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Abstract. The article accommodates a delayed plant-herbivore model consolidating the
strong Allee effect with intraspecific competition among herbivores. The Holling type-
11 functional response is utilized which describes that an individual predator consumes
food till it feels famished. The time delay (7) is also considered in the model due to
which the equilibrium losses stability. The associated state variables are: plant
population and herbivore population. The non-trivial equilibrium point is calculated for
the strong Allee effect. It is observed that the system is stable about the non-trivial
equilibrium. The observation of Hopf- bifurcation is shown at the crucial value of the
time delay. Moreover, it is found that the entire system becomes more and more stable
while the intraspecific competition rate of herbivores (&) keeps on increasing as
represented in time series graphs. The analytical results are shown graphically with the
help of MATLAB software to illustrate the proposed mathematical model.
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1 Introduction

The field of applied mathematics considers mathematical modelling for a variety of
biological issues to be an interesting research area. In the biological field, predator-prey
systems that can exhibit interactions between prey-predator species play a vital role. In 1920,
the theory of predator-prey mathematical modelling was first developed. Lotka [1], from the
United States, and Volterra [2], were the first to develop the predator-prey model. Plant-
herbivore dynamics are frequently depicted by modified versions of the Lotka-Volterra
predator-prey model [3]-[5]. Warder Allee invented the Allee effect in the 1930s [6]. If the
growth rate at low density is positive in the first instance, then the population has an impact
on the Allee effect [7], [8]. The Allee effect usually occurred due to the challenges in
searching for mates, feeding habits, interaction with society, predator satiation, and
cooperative defense, among other factors [9], [10]. The categories of the Allee effect are the
Strong and Weak Allee effects. A strong Allee effect introduces a threshold value of the
population size and the population’s per capita growth rate is negative below the threshold
value. However, if the population’s growth rate remains positive but decreases when the
population densities are low, then it is categorized as the weak Allee effect [11]-[13]. The
dynamics of the plant-herbivore population under both the Allee effects with Holling-type I
functional response is proposed. Under the strong Allee effect, the plants and herbivores
population vanishes. Under the weak Allee effect, Hopf-bifurcation is seen [14]. In 1959,
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Holling introduced the theory of functional response. A functional response is an immediate
change in the rate at which it consumes prey in response to prey abundance [15]-[17].
P(x) = kx gives the Holling type-I functional response, where x(t) is the prey biomass and
k is constant and always positive. A saturation function is applicable to explain the
consumption of food because the Holling type-II response incorporates that an individual
predator consumes food till it feels famished. Therefore, the functional response is: P(x) =
kx/(1 + T,kx); here x(t) is the prey biomass and k is searching efficiency which is always
positive and T;, is average time for each prey [10]. The occurrence of delay differential
equations in the plant—herbivore dynamics is a result of herbivore damage [18]-[20]. Using a
system of non-linear delay differential equations, the impact of time lag on the extinction of
toxicant-affected plant population has been investigated [21]-[23]. Under the inhibitory and
stimulatory allelopathic effects, the aspect of delay parameter in the plant population has been
examined [24], [25].

Many researchers have studied the plant-herbivore dynamics with or without Allee
effect. However, the utilization of delay differential equations imposed by the Allee effect
has been studied rarely. Therefore, in this article, Plant herbivore dynamics with Holling
type-II functional response imposed by strong Allee effect is considered.

2 Mathematical Model

In this paper, the associate variables P(t) and H(t) stands for Plant population and Herbivore
population respectively. The variables used in the model are positive i.e., P(t) > 0 and
H(t) >0 and 0 < b < C for strong Allee effect. The reproduction of herbivores is not
immediate to the intake of plants. There is an essential delay in gestation. Therefore, time
delay (1) has been introduced in the proposed model.

ar _ _F —p) _ LuPH
dat rP (1 c) (P —b) P+m 1)
dH _ a,P(t—T)H
at P(t—-T)+m

— dH — IH? )

Variables/Parameters Description

r The internal growth rate of plants
c Carrying capacity
b Survival threshold of the plants
a; Capturing rate
a, = (eay) Conversion rate
m Half-capturing saturation constant
d The death rate of herbivores
l Intraspecific competition rate of herbivores
T Time delay

Table 1. Details of the system parameters (1)-(2).
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3 Non- dimensionalization

To curtail the number of parameters, let

rt’ P aig
T=t1—=x’1—= !
C azc

and then dropping the dashes for simplicity, the model becomes:

Zox(1-0(1-3)-22 (3)

dt x+y

d_y _ax(t-1)y
dt x(t—1)+y

By — 8y* (4)

where the dimensionless parameters are

db 1
a=22 p="and § = —=.
r T rbaq

4 Non-trivial Equilibrium of the model E*(P* # 0, H* # 0)

This section accommodates the non-trivial equilibrium which depicts the co-existence of the
state variables (P*, H*), where these state variables are not equal to zero. The stability of the
system represents no impact of time delay on any of the other equilibrium points, therefore
only non-trivial equilibrium is calculated. To calculate the feasible non-trivial equilibrium,
equate the system of equations (1) and (2) to zeroat E*(x* # 0,y* # 0), x*(t — 1) = x*(t):

dx
dt

_ (=xH(M=x) @)

=0=y" -~

, provided 1,M > x*

Here, the quartic equation has a positive root x*.

And

dy*

=0

dt

= x F kx4 kox +ksx*+k, =0
where

ki =2a+ L —1, provided 2a + L > 1;

k, = a? — 2a — 2aL + L, provided L > a? — 2a — 2al;

_ LIB(B-N)+as(2-a)]-8a?
ks = 5 ,

provided B >y,2 >aand LIB(B —y) + a6(2 — a)] > Sa?;

And k, = M, provided a > gﬁ

5 Stability Analysis and Hopf- Bifurcation

The set of Egs. (3)-(4) of a delayed plant-herbivore model under the strong Allee effect about
E*(x*,y*) are equivalent to:
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ax* N x* ax*y*
E_x(l_x)(l_ﬁ)_x*ﬂ/ (5)

dt x*(t—1)+y

The exponential equation of the above system is

R+r+m)+ePn=0 (7)
Where [ = [(;Zyy*)z —EEMD syt + -1,

) © o xEx-2M-2) .
m=(,8+26y)[(;]f;)2—x xM —1],

_ _azyx*y*
And  n = T

If T = 0, then the Eq. (7) becomes:

RZ+Il+@m+n)=0 (8)

By the criteria [26], the system is stable, i.e., roots of the Eq. (8) will have its real part as
negative when:

(hy):(m+n)>0
which clearly holds.

Further, we investigate the transference of the real part of the roots which is negative to the
real part which is positive with alteration in the values of time delay (7).

Consider, Eq. (7) has a root A = iw:
(iw)? + l(iw) + m + ne~ (@7 =
= —w? + l(iw) + m + n(coswt —isinwr) =0
Segregating real and imaginary parts:
w? —m = ncos wt 9)
lw = nsin wt (10)
Squaring and adding:
w*+ (1> =-2m)w?*+ (1?—n?) =0 (11)
The two roots of Eq. (11) are:

_ N2 o /
wiz — (2m—-12)+[(12—2m)" —4(12-n?)]1/2 (12)

2

The two roots w? , are not positive if:
(h3):(2m—12) < 0and (I*? —n) > 0o0r (I? —2m) < 4(1? — n?)
Therefore, if the condition (h3) holds, then the Eq. (12) does not have positive roots.
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There are the following two Conjectures [26].

Conjecture A. If (hy) — (h,) is true, then each root of the Eq. (7) have real parts which are
negative for all ¢ > 0.

On the contrary, when:

(hy): (I? —=n?) < 00r 2m—1%2) > 0and (I? — 2m)? = 4(1*> — n?)
Then, the positive root of Eq. (9) is w?.

(hs): (12 —=n?) >00r 2m—12) > 0 and (1> — 2m)? > 4(1> — n?)
Then, two positive roots of Eq. (9) are w?,.

For some specific values of , roots of Eq. (7) are purely imaginary in both- (h,)and (hs).
The crucial values rji of 7 can be enumerated from the set of Egs. (9)-(10):

£ 1 gt (@lam)  2im
£ =2 cos (1l)+qu—OJ&&&m (13)

J w1q,2
The above preceding can be summarised in the following Conjecture B [26].

Conjecture B. (1) The roots of Eq. (7) are purely imaginary +iw,, when (h;) —

(hy) and (h,) istrue and T = 7/

(2) The roots of Eq. (7) are purely imaginary +iw,(+iw, respectively), when (h;) —
(hy) and (hs) istrue and T = 7 (r= T respectively).

The expectancy is that the displacement of the real part of some roots of Eq. (7) which are
negative to the real part which is positive when z > ;" and 7 < z;. Consider the following

to investigate the option:
+ _  + I RN
T = W (r) + iw; (1);j =0,1,2,3,4, ...
uji (Tji) = 0' w]?_'- (Tji-) :‘U1,2
is satisfied by the roots of Eq. (7).
The following transversality conditions can be verified:
d d (o
E(Re /1;(1']*)) > 0and — (Re A (75 )) <0
Hence, the nature of the bifurcating values rji given by the above expression is discussed in

the detail by [26].

6 Graphical Simulation

To consolidate the analytical results, the following parametric values are taken into
consideration to depict the dynamics graphically by the set of Egs. (1)- (2).

a=1657y=05p8=08275=02M=4
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Figure 1. When the system is without time delay (i.e.,t
0.2537) is absolutely stable.
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Figure 2. When the time delay is below the crucial value which is 2.7 (i.e.,t < 2.7),
then E*(0.5520, 0.2553) is asymptotically stable.
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Figure 3. Phase space diagram showing the asymptotic stability of equilibrium E*
(0.5520,0.2553), when the time delay is below the crucial value which is 2.7 (i.e., 7 <

2.7.
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Figure 4. When the time delay surpasses the crucial value which is 2.7 (i.e., T = 2.7),
then E* (0.7276,0.1444) surrenders its stability, and limit cycles are seen, and hence
Hopf- bifurcation.
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Figure 5. Phase space diagram showing the Hopf- bifurcation of equilibrium E*
(0.7276, 0.1444) when the time delay surpasses the crucial value which is 2.7 (i.e., T >
2.7).

7 Sensitivity Analysis

The research that represents the stability behaviour of the system while triggering the model
parameters other than the time delay () is known as Sensitivity analysis. The Direct method
is used for this purpose. For an illustration, the sensitivity equations of the partial derivatives
of the solution (P, H) with respect to the intraspecific competition rate of herbivores (&) are
given below:

s _[q Dy 3,2 @y |g _ax

at [1 2 (1 + M) X Mx (x+y)2] 51 x+y 52 (14)
ds, [ ax(t-1) _p axy _

ar [[x(t—r)ﬂ/] p— 20y ] S2F o (t-17) (15)

9 )
Where S; = % and S, = a—i;

7.1  Sensitivity of Variables to Parameter &

When we increase the value of the intraspecific competition rate of herbivores (§) from
6 = 0.2to 6 = 0.23, then the state variables (P, H) shift its behaviour from Hopf-bifurcation
to asymptotic stability. Again, when we increase § = 0.23 to § = 0.25, eventually, as
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depicted in figs 6 and 7, the entire system shifts its dynamics from asymptotic stability to
absolute stability.
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Figure 6. Time series graph of change in the size of plant population P with respect to
changes in the intraspecific competition rate of herbivores (6).
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Figure 7. Time series graph of change in the size of herbivore population H with respect to
changes in the intraspecific competition rate of herbivores (§).

8 Conclusion

The proposed mathematical model represented the plant-herbivore dynamics using Holling
Type-II functional response with intraspecific competition among herbivores. The strong
Allee effect and time delay (z) are incorporated in the model. The non-trivial equilibrium
points E* and stability of the system about E* under strong Allee effect are examined. Fig 1
indicates that £*(0.5322,0.2537) is absolutely stable, without time delay (tr = 0). When the
time delay is below 2.7 (t < 2.7), where 2.7 is a crucial value and keeping all the other
parameters same, then E*(0.5520,0.2553) is asymptotically stable which is shown by fig 2
and fig 3. When the time delay passes through the crucial value (z = 2.7), then
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E*(0.7276,0.1444) surrenders its stability and Hopf- bifurcation occurred as shown in fig 4
and fig 5.

Additionally, fig 6 and fig 7 indicate the change in the model parameters with respect
to changes in the intraspecific competition rate of herbivores (8) using time series graphs. It
is found that when there is an increment in the value of the intraspecific competition rate of
herbivores (&) from § = 0.2 to § = 0.23, then the state variables which include the size of
plant population and size of herbivore population (P, H) changes its behaviour from Hopf-
bifurcation to asymptotic stability. Similarly, when there is an increment in the value of
6 = 0.23to § = 0.25, the entire system again shifts its dynamics from asymptotic stability to
absolute stability. Hence, when we keep on increasing the value of the intraspecific
competition rate of herbivores, it is favourable for both the populations and the entire system
tends to become more and more stable.

References
[1] A.J. Lotka, Elements of Physical Biology. Williams and Wilkins, Baltimore, 1925.

[2] V. Volterra, “Fluctuations in the abundance of species, considered mathmatically,”
1926.

[3] J. N. Thompson and M. J. Crawley, “Herbivory: The Dynamics of Animal-Plant
Interactions.,” J. Ecol., vol. 72, no. 2, 1984, doi: 10.2307/2260079.

[4] J. P. Grover and R. D. Holt, “Disentangling resource and apparent competition:
Realistic models for plant-herbivore communities,” J. Theor. Biol., vol. 191, no. 4,
1998, doi: 10.1006/jtbi.1997.0562.

[5] K. C. Abbott and G. Dwyer, “Food limitation and insect outbreaks: Complex dynamics
in plant-herbivore models,” J. Anim. Ecol., vol. 76, no. 5, 2007, doi: 10.1111/j.1365-
2656.2007.01263.x.

[6] W.C. Allee, “Animal Aggregations Author (s ): W. C . Allee Source : The Quarterly
Review of Biology Published by : The University of Chicago Press,” vol. 2, no. 3, pp.
367-398, 1931.

[7] M. D. Asfaw, S. M. Kassa, and E. M. Lungu, “Co-existence thresholds in the
dynamics of the plant-herbivore interaction with Allee effect and harvest,” Int. J.
Biomath., vol. 11, no. 4, 2018, doi: 10.1142/S1793524518500572.

[8] P. A. Stephens, W. J. Sutherland, and R. P. Freckleton, “What Is the Allee Effect ?
Stephens , W . J . Sutherland and R . P . Freckleton Published by : Wiley on behalf of
Nordic  Society Oikos  Stable URL:  http://www. jstor.org/stable/3547011
REFERENCES Linked reference,” Oikos, vol. 87, no. 1, pp. 185-190, 1999.

[91 M. D. Asfaw, S. M. Kassa, and E. M. Lungu, “Stochastic plant—herbivore interaction
model with Allee effect,” J. Math. Biol., vol. 79, no. 6-7, 2019, doi: 10.1007/s00285-
019-01425-5.

[10] S. Saha, A. Maiti, and G. P. Samanta, “A Michaelis-Menten Predator-Prey Model with
Strong Allee Effect and Disease in Prey Incorporating Prey Refuge,” Int. J. Bifurc.
Chaos, vol. 28, no. 6, 2018, doi: 10.1142/S0218127418500736.

[11] M. H. Wang and M. Kot, “Speeds of invasion in a model with strong or weak Allee

Eur. Chem. Bull. 2023,12(10), 174-183 182



A delayed plant-herbivore model with a strong Allee effect in plant population

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Section A-Research paper

effects,” Math. Biosci., vol. 171, no. 1, 2001, doi: 10.1016/S0025-5564(01)00048-7.

E. Rahmi, I. Darti, A. Suryanto, and Trisilowati, “A modified leslie—gower model
incorporating beddington—deangelis functional response, double allee effect and
memory effect,” Fractal Fract., vol. 5, no. 3, 2021, doi: 10.3390/fractalfract5030084.

G. A. K. van Voorn, L. Hemerik, M. P. Boer, and B. W. Kooi, “Heteroclinic orbits
indicate overexploitation in predator-prey systems with a strong Allee effect,” Math.
Biosci., vol. 209, no. 2, 2007, doi: 10.1016/j.mbs.2007.02.006.

P. Kumar and R. Verma, “Impact of delay parameter on plant-herbivore dynamics
under allee effect,” J. Phys. Conf. Ser., vol. 2267, no. 1, p. 012018, 2022, doi:
10.1088/1742-6596/2267/1/012018.

Y. Li, Z. Feng, R. Swihart, J. Bryant, and N. Huntly, “Modeling the impact of plant
toxicity on plant-herbivore dynamics,” J. Dyn. Differ. Equations, vol. 18, no. 4, 2006,
doi: 10.1007/s10884-006-9029-y.

C. S. Holling, “The Components of Predation as Revealed by a Study of Small-
Mammal Predation of the European Pine Sawfly,” Can. Entomol., vol. 91, no. 5, 1959,
doi: 10.4039/Ent91293-5.

C. S. Holling, “Some Characteristics of Simple Types of Predation and Parasitism,”
Can. Entomol., vol. 91, no. 7, 1959, doi: 10.4039/Ent91385-7.

K. Das and A. K. Sarkar, “Stability and oscillations of an autotroph-herbivore model
with time delay,” Int. J. Syst. Sci., vol. 32, no. 5, 2001, doi: 10.1080/00207720117706.

V. Ortega-Cejas, J. Fort, and V. Méndez, “The role of the delay time in the modeling
of biological range expansions,” Ecology, vol. 85, no. 1, 2004, doi: 10.1890/02-0606.

G. Q. Sun, A. Chakraborty, Q. X. Liu, Z. Jin, K. E. Anderson, and B. L. Li, “Influence
of time delay and nonlinear diffusion on herbivore outbreak,” Commun. Nonlinear Sci.
Numer. Simul., vol. 19, no. 5, 2014, doi: 10.1016/j.cnsns.2013.09.016.

P. Kumar, “Hopf-bifurcation induced by delay parameter in depletion of forest
biomass due to wood-based industries,” Eur. J. Mol. Clin. Med., vol. 7, no. 7, 2020.

P. Kalra and P. Kumar, “Modelling on Plant Biomass With Time Lag Under the Effect
of Toxic Metal,” Ecol. Environ. Conserv., vol. 24, no. 1, 2018.

P. Kalra and P. Kumar, “The study of effect of toxic metal on plant growth dynamics
with time lag: A two-compartment model,” J. Math. Fundam. Sci., vol. 50, no. 3,
2018, doi: 10.5614/2Fj.math.fund.sci.2018.50.3.2.

Dipesh and P. Kumar, “Modelling the stimulatory and inhibitory allelopathic effects
on competing plant populations,” Proc. Third Int. Conf. Front. Ind. Appl. Math. 2020
Fiam-2020, vol. 2435, no. March, p. 020044, 2022, doi: 10.1063/5.0083592.

P. Kumar and Dipesh, “Effect of time delay on dynamic of plant competition under
allelopathy,” Math. Methods Appl. Sci., vol. 45, no. 16, 2022, doi: 10.1002/mma.8307.

S. Ruan, “Absolute stability, conditional stability and bifurcation in Kolmogorov-type
predator-prey systems with discrete delays,” Q. Appl. Math., vol. 59, no. 1, 2001, doi:
10.1090/gam/1811101.

Eur. Chem. Bull. 2023,12(10), 174-183 183



