022, 11(Regular Issue 11), 1063-1072 1069
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2e303A11), Gaa = k?[x5(A11e3 — (3&(1) + x6(e§‘2€11 + {5811 — 2e383411)],
b1 = (Rezz — m§3)x4, bi; = x4(e33e3 — 53353) bi3 = R?x5C44k? (e1se3 — 53515) + Rx;(e3ze3 —
{3303) + k*Rxs[R(cy3 + C13) — M33Myq], by = X5(R{33 — m3ze3) + xgR(e33e3 — {3303), byy =
[x4(Rk2m33ky — XM33) — x3(k2R2ky — Rx3)], byz = xs(szzky — Rx3), by3 =
Rx5kyk2[m11dl(p22)22 — Rdl(p12)22], b2y = x5(Rk2kye§ — e3x3), by = x4(e33R — m33(), bsp =
%4[$5(A33R) — €3(C33R)], bas = R%x2C44k?((3A11 — §11€3) + Rx7 (43305 — §33€3) + k*Rxs[R(eqs +
e31)2— $3myq], bzg = x6Z3A33R xge3§33R — x5(A33R + 93{3) by, = x4((33f3 €33€3), byy =
x4le3 {33 + (5033 — 2e303433], baz = Rxpcaak®(&1103% + (3811 — 2e303A11) + x7(€3§e§2 + {5853 —
2e303A33) + k*Rxs[ez(es + e31) — {3(Gus + {31)],bag = x5(Ar1e3 — (3811) + xg[ez &3z + (5&1; —
2e3¢3A11],
x; = [my k* — d}(ﬂu)zz]ky, X; = [Rk? — dl(p22)221ky x5 = —X1M33 + X5(C13 + C4a), X4 = =X, R +
XaMyq, X5 = X2[{3(031 + {15) — e3(e3q + e15)], X6 = x2({31 + {15) — X163, X7 = k?x,(Reyy —miy) —
x2[My1dl(p12)22 — RAL(P11)22] — x1[M11dL(P22)22 — RAL(P12)22], Xg = x4[m33dl(p12)33
Rdl(p11)33] — x3[m33dl(p22)33 — Rdl(p12)33].00 = szgC44(€33e3 (33¢3), @z = R?X5C44(A3303 —
§33€3), a3 = RxpCaak? (83363 + (535 — 2e3(3433)].

Appendix B
The elements of matrix I" in Eq.(15) are:
I1; = [544(‘1] ik Rz;) ieqsky Rgj — i{y5ky R7J]sin(qu +1/J),F2j = [C44(QjR1j - ikszj) -
le1skyRej — i{1skyR7j1sin(qjz + ¥), I3 = [c13ky + €13k Ryj — ic33R5q; + ma3(Rsjky + Rajky, —
iRs5;q;) —les3Rejq; — i33R7q ]cos(q;z + ), Iy; = [my ky + imq Ry jky — im33R5q; + R(R3jky +
k R4] lRS]Q]) l€3R6]Cl] le3R7jqj]COS(qu + 1/})1
I['s; = Rejsin(qjz + ¥),Tj = R7jsin(q;z + ). j=01,2,....6)

Appendix C
The elements of matrix W in Eq (17) are
Wy = C11k + ¢44q% — dl(p11)11 Wiz = 0, Wiz = —i(cy3 + caa)knq,
Wis = mykZ — dl(p12)11, Wis = 0, W16 = lmnkxq Wy = —t(ez1 + e15)kxq,
Wig = =t({31 + {15)kxq, Wp1 =0, sz = Cgekz + C44q — dl(p11)22) Waz = 0,Wpy = 0, Wy5 =
mllk — dl(p12)22: W6 = 0,
W27 =0, Wag = 0,W31 = 1(C13 + Caa)krq, W3, = 0,
W33 = Caaki + €337 — dl(P11)33’ Wiy = tm33kxq, Wss = 0, W36 = m33q* — dl(P12)33:
Wiy = e15(k2) + e33q% Wag = {15(k%) + {33q%, Wyy = my1ki — dl(p12)11, W42 =0,
Wys = —tmazkyq, Wy = RkZ — dl(p23)11.Was = 0, Wy = —tRkyq, Wyy = —103kxq,
Wyg = —tezkyq, W5y = 0, W5y = —dl(p12)22, W53 = 0, Wsy = 0,
W55 = —dl(P22)221 W56 =0, Ws; =0, Wss = 0,Wey = tmykyq,
Wz =0 W63 = m33q° dl(P12)33: Wes = tRkyq, Wes = 0,

Wes = Rq* — dl(p22)33, We7 = {3q°, Weg = e3q° W71 t(ez1 + eg5)kyq, W72 =0, W3 = e;5(k%) +
_ e33q?, Wy = 153 xq Wos =0, Wy = 63‘1_’ Wo7 = :[fn(k ) + £330°], _
Wog = —[A11 (k%) + A3397], W81 = ({31 + {15)kxq, Wap = 0, Wez = {15(k2) + {3397, Way =

tezk,qWgs = 0, Wgg = e3q%, Wgy = —[A11(k3) + A33q9°], Wag = —[11(k3) + $330°].

The coefficients Ty, Ty, T5, Ty, Ts, Tg, T, Tg are:
T, =T, T, = T12:T3 = T13:T4 = Ty4, Ts TlS:Tﬁ = T16:T7 = T17:T8 = Ceek — dl(p),
ijs and qa;, bu'gu in du arereplacedwith a;, bngu Ay = X30,0 = Xyg,03 = x57,b11 = x27,b12

dij = d
= X32, b13 = X329, b14 = X34/ b21 = X37:b22 = x41,b23 = x38:b24 = X43, b31 = X46, b32
= X50, b33 = X47, b34 = X52, by = x55,b42 = X59, b43 = x56:b44— = X61, 911 = X26, 912
= X31,013 = X28,014 = X33,021 = X35,022 = X40,923 = X39, 924 = X42,931 = X44,J32
= X49,933 = 0,034 = X51, 941 = X53,Ja2 = X58,Ja3 = 0, Jas = Xg0,
X11 = [C11k;2c — dl(p11)11]dL(p22)11 — m11k§dl(P12)11 + dl(P12)%1'x12 = —[(c13 + €44)AL(P22)33 —
my1dl(p12)33]thy, X13 = [tmy1 k3 — thyedl(p12)11]d1(P22)33, X14 = [(C13 + C4a)dL(P22)11 —
M33dl(p12)11]tky, X15 = [C44k:% — dl(p11)33]dl(p22)33 + dl(P12)§3'x16 = [c33dl(p22)33 —
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M33dl(p12)33), %17 = M11kidl(p2z)11 — RkZAl(p12)11, %18 = [m33dl(p22)33 — RAl(p12)33]thy, X19 =
dl(pa2)33tRks — ey dl(p22)11d1(P22) 33, X20 = [(e15 + e31)dl(p22)11 — (3dl(P22)11]tky, X21 =
e15dl(p22) 33k, X22 = [e33dl(paz)3s — (3dL(P12)33], X253 = [((15 + {31)dl(p22)11 —
e3dl(p22) 111tk X204 = {15d1(P22)33k%, X25 = [(33d1(p22)33 — €3dL(p12)33], X26 = [X12217 +
X18%11], X27 = Caadl(p22)11X18, X28 = [X13X17 = X11X19], X209 = thyMy1X17d1(p22)11 —
thyx11RAL(p22)11 — Ca4X19dl(P22)11,X30 = —URkC44dl(p22)T1, X351 = [%1103 — (€31 + €15)x17]tky, X35 =
thxC3Caadl(p22)11, X33 = [X11€3 — (§31 + 15)X17]thy, X34 = thye3Ca4d1(D22)11, X35 = X15X17,X37 =
[X16%17 + X18X14], X38 = dL(P22)11X17AL(P12)33 — dl(p22)33x17m3§k§ — X14X19,X39 =
—dl(pa2)11[x17M33 + tRkxX14], Xa0 = €15%17K3, Xa1 = €33%17 + thyX1403, X4z = X17G15k5, X453 =

{33%17 + thyX14€3, X4a = Xp1X17,X46 = [X18X20 + X17X22], Xa7 = —[dA1(022)33%17(3k% + X19%20], Xag =
_dl(P22)11[x17(~3 + Rk yX0), X490 = —X17811 k2, X50 = lkxxzoé — &33X17,X51 = —A11X17kZ, X5y =
tkyXz0€3 — A33X17,X53 = X17X24, X55 = [X18X23 + X25X17], X56 = —[dl(p22)33e§x17k§ + X19%X23], X57 =
—dl(pz)11[€3%17 + tRkyXp3], Xsg = —Aq1X17kE, X59 = [kax23(~3 — A33%17), X6 = —E11%17k%, Xe1 =

[thyxaze3 — &33%17].

Appendix D
The elements of matrix I" in Eq.(23) are:
Tij = [caa(qj — thyRyj) — teyskyRaj — t15kxRsj]sin(q;z + V), Iy = [c13ky — e33R ;q; + M33(Ryjky —
tR3;q;) —te33R4;q; — l(33R5jCIj]~C05(CIjZ + ), I3 = [my1ky —tm33Ryjq; + R(Ryjky — tR3q;) —
1{3R4;q; — te3Rs;qj]lcos(q;z + 1),
~ [4j = Ryjsin(q;z + 1),
Is; = Rsjsin(qjz +¥). j=(1,2,....5)
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