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Abstract

Domination is one of the most application oriented research area in Graph Theory. In this paper, we have
found the independent domination number, independent transversal domination number and the corresponding
sets to the complement of a path graph P, and its duplication. Also we have established a general formula to find

all sets.
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1. Introduction:

In Graph Theory, domination and dominating sets
are used in several fields such as wireless
networking and efficient routes with in ad-hoc
mobile networks. [5] In 2012, the independent
transversal dominating set was introduced by
Hamid.

Definition: 1.1

A path is a simple graph whose vertices can
be arranged in a linear sequence in such a way that
two vertices are adjacent if they are consecutive in
the sequence and are non-adjacent otherwise.

Definition: 1.2
Let G be a simple graph. The complement
G° of G is the simple graph whose vertex set
is V(G) and whose edges are the pairs of
nonadjacent vertices of G.
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Definition: 1.3

The sum of two graphs G, and G,, denoted
by G, + G, is the graph obtained by disjoint copies
of G, and G, and then adding every edge xy whose
x €V(Gy) and y € (G,).

Definition: 1.4

Duplication of a vertex v of a graph
G produces a new graph G’ by adding a new vertex
v’ such that N(v') = N(v). For a graph G, the
graph obtained by duplication of all the vertices of
G is denoted by D (vG).
Definition: 1.5

The subset D € V() in a graph G is called
a dominating set if every vertex v eV(G) is
either an element of D or is adjacent to at least one
element in D. The cardinality of a minimum
dominating set in G is called the domination
number of G and is denoted by y (G).
Definition: 1.6
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Aset] € V(G) is said to an independent set
of G if no two elements of I are adjacent in G. A
subset I of V(G) is called an independent
dominating set if I is both an independent and a
dominating set of G. The minimum cardinality of
an independent dominating set is called an
independent domination number of G, denoted as

Yi(G).

Definition: 1.7

A dominating set D <€ V(G) is said to be an
independent transversal dominating set if D
intersect every maximum independent set of G. The
minimum cardinality of an independent transversal
dominating set of G is called the independent
transversal domination number and is denoted by

Yie (G).
2. Main Results:

Theorem: 2.1
Let G = P,° be the complement of a path graph of
order n, n > 3 then
: n?-3n+4
) ¥ =2and DG,y ="=
(i) vi(G) =2and |D;y(G,y)| =n—1
i) (@) =[5] and
1 if nisodd,n>>5
1D (G, ¥)| = %+ 1 if niseven,n>4"

Proof:

Given, G = P,° is a complement of a path with n
. (n-1)(n-2)

vertices and ———— edges.

V(G) = {u;/1 <i <n}isthe vertex set of G.
N(ui) = V(G) - {ui—l yUipa 'ui}7 1<i<n.
N(ui+1) = V(G) - {ui'ui+1' Uiy }l l<i<n-1

() Let Dy; = {{upupp}} 1=i<n-1 o )
Hence, every pair of vertices (u;, u;41) € V(G),
N[w] U N[yl =V(G) forall 1<i<n-1.

= y(G) = 2. The dominating sets of ¢

with y = 2 are,

J Dl,l = {{ul' ul+1}}
D(G' y) = l)_l,] i = {{ui, u]'+3}}

1<i<n-3
i<j<n-3

DG, y)=n—1+[14+24+ 4+ (n—3)]

= %[n2 —3n+4].
(ii) Since, u;u;,, € E(G) for all [, hence every set
contained in D;; / 1<i<n-1is the required
independent dominating sets of G.
Therefore, y;(G) = 2 and |D;(G,y)| =n — 1.
(iii) Let I(G,a) be the collection of maximum
independent sets of G.

I(G,a) = Il,i = {{ui,ui+1}},1 <i<n L. (2)
If nisodd, n > 3,
Leth, ={w/1<i<[2p ... 3)
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NIDI=V(G)  and Dy =3

From equations (2) and (3), every maximum
independent set belongs to I(G,a) contains a
vertex of D, . Therefore, D, is the required
independent transversal dominating set of G with

cardinality E] Hence, ;(G) = E] and
D (G, V)| = 1.
If nis even,n >4, let D, = {uzi—l/l <i< Z}
N[D,] =V(G) . D, intersect all the maximum
independent sets of G and |D,| = E]
The independent transversal dominating sets of G
. . . n

with cardinality [E] are,
Dit(Gl V)

( D, ={u2i/1sis—}

2
_ D, = {u21—1/1 <is< ;}
Dl,j ={u2t/1si5j}
1=js--1 U{u2r+1/jsr$——1}
n
1D (G, y) =5+ 1.
Hence, the theorem proved.

)

Result: 2.2

(i) y(B) =y(BS), n>3
(ii) vi(B) = vi(By), n>3
(i) ¥ (P) < v (PO, n>3.

Theorem: 2.3

Let G = D(vBf) where B is the complement of a
path graph B, then,

. 2_

(i) ¥ =2and |DGy)| ===

(u) v:(6) = 4and |D;(G,y)| =n—1,n>4
(i) y4(6) =3 and

n(n?-5n+6)

|Di (G, ¥)| = — ) >t

Proof:
LetV(R,) ={v;/1 <i<n}and
V(BS) = {w;/1<i<n}.
Let G = D(vPY) is a duplication of all the vertices
of Bf .The vertex set of G s,
V(G) ={u,u;'/1<i<n} with d(uy) =d(u,) =
2n—4,dw,)=dw,)=n-2; dw) =2n—
6 and d(u;)=n-3, for all 1<i<n and
[V(G)| = 2n.
The neighbours of V(G) is as follows,
N(uy) =V(G) — {ug, upuy ', up'}
N(uyp) =V(G) — {un, Un_1, tn' U1}
N(u;) =V(G)
=i U Ui, Uit S U U D 1< i<
N(uy) =V(G) —{upupu/ 1 <i<n}
Nw,) ={uj/1<i<n-2}
Nj) ={u/1<i<n}
_{ui—lﬂui'ui+1}’ 1<i<n
(|) Let Dl,i = {{ui,ui+3}/1 <is<n-— 3}
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N[u; ] U N[ug3] =V(G) 1sisn-3
Therefore, every set in D;;/i<isn-3 is the
required dominating set of G. Hence, y(G) = 2.
The dominating sets of G with cardinality 2 are,
D(G,y) = D, ; = {{ut:uj+3}}

1<t<n-3

t<j<n-3
DG,y =" 0 > 3,
(i) Let Dy = {up e, ), upqy 1< tsn-1.
N[D,;]=V(G) , 1<i<n-1 . Therefore, every
set contained in D,; / 1<i<n-1is the dominating
set of G. Since, wyuyyq, w'u, wu,' € E(G) for
all . Hence any set containing four elements of
the form {uw;, u;4q, 1w/, 444"} is an independent
dominating set of G. = y;(G) = 4.
The independent dominating sets with y = 4 are,

D, = {{ul'ul+1' u/, uz+1'}}
D(G]/)z 1<l<n-1
o Ds, = {{uz' w_q,u, uz+1'}}

1<l<sn-1
ID;(G,y)|=2n—-3,n>4.
(iii) Letus take I(G,a) = I, = {u;/1 < i <n}.
Clearly, I; is the maximum independent set for G.
Any arbitrary set S belongs to
Dyj/1<t<n-3¢<j<n-3inequation (4) does not
intersect the maximum independent set I, of G.
Now we choose  Ds;  such that

Ds; = {{us,u]-+3} V] {ul’}}, 1<i<n.
1<s<n-3
s<j<n-3
Clearly, every set in Dg;/ 1<ss<n-3, s<j<n-3
intersect all the maximum independent sets of G.
Hence, all the sets of Dg j/ 1<s<n-3,s<j<n-3 IS
the independent transversal dominating sets of G.

2_
Hence, ;,(6) = 3 and |D;,(G,y)] = ="
Hence Proved.
Result: 2.4
(i) v =yDOWF)), n>3

(i)  ¥(B) = v:(DWEY)), n>3
(iii) (B = v (D(W(PE)), n>5.

Result: 2.5

(i) v@BEH=y(DWRS)), n>2
(i)  v(P) =ri(DWAS)), n>3
(i) v (B) > v (DWR,)), n>4.
Theorem: 2.6

Let G =P, + D(vR,°) be a graph of order
2n + m where m,n > 2. Then

(@) DG Y] =5[n? —3n+4] + 2(mn), n>
(i) y:(6) =2and |Dy(G,y)|=m—1

(ii) v (G) = 2 and | Dy (G,y)| = mn.

Proof:

LetV(B,S) = {u;/1<:<m}and
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V(DWPR,)) ={vj/1 =)=}
Given, G =B, + DR, ), [V(G)|=2n+m .
V() = {ui,vj,vj’/1 <i<m, 1<j< n}
N(ui) = V(G) - {ui_1;ui;ui+1}; 1<i<m
N(Un’) = V(G) - {Un: vn—l} - {vi’/l S] < Tl}
N(v) =V(6)

—{vj_l,uj, Ujt1, vjf_l,v],vjﬂ’}, 1<j<n
(|) Let Dl,i = {ui,uiﬂ}, 1<i<m-1.
N[w;JUN[u;4]1=V(G),1<i<m-1.
Hence, any set containing two elements of the form
{u;,uj41}, 1 < i <m—1isadominating
set of G. Hence, y(G) = 2.
The dominating sets of G with cardinality 2 are,
Dy; = {{wyupqd}

1<i<m-1

Dy = {{ut} U {ui+3}}

t<i<m-3

D(G,y) =1

{{up} {v }}

p.Jj
ps<m
j<

|/\ I/\

n

s {{ur} Uiy}

J

IA I/\
I/\ |/\

[D(G,y)| = %[m2 —3m + 4] + 2(mn).

(ii) Clearly, the pair of vertices {u;, u;;1}1<ism-1
are not adjacent in G . Therefore, all the sets
contained in Dy;/i<i<m-1 are also an
independent dominating sets of G.

= y;(G) =2and |D;(G,y)| =m— 1.

(iii) Let I(G,a)={v//1<i<n} is the
maximum independent set for G.

From equation (5), every set of D,; for all
1<r<m1<j<n intersect the maximum independent
set of G .Therefore, every set belong to
D, ;,1<r<m1x<js<nisthe independent transversal
dominating sets of G.

=yt (G) = 2and |D; (G, y)| = mn.

Hence proved.

Conclusion:

In this paper, we find the domination, independent
domination and independent transversal domination
number and the corresponding sets to the
complement of a path graph B, and its duplication.
In addition, we have established a general formula
to find all sets and discussed some of its result.
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