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Abstract 

  Let    be a connected graph. A set         is called a geodetic non-split dominating 

set of   if   is both geodetic set and a non split dominating set of  . The geodetic non-

split domination number of    is  the  minimum  order  of  its  geodetic non-split 

dominating set of   and denoted by          In this paper, we determined the geodetic 

non-split domination number of some standard graphs. 
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1. Introduction 

By a graph            we mean a finite undirected connected graph without loops or 

multiple edges. The order and size of   are denoted by   and   respectively. For basic 

graph theoretic terminology we refer to [5]. For every vertex      , the open 

neighborhood      is the set                    . The degree of a vertex       is 

                 If           is an edge of a graph   with            and 

            then we call   a pendant edge or end edge,   a leaf or end vertex and   a 

support. A vertex of degree        is called a universal vertex. The minimum and  

maximum degrees of a graph   are denoted by      and     , respectively. The 

subgraph induced by a set   of vertices of a graph   is denoted by        with 
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              and                                 . A vertex   in a graph   is 

called a extreme vertex if the subgraph induced by its neighborhood is complete. 

 For vertices u and v in a connected graph G, the distance d (u, v) is the length of a 

shortest u  v path in G. A u  v path of length d (u, v) is called a u  v geodesic. For 

        The closed interval         consists of all vertices lying on some     geodesic 

of   including the  vertices   and  . For      ,       ⋃               A set   of vertices 

is called  a geodetic set if         . The geodetic number of    is  the  minimum  order  of  

its  geodetic set of   and denoted by       Any geodetic  set  of order      is  -set of   .  

The geodetic number of a graph is  studied in [1-6, 11-15, 20-28].  

 A set of vertices D in a graph G is a dominating set if each vertex of G is dominated 

by some vertex of D. The domination number of G is the minimum cardinality of a 

dominating set of G and is denoted by γ (G). A dominating set of size γ(G) is said to be a γ-

set. The domination number of a graph is studied in [7-10,16-19,29-31].  A dominating set 

D in a graph G is a non-split dominating set if         is connected. The non-split 

domination number of    is  the  minimum  order  of  its  non-split dominating set of   and 

denoted by         Any geodetic non-split dominating  set  of order        is    -set of   . 

The non-split domination number of a graph is studied in [32]. Geodetic non-split 

domination concepts have interesting applications in channel assignment problems in radio 

technologies. Also, there are useful applications of these concepts to security based 

communication network design. In this article we studied the concept of the geodetic non-

split domination number of a graph. The following theorem is used in the sequel. 

Theorem 1.1. [6] Each extreme vertex of a connected graph   belongs to every geodetic 

set of    

2. The geodetic non-split domination number of a graph. 

Definition 2.1.   Let    be a connected  graph . A set         is called a geodetic non-

split dominating set of   if   is both geodetic set and a non split dominating set of  . The 

geodetic non-split domination number of    is  the  minimum  order  of  its  geodetic non- 
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split dominating set of   and denoted by          Any geodetic non-split dominating  set  

of order         is     -set of   .   

Example 2.2. For the graph     of Figure 2.1,                is a  -set of   so that 

        Since     is not connected,   is not a geodetic non-split dominating set of 

   and so            Let                     Then    is     -set of    so that 

           

 

Theorem 2.3 Each extreme vertex of   belongs to every  geodetic non - split dominating 

set of  . 

Proof. This follows from Theorem 1.1.                   ∎             

Theorem 2.4.  For the complete graph                          . 

Proof. This  follows from Theorem 2.2.     ∎     

Theorem 2.5. For the  star                      Then               

Proof. Since the set of end vertices of   is a geodetic dominating set of    the result  

follow from Theorem 2.2.                                                                                                              

∎ 

Theorem 2.6. For any double star of order         or  a  double  star. Then         

     

𝑣  𝑣  

𝑣  

𝐺 
 Figure 2.1 
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Proof. Since the set of end vertices of   is a geodetic dominating set of    the result 

follow from Theorem 2.1.    

∎ 

Theorem 2.7. For the path      (                     

Proof. Let                   and              Then   is a geodetic non-split 

dominating set of   and so              We prove that               On the 

contrary suppose that              Then there  exists a      -set    such that  

          Then         is not connected and so    is not a geodetic  non-split 

dominating set of     Which is a contradiction. Therefore                 .                                

∎       

 Theorem 2.8. Let    be tree with   end vertices such that  every vertex  of   is either an 

end vertex or a support vertex  of    Then               

Proof.  Let     be  the  set  of  all  end  vertices  of       Then by  Theorem 1.1,  

            Since    is a geodetic non-split dominating set of                                           

∎ 

Theorem 2.8. For the graph                           with        

                        

Proof.  Let     be  the  cut  vertex  of       Then          is  the set  of  all extreme 

vertices of     By  Theorem 2.1,                Since    is a geodetic non-split 

dominating set of                                                                                             ∎ 

Theorem 2.9.  For the cycle                , 

         {
                                 
                                    

 

Proof.  Let                     If           then it can be easily verified 

             So let that      Let               Then    is  a geodetic non-

split dominating set of   and so                We prove that               On 
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the contraty suppose that                Then there exists a      -set    such that 

            .  Then          is  not  connected and so    is not a geodetic non-

split dominating set of   . Which is a contradiction. Therefore                       

Theorem 2.8.   If G is the complete r-partite graph            
 of order n with     and 

                   then  

(i)             when      and      

(ii)                                   and          ⁄     

Proof.    (i)  Let                 and       
    

      
    be the  -partite sets 

of G. Let X be a set of vertices of G. If         then there exists at least one vertex say 

  such that     . Let y be a vertex of          Then y does not lie on a geodesic 

joining two vertices of X so that             Now, it is clear that    is a monophonic 

dominating set of G so that              

(iii) Let    {              
}       {              

}      

{              
} be the r-partite sets of G. It is easily seen that no two element subset 

of G is a geodetic non split dominating set of G so that            Let X be a set of 

vertices with three elements. If        then   is not a geodetic non split dominating set 

of G and so          Now, let                 where                 It is clear 

that S is a geodetic non split dominating set of G so that         

             ∎ 

Corollary 2.9.   For the complete bipartite graph        ,  

(i)             if       

(ii)            if         

(iii)                     if       

Theorem 2.10.   For the wheel                      
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        {

 

 
                                  

   

 
                                       

.  

Proof. Let          and       be                          Let   is even. Then     

                   is a geodetic non-split dominating set of    and  so         
 

 
 . 

We  

prove that         
 

 
   On  the  contrary suppose that         

 

 
   

   

 
   Then 

there exists a      -set    such that      
   

 
  Let       Then       Therefore  

      for  some               Since           for every                   

Hence it follows that    is not a geodetic non-split dominating set of    so  that  

         
 

 
   

Next assume that     is odd. Let                            Then    is a 

minimum geodetic non-split dominating set of    so  that           
   

 
                                       

∎ 

Theorem 2.11.  For the graph Helm graph                   .    

  Proof. Let   be the central vertex of   and   be the set of   end vertices of    By 

Theorem   is a subset of    Since   is not dominated by any vertex of      is  a  non-split 

dominating set of    and  so            . Let             Then        and 

       is connected. Therefore    is a geodetic non-split dominating set of   and so 

                          

∎  

Theorem 2.12.   For the banana graph        ,               

 Proof. Let   be the central vertex of   and   be the set of  all end vertices of    Then by 

Theorem   is the subset of every geodetic non- split dominating set of   and so 

                

Since the  vertex    is not dominated by any element of      is not  a geodetic non-split 
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dominating set of    and  so            . Let             Then    is a geodetic 

set of   and          is connected. Therefore     is a geodetic non-split dominating set 

of   so that                ∎      

Theorem 2.13.   For the Lotus inside cycle             

          ⌈
 

 
⌉      

 Proof. Let    be                  be the inside in the graph with vertices              

such that    is the central vertex of    and    be  adjacent to    and      taken modulo    

               Let      Then               is  a  minimum geodetic non- split  

dominating set of   so that             ⌈
 

 
⌉     Next assume that      We 

consider the following two cases. 

Case(i)   is even. 

Let              Let                     . Then   is a geodetic non-split 

dominating set of    and  so         
 

 
    ⌈

 

 
⌉   . We prove that         ⌈

 

 
⌉  

 .  On the contrary, suppose that      ⌈
 

 
⌉  Then there exists a geodetic non-split 

dominating set    such that      ⌈
 

 
⌉                 

Case(ii)   is odd. 

Let                Let                     . Then the argument similar in 

case (i), we can prove that         ⌈
 

 
⌉   .   ∎        
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