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Abstract 

 

            Domination is one of the most application oriented research area in Graph Theory. In this paper, we have 

found the independent domination number, independent transversal domination number and the corresponding 

sets to the complement of a path graph    and its duplication. Also we have established a general formula to find 

all sets. 
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1. Introduction:  

 

In Graph Theory, domination and dominating sets 

are used in several fields such as wireless 

networking and efficient routes with in ad-hoc 

mobile networks. [5] In 2012, the independent 

transversal dominating set was introduced by 

Hamid. 

 

Definition: 1.1 

           A path is a simple graph whose vertices can 

be arranged in a linear sequence in such a way that 

two vertices are adjacent if they are consecutive in 

the sequence and are non-adjacent otherwise. 

 

Definition: 1.2 

Let   be a simple graph. The complement 

   of   is the simple graph whose vertex set 

is  ( ) and whose edges are the pairs of 

nonadjacent vertices of  .  

 

Definition: 1.3 

 The sum of two graphs    and   , denoted 

by       is the graph obtained by disjoint copies 

of    and    and then adding every edge    whose 

   (  ) and   (  ). 

 

Definition: 1.4 

 Duplication of a vertex   of a graph 

  produces a new graph    by adding a new vertex 

   such that  (  )   ( )  For a graph  , the 

graph obtained by duplication of all the vertices of 

  is denoted by  (  )  
Definition: 1.5 

 

 The subset     ( ) in a graph   is called 

a dominating set if every vertex     ( )   is 

either an element of   or is adjacent to at least one 

element in  . The cardinality of a minimum 

dominating set in   is called the domination 

number of   and is denoted by  ( )  
Definition: 1.6 
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 A set    ( ) is said to an independent set 

of   if no two elements of   are adjacent in  . A 

subset    of  ( )  is called an independent 

dominating set if   is both an independent and a 

dominating set of  . The minimum cardinality of 

an independent dominating set is called an 

independent domination number of  , denoted as 

  ( ). 

 

Definition: 1.7 

 A dominating set    ( ) is said to be an 

independent transversal dominating set if   

intersect every maximum independent set of  . The 

minimum cardinality of an independent transversal 

dominating set of   is called the independent 

transversal domination number and is denoted by  

   ( )  
 

2. Main Results: 

 

Theorem: 2.1 

Let     
  be the complement of a path graph of 

order  ,     then 

(i)  ( )    and   (   )  
       

 
 

(ii)   ( )    and    (   )       

(iii)    ( )  [
 

 
] and  

    (   )  {
                         

 

 
                        

 . 

 

Proof: 

Given,     
  is a complement of a path with   

vertices and  
(   )(   )

 
 edges. 

 ( )  *𝑢 / ≤  ≤   } is the vertex set of  .  

 (𝑢 )   ( )   *𝑢     𝑢     𝑢 +,  <  <  . 

 (𝑢   )   ( )  *𝑢  𝑢    𝑢    +,  ≤  <    . 

(i) Let    𝑙  {*𝑢𝑙  𝑢𝑙  +},  ≤ 𝑙 ≤    .       …… (1)                                                             

Hence, every pair of vertices (𝑢𝑙 𝑢𝑙  )   ( ), 

 ,𝑢𝑙- ∪  ,𝑢𝑙  -   ( ) for all   ≤ 𝑙 ≤    . 

⟹  ( )    . The dominating sets of    

with     are, 

 (   )  

{
 
 

 
 

    𝑙          {*𝑢𝑙  𝑢𝑙  +}       
 ≤ 𝑙 ≤                                    

   𝑗          {{𝑢  𝑢𝑗  }}      

 ≤  ≤                                   
 ≤ 𝑗 ≤                                   

 
 

  (   )      ,    ⋯ (   )-  

                 
 

 
,       -. 

(ii) Since, 𝑢𝑙𝑢𝑙  ∉ 𝐸( ) for all 𝑙, hence every set 

contained in    𝑙 /  ≤ 𝑙 ≤    is the required 

independent dominating sets of  .  

Therefore,   ( )    and    (   )     . 

(iii) Let  (  𝛼)  be the collection of maximum 

independent sets of    

 (  𝛼)       {*𝑢  𝑢   +}  ≤  <             …… (2) 

If   is odd,    ,   

Let    *𝑢  /  ≤  ≤ [
 

 
]+                       …… (3)                                             

 ,  -   ( )  and      [
 

 
] .                                  

From equations (2) and (3), every maximum 

independent set belongs to  (  𝛼)  contains a 

vertex of    . Therefore,    is the required 

independent transversal dominating set of   with 

cardinality [
 

 
] . Hence,    ( )  [

 

 
]  and 

    (   )   . 

If   is even,    , let    {𝑢    / ≤  ≤
 

 
} ; 

 ,  -   ( ) .    intersect all the maximum 

independent sets of   and      [
 

 
]. 

The independent transversal dominating sets of   

with cardinality [
 

 
] are,  

   (   )

 

{
  
 

  
        {𝑢  / ≤  ≤

 

 
}                     

     {𝑢    / ≤  ≤

 

 
}                

   𝑗        *𝑢  / ≤  ≤ 𝑗+                           

  ≤ 𝑗 ≤

 

 
            ∪ {𝑢 𝑟  / 𝑗 ≤ 𝑟 ≤

 

 
  }        

 

    (   )  
 

 
  .  

Hence, the theorem proved. 

 

Result: 2.2 

(i)  (  )   (  
 ),             

(ii)   (  )     (  
 ),         

(iii)    (  ) ≤     (  
 ),      . 

 

Theorem: 2.3 

Let    (   
 ) where   

  is the complement of a 

path graph     then, 

(i)   ( )    and   (   )  
       

 
 ,      

(ii)    ( )    and    (   )     ,     

(iii)     ( )    and 

     (   )  
 (       )

 
,      . 

 

Proof: 

Let  (  )  *  / ≤  ≤  + and                       

 (  
 )   *𝑢 / ≤  ≤  +. 

Let    (   
 ) is a duplication of all the vertices 

of   
 .The vertex set of   is,                                     

 ( )  *𝑢  𝑢  /  ≤  ≤  +  with  (𝑢 )   (𝑢 )  
    ,  (𝑢  )   (𝑢  )      ;  (𝑢 )     
  and  (𝑢  )       for all   <  <   and        

  ( )    . 

The neighbours of  ( ) is as follows, 

 (𝑢 )   ( )  *𝑢  𝑢  𝑢   𝑢  +. 
  (𝑢 )   ( )  *𝑢  𝑢    𝑢   𝑢    + 
 (𝑢 )   ( ) 

       *𝑢    𝑢  𝑢    𝑢     𝑢 
  𝑢    +  <  <  . 

 (𝑢 
 )   ( )  *𝑢  𝑢  𝑢 

 /  ≤  ≤  +; 
 (𝑢  )  *𝑢 

 / ≤  ≤    +. 
 (𝑢 

 )  *𝑢 / ≤  ≤  + 
                          *𝑢    𝑢  𝑢   +  <  <   

(i) Let      {*𝑢  𝑢   +/ ≤  ≤    } 
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  ,𝑢 - ∪  ,𝑢   -   ( ) ,  ≤  ≤    .            

Therefore, every set in     / ≤  ≤     is the    

required dominating set of  . Hence,  ( )   . 

The dominating sets of   with cardinality   are,       

 
 (   )          𝑗        {{𝑢  𝑢𝑗  }}

               
 ≤  ≤    

 ≤ 𝑗 ≤    
                         

                                                                            

                                                               …… (4) 

  (   )  
       

 
,    . 

(ii) Let    𝑙  *𝑢𝑙  𝑢𝑙   𝑢𝑙  𝑢𝑙   +  ≤ 𝑙 ≤    .                                                            

 ,   𝑙-   ( ) ,  ≤ 𝑙 ≤    . Therefore, every              

set contained in    𝑙  /  ≤ 𝑙 ≤     is the dominating 

set of  . Since, 𝑢𝑙𝑢𝑙  , 𝑢𝑙 𝑢𝑙   , 𝑢𝑙𝑢𝑙 ∉ 𝐸( ) for 

all 𝑙.    Hence any set containing four elements of 

the form *𝑢𝑙  𝑢𝑙   𝑢𝑙  𝑢𝑙   +  is an independent 

dominating set of  . ⟹   ( )   .   

The independent dominating sets with     are,   

  (   )  {

   𝑙        {*𝑢𝑙  𝑢𝑙   𝑢𝑙  𝑢𝑙   + }
 ≤ 𝑙 ≤                                             

        

   𝑙        {*𝑢𝑙  𝑢𝑙    𝑢𝑙  𝑢𝑙   +}      
 ≤ 𝑙 ≤                                                      

 

   (   )      ,     .     

(iii) Let us take  (  𝛼)     *𝑢 
 / ≤  ≤  +.  

Clearly,    is the maximum independent set for  .   

Any arbitrary set   belongs to                                       

   𝑗/  ≤  ≤      ≤ 𝑗 ≤     in equation (4) does not 

intersect the maximum independent set    of  . 

Now we choose    𝑗  such that   

   𝑗         {{𝑢  𝑢𝑗  } ∪ *𝑢𝑙 +}   ≤ 𝑙 ≤    

  
 ≤  ≤    

 ≤ 𝑗 ≤    
                                                                

 

Clearly, every set in    𝑗 /  ≤  ≤    ,  ≤ 𝑗 ≤     

intersect all the maximum independent sets of  .  

Hence, all the sets of    𝑗 /  ≤  ≤    ,  ≤ 𝑗 ≤      is 

the independent transversal dominating sets of  . 

Hence,    ( )    and     (   )  
 (       )

 
 .  

Hence Proved. 

 

Result: 2.4 

(i)  (  )   ( (   
 )),               

(ii)   (  )     ( (   
 )),            

(iii)    (  )      ( ( (  
 )),       . 

 

Result: 2.5 

(i)  (  
 )   ( (   

 )),           

(ii)   (  
 )    ( (   

 )),         

(iii)    (  
 )     ( (   

 )),      . 

Theorem: 2.6 

Let     
     (   

   )  be a graph of order 

     where        Then 

(i)   (   )  
 

 
,       -   (  ),     

(ii)   ( )    and    (   )      

(iii)    ( )    and     (   )    . 

Proof: 

Let  (  
   )  *𝑢 /  ≤  ≤  + and           

 ( (   
   ))  { 𝑗/  ≤ 𝑗 ≤  }. 

Given,     
     (   

   ) ,   ( )      .  

 ( )  {𝑢   𝑗   𝑗
    /  ≤  ≤       ≤ 𝑗 ≤  } .        

 (𝑢 )    ( )  *𝑢    𝑢  𝑢   +  <  <    

 (   )    ( )  *       +  *   / ≤ 𝑗 ≤  + 

 ( 𝑗)    ( ) 

                   { 𝑗   𝑢𝑗 𝑢𝑗    𝑗  
   𝑗

   𝑗   },  < 𝑗 <   

(i) Let      *𝑢  𝑢   +  ≤  ≤    .        

 ,𝑢 - ∪  ,𝑢   -   ( )  ≤  ≤     . 
Hence, any set containing two elements of the form 
*𝑢  𝑢   +  ≤  ≤     is a dominating 

 set of  . Hence,  ( )   . 

The dominating sets of   with cardinality   are,  

  (   )  

{
 
 
 
 
 

 
 
 
 
 

          {*𝑢  𝑢   +}   
  ≤  ≤                                                     

           
       

          {*𝑢 + ∪ *𝑢   +}
  ≤  ≤                                        
  ≤  ≤                                       

    

   𝑗    {{𝑢 } ∪ { 𝑗}}      

  ≤  ≤                                            
  ≤ 𝑗 ≤                                           

 𝑟 𝑗       {*𝑢𝑟+ ∪ { 𝑗 }}

  ≤ 𝑟 ≤                               
  ≤ 𝑗 ≤                                

         

                                                       

                                                                …… (5) 

  (   )  
 

 
,       -   (  ). 

(ii) Clearly, the pair of vertices *𝑢  𝑢   +/ ≤  ≤     

are not adjacent in  . Therefore, all the sets 

contained in     / ≤  ≤      are also an 

independent dominating sets of  . 

   ( )    and    (   )     . 

(iii) Let  (  𝛼)  *    ≤  ≤  ⁄ +  is the 

maximum independent set for  . 

From equation (5), every set of  𝑟 𝑗  for all                  

 ≤ 𝑟 ≤    ≤ 𝑗 ≤   intersect the maximum independent 

set of  .Therefore, every set belong to                                

 𝑟 𝑗   ≤ 𝑟 ≤    ≤ 𝑗 ≤   is the independent transversal 

dominating sets of  . 

⟹    ( )    and     (   )    .                 

Hence proved. 

 

Conclusion: 

In this paper, we find the domination, independent 

domination and independent transversal domination 

number and the corresponding sets to the 

complement of a path graph    and its duplication. 

In addition, we have established a general formula 

to find all sets and discussed some of its result. 
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