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Al Salam and Verma [1] discussed two polynomial sets {𝑍𝑛
(𝛼)

(𝑥, 𝑥/𝑞)} and {𝑌𝑛
(𝛼)

(𝑥, 𝑘/𝑞} 

which are bi-orthogonal on (0, ∞)  with respect to continuous or discrete distribution 

function. Present paper attempts to construct a pair of bi-orthogonal polynomial sets 

{𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞)}  and {𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞)} . (𝜇 > −1/2, 𝑛 = 0,1,2, … )  which are biorthogonal with 

respect to weight function 
|𝑥|2𝜇

(−𝑥2𝑞2;𝑞2)∞
. We also obtain some interesting properties of these 

polynomials 
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1  Introduction 

 
 For real or complex 𝑞, |𝑞| < 1, let  

 (𝑎; 𝑞)𝜇 = ∏∞
𝑗=0 (1 − 𝑎𝑞𝑗)/(1 − 𝑎𝑞)𝜇+𝑗 (1.1) 

 For arbitrary 𝑎 and 𝜇, so that  

 (𝑎; 𝑞)𝑛 = {
1, 𝑖𝑓𝑛 = 0

(1 − 𝑎)(1 − 𝑎𝑞) … (1 − 𝑎𝑞𝑛−1), 𝑖𝑓𝑛 = 1,2, …
 (1.2) 

 and  

 (𝑎; 𝑞)∞ = ∏∞
𝑗=0 (1 − 𝑎𝑞𝑗) (1.3) 

 Jackson [2] defined a q-analogue of the gamma function as  

 Γ𝑞(𝑥) =
[𝑞]∞

[𝑞𝑥]∞
(1 − 𝑞)1−𝑥, 0 < 𝑞 < 1 (1.4) 

 which satisfy the functional equation  

 Γ𝑞(𝑥 + 1) =
𝑞𝑥−1

𝑞−1
Γ𝑞(𝑥) (1.5) 

 Using (1.5), it is easy to verify that  

 [𝑞𝛼]𝑛 =
Γ𝑞(𝛼+𝑛)

Γ𝑞(𝛼)
(1 − 𝑞)𝑛 (1.6) 

 Let 𝛿𝑥, 𝑞 be the q-derivative defined by  

 𝛿𝑥, 𝑞𝑓(𝑥) =
𝑓(𝑥)−𝑓(𝑥𝑞)

𝑥
 (1.7) 

 For simplicity we shall write 𝛿 for 𝛿𝑥, 𝑞. It is easy to see that  

 𝛿{𝑓(𝑥)𝑔(𝑥)} = 𝑓(𝑥𝑞)𝛿𝑔(𝑥) + 𝑔(𝑥)𝛿𝑓(𝑥) (1.8) 

 The q-binomial coefficient for arbitary 𝜆 is defined by  

 [
𝜆
𝑛

]
𝑞

= (−1)𝑛𝑞𝑛(2𝜆−𝑛+1)/2[𝑞−𝜆]𝑛/[𝑞]𝑛 (1.9) 

 q-konhauser bi-orthogonal polynomials are given by Al-salam and Verma [1].  

 

𝑍𝑛
𝛼(𝑥, 𝑘/𝑞) =

[𝑞1+𝛼]𝑛𝑘

(𝑞𝑘;𝑞𝑘)𝑛
∑𝑛

𝑗=0

𝑞−𝑛𝑘;𝑞𝑘)𝑗𝑥𝑘𝑗

(𝑞𝑘;𝑞𝑘)𝑗[𝑞1+𝛼]𝑘𝑗
𝑞

1

2
𝑘𝑗(𝑘𝑗−1)+𝑘𝑗(𝑛+𝛼+1)

=
[𝑞1+𝛼]𝑛𝑘

(𝑞𝑘;𝑞𝑘)𝑛
∑𝑛

𝑗=0 (−1)𝑗 [
𝑛
𝑗 ]

𝑞𝑘
𝑞𝑘𝑗(𝑘𝑗+𝑗+2𝛼)/2 𝑥𝑘𝑗

[𝑞1+𝛼]𝑘𝑗

 (1.10) 

  

 𝑌𝑛
𝛼(𝑥, 𝑘/𝑞) =

1

[𝑞]𝑛
∑𝑛

𝑟=0
𝑥𝑟

[𝑞]𝑟
𝑞𝑟(𝑟−1)/2 ∑𝑟

𝑗=0

[𝑞−𝑟]𝑗

[𝑞]𝑗
𝑞𝑗(𝑞1+𝛼+𝑗; 𝑞𝑘)𝑛 (1.11) 

 which are bi-orthogonal on (0, ∞)  with respect to continuous or discrete distribution 

function. 

In present paper we have constructed following pair of polynomials  

 

𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞) = Γ𝑞2(𝜖 +
𝑘

2
(𝑛 − 𝜖 + 1) + 𝜇)

. ∑𝑁
𝑗=0 (−1)𝑗 [

𝑁
𝑗

]
𝑞2𝑘

(1 − 𝑞2)𝑘𝑗 𝑥𝑛𝑘−2𝑘𝑗𝑞𝑢

Γ𝑞2(
1

2
(𝑘𝑛+1+𝜖)−𝑘𝑗+𝜇)

 (1.12) 

  

 

𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞) = (−1)𝑁 ∑𝑁
𝑟=0

𝑥𝑛−2𝑟

(𝑞2;𝑞2)𝑁−𝑟
.

. ∑𝑁−𝑟
𝑗=0 (−1)𝑗 [

𝑁 − 𝑟
𝑗

]
𝑞2

𝑞𝑉(𝑞1+2𝑗+2𝜇+𝑘𝜖+𝜖; 𝑞2𝑘)𝑁

 (1.13) 

 where 

𝑈 =
𝐾

4
{𝑛(𝑘𝑛 + 𝑛 + 2) − (𝑘 + 3)𝜖) + 𝜇𝑘(𝑛 − 𝜖) + 𝑘𝑗(𝑗 + 𝑘𝑗 − 𝑛 − 1 − 𝑘𝑛 − 2𝜇), 

𝑉 =
1

4
(𝑛 + 𝜖)(𝑛 + 2 − 3𝜖) + 𝑟(𝑟 − 1 − 𝑛 + 𝜖) + 𝑗(𝑗 + 1 − 𝑛 + 2𝑟 + 𝜖) 
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𝑁 = [
𝑛

2
] is the greatest integer less than or equal to n/2 and value of 𝜖  is zero or one 

according to even or odd nature of 𝑛. 

By reverting the order of summation for even and odd integers in (1.12) and (1.13) we have 

the following relations  

 𝑆2𝑛
𝜇

(𝑥, 𝑘/𝑞) = (−1)𝑛(𝑞2𝑘; 𝑞2𝑘)𝑛

Γ
𝑞2(𝑘𝑛+𝑘/2+𝜇)

Γ𝑞2(𝑘𝑛+𝜇+1/2)
. 𝑍𝑛

𝜇−1/2
(𝑥2𝑞2; 𝑘/𝑞2) (1.14) 

  

 𝑆2𝑛+1
𝜇

(𝑥, 𝑘/𝑞) = (−1)𝑛(𝑞2𝑘; 𝑞2𝑘)𝑛𝑥𝑘𝑍𝑛
𝜇+𝑘/2

(𝑥2𝑞2, 𝑘/𝑞2) (1.15) 

  

 𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞) = (−1)𝑛(𝑞2; 𝑞2)𝑛𝑌𝑛
𝜇

(𝑥2𝑞2, 𝑘/𝑞2) (1.16) 

  

 𝑇2𝑛+1
𝜇

(𝑥, 𝑘/𝑞) = (−1)𝑛(𝑞2; 𝑞2)𝑛𝑥𝑌𝑛
𝜇+𝑘/2

(𝑥2𝑞2, 𝑘/𝑞2) (1.17) 

 where 𝑍𝑛
𝛼(𝑥; 𝑘/𝑞) and 𝑌𝑛

𝛼(𝑥; 𝑘/𝑞) are q-konhauser biorthogonaal polynomials as given in 

(1.10) and (1.11) 

It is interesting to note that  

 lim
𝑞→1−

2𝑛(1 − 𝑞2)−𝑛𝑘/2𝑆𝑛
𝜇

(𝑥(1 − 𝑞2)1/2; 𝑘/𝑞) = 𝑆𝑛
𝜇

(𝑥, 𝑘) (1.18) 

  

 lim
𝑞→1−

2𝑛(1 − 𝑞2)−𝑛/2𝑘−𝑁𝑇𝑛
𝜇

(𝑥(1 − 𝑞2)1/2; 𝑘/𝑞) = 𝑇𝑛
𝜇

(𝑥, 𝑘) (1.19) 

 

where 𝑆𝑛
𝜇

(𝑥; 𝑘) and 𝑇𝑛
𝜇

(𝑥; 𝑘) are biorthogonal polynomials defined and studied by Thakare 

and Madhekar [9].  

 

2  Biorthogonality 

 
 For 𝛼 > −1 , q-konhauser bi-orthogonal polynomials (1.10) and (1.11) satisfy the 

orthogonality relation  

 

∫
∞

0
𝑍𝑛

𝛼(𝑥, 𝑘/𝑞)𝑌𝑚
𝛼(𝑥, 𝑘/𝑞)

𝑥𝛼

[−𝑥]∞
𝑑𝑥

=
(1−𝑞)1+𝛼Γ(−𝛼)Γ(1+𝛼)[𝑞1+𝛼]𝑘𝑛𝑞−𝑘𝑛

Γ𝑞(−𝛼)[𝑞]𝑛
. 𝛿𝑚𝑛

 (2.1) 

 where 𝛿𝑚𝑛 is the familiar kronecker delta and 𝛼 > −1 

Considering (1.14), (1.16) and using (2.1) we obtain  

 

∫
∞

−∞
𝑆2𝑛

𝜇
(𝑥, 𝑘/𝑞)𝑇2𝑚

𝜇
(𝑥, 𝑘/𝑞)

|𝑥|2𝜇

(−𝑥2𝑞2;𝑞2)∞
𝑑𝑥

= (𝑞2𝑘; 𝑞2𝑘)𝑛

Γ
𝑞2(𝑘𝑛+𝑘/2+𝜇)Γ(1−

1

2
)Γ(𝜇+1/2)

Γ𝑞2(𝜇+1/2)Γ𝑞2(1/2−𝜇)

. (1 − 𝑞2)𝑘𝑛+𝜇+1/2𝑞2𝑘−2𝜇−1𝛿𝑚𝑛

 (2.2) 

 

Similarly in view of (1.15), (1.17) and using (2.1) we readily obtain 

 

 

∫
∞

−∞
𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)𝑇2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)

|𝑥|2𝜇

(−𝑥2𝑞2;𝑞2)∞
𝑑𝑥

= (𝑞2𝑘; 𝑞2𝑘)𝑛Γ(−𝜇 − 𝑘/2)Γ(1 + 𝜇 + 𝑘/2)

. (1 − 𝑞2)2𝑘𝑛+𝑘+2𝜇+2)/2
Γ

𝑞2((
2𝑘𝑛+𝑘+2𝜇+2

2
)

Γ𝑞2(−𝜇−
𝑘

2
)Γ𝑞2(1+𝜇+𝑘/2)

𝛿𝑚𝑛

 (2.3) 

 

Combining (2.2) and (2.3) we obtain the biorthogonality for the polynomials 𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞) and 
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𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞).  

 

∫
∞

−∞
𝑆𝑛

𝜇
(𝑥, 𝑘/𝑞)𝑇𝑚

𝜇
(𝑥, 𝑘/𝑞)

|𝑥|2𝜇

(−𝑥2𝑞2;𝑞2)∞
𝑑𝑥

= (𝑞2𝑘; 𝑞2𝑘)
Γ

𝑞2(𝜇+
𝑛𝑘+𝑘−𝑘𝜖+2𝜖

2
)

Γ𝑞2(𝜇+
1+𝜖+𝑘𝜖

2
)Γ𝑞2(−𝜇+

1−𝑘𝜖−𝜖

2
)

. Γ (𝜇 +
1+𝜖+𝑘𝜖

2
) Γ (−𝜇 +

1−𝑘𝜖−𝜖

2
) .

(1 − 𝑞2)
1

2
(1+𝑘𝑛+𝜖)+𝜇𝑞−𝑘𝑛−1−𝜖−2𝜇𝛿𝑚𝑛

 (2.4) 

 which is integral form of biorthogonality polynomials of 𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞) and 𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞) in 

terms of gamma function. 

 

3  Generating Function 

 
 Consider the explicit representation of 𝑍𝑛

𝛼(𝑥, 𝑘/𝑞) given in (1.10) and using q-binomial 

theorem [[7], p-92]  

 ∑∞
𝑛=0

[𝑎]𝑛

[𝑞]𝑛
𝑥𝑛 =

[𝑎𝑥]∞

[𝑥]∞
 (3.1) 

 and elementary identity  

 [𝑎]𝑘𝑛 = ∏𝑘
𝑗=1 (𝑎𝑞𝑗−1; 𝑞𝑘)𝑛 (3.2) 

 we obtain the following generating function  

 

∑∞
𝑛=0

(𝑐;𝑞𝑘)𝑛

[𝑞1+𝛼]𝑘𝑛
𝑍𝑛

𝛼(𝑥, 𝑘/𝑞)𝑡𝑛

=
(𝑐𝑡;𝑞𝑘)∞

(𝑡;𝑞𝑘)∞ 1
𝜙𝑘+1 [

𝑐; 𝑞𝑘, −𝑡𝑥𝑘𝑞𝑘(1+𝑘+2𝛼)/2

𝑐𝑡; Δ(𝑞1+𝛼, 𝑘/𝑞)
]
 (3.3) 

 where Δ(𝛽, 𝑘/𝑞) abbreviates the array of 𝑘 parameters 𝛽, 𝛽𝑞, … , 𝛽𝑞𝑘−1 (𝑘 ≥ 1) 

For 𝑐 = 0 equation (3.3) get reduced to the generating function  

 ∑∞
𝑛=0 𝑍𝑛

∞(𝑥, 𝑘/𝑞)
𝑡𝑛

[𝑞1+𝛼]𝑘𝑛
=

1

(𝑡;𝑞𝑘)∞0
𝜙𝑘 [

−; 𝑞𝑘, −𝑡𝑥𝑘𝑞𝑘(1+𝑘+2𝛼)/2

Δ(𝑞1+𝛼; 𝑘/𝑞)
] (3.4) 

 The generating function (3.3) is obtained by Al-salam and Verma. 

From (3.3) and (1.14) we obtain the following generating function  

 

∑∞
𝑛=0

(𝑐;𝑞2𝑘)𝑛

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛
𝑆2𝑛

𝜇
(𝑥, 𝑘/𝑞)

𝑡2𝑛

(𝑞2𝑘;𝑞2𝑘)𝑛
=

Γ
𝑞2(𝜇+𝑘/2)

Γ𝑞2(𝜇+1/2)

(−𝑐𝑡2;𝑞2𝑘)∞

(−𝑡2;𝑞2𝑘)∞
1𝜙𝑘+1 [

𝑐, 𝑞2𝑘, 𝑡2𝑥2𝑘𝑞𝑘(𝑘+2𝜇+2)

−𝑐𝑡2, Δ(𝑞1+2𝜇; 𝑘/𝑞2)
]

 (3.5) 

 

Similarly from (3.3) and (1.15) we obtain the following generating function  

 

∑∞
𝑛=0

(𝑐;𝑞2𝑘)𝑛

(𝑞2+2𝜇+𝑘;𝑞2)𝑘𝑛(𝑞2𝑘;𝑞2𝑘)𝑛
𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)𝑡2𝑛

= 𝑥𝑘 (−𝑐𝑡2;𝑞2𝑘)∞

(−𝑡2;𝑞2𝑘)∞ 1
𝜙𝑘+1 [

𝑐, 𝑞2𝑘 , 𝑧𝑞𝑘(𝑘+1)

−𝑐𝑡2, Δ(𝑞2+2𝜇+𝑘; 𝑘/𝑞2)
]
 (3.6) 

 where 𝑧 = 𝑡2𝑥2𝑘𝑞𝑘(𝑘+2𝜇+2) 

Now using (1.7) we can verify that  

 

∑∞
𝑛=0

(𝑐,𝑞2𝑘)

(𝑞2+𝑘+2𝜇;𝑞2)𝑘𝑛
𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)

1

(𝑞2𝑘;𝑞2𝑘)𝑛
[𝑞2𝑘𝑛 +

𝑡𝛿𝑡,𝑞𝑘

1−𝑞𝑘+2𝜇] 𝑡2𝑛

= ∑∞
𝑛=0

(𝑐,𝑞2𝑘)𝑛(1−𝑞2𝑛𝑘+𝑘+2𝜇)𝑆2𝑛+1
𝜇

(𝑥,𝑘/𝑞)𝑡2𝑛

(𝑞2+2𝜇+𝑘;𝑞2)𝑘𝑛(𝑞2𝑘;𝑞2𝑘)𝑛(1−𝑞𝑘+2𝜇)

= ∑∞
𝑛=0

(𝑐,𝑞2𝑘)𝑛

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛(𝑞2𝑘;𝑞2𝑘)𝑛
𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)𝑡2𝑛

 (3.7) 
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 Using (3.6) and (1.8) we get  

 

∑∞
𝑛=0

(𝑐,𝑞2𝑘)

(𝑞2𝜇+𝑘;𝑞2)𝑘𝑛(𝑞2𝑘;𝑞2𝑘)𝑛
𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞)𝑡2𝑛

= 𝑥𝑘 (−𝑐𝑡2𝑞2𝑘,𝑞2𝑘)∞

(−𝑡2𝑞2𝑘;𝑞2𝑘)∞ 1
𝜙𝑘+1 [

𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+3)

−𝑐𝑡2𝑞2𝑘; Δ(𝑞2+2𝜇+𝑘, 𝑘/𝑞2)
]

+
𝑥𝑘𝑡

1−𝑞𝑘+2𝜇 𝛿𝑡,𝑞𝑘 {
(−𝑐𝑡2;𝑞2𝑘)∞

(−𝑡2;𝑞2𝑘)∞
.1 𝜙𝑘+1 [

𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+1)

−𝑐𝑡2, Δ(𝑞2+2𝜇+𝑘, 𝑘/𝑞2]}

=
𝑥𝑘(−𝑐𝑡2𝑞2𝑘,𝑞2𝑘)∞

(−𝑡2𝑞2𝑘;𝑞2𝑘)∞ 1
𝜙𝑘+1 [

𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+3)

−𝑐𝑡2𝑞2𝑘; Δ(𝑞2+2𝜇+𝑘, 𝑘/𝑞2)
]

+
𝑥𝑘(𝑐−1)𝑡2

1−𝑞𝑘+2𝜇
1

𝜙𝑘+1 [
𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+3)

−𝑐𝑡2𝑞2𝑘; Δ(𝑞2+2𝜇+𝑘, 𝑘/𝑞2)
]

(−𝑐𝑡2𝑞2𝑘;𝑞2𝑘)∞

(−𝑡2;𝑞2𝑘)∞

+
𝑥𝑘(1−𝑐)𝑧𝑞𝑘(𝑘+1)

(1−𝑞𝑘+2𝜇)(1+𝑐𝑡2)(1+𝑐𝑡2𝑞2𝑘)(𝑞2+2𝜇+𝑘,𝑞2)𝑘
.1 𝜙𝑘+1 [

𝑐𝑞2𝑘; 𝑞2𝑘, 𝑧𝑞3𝑘(𝑘+1)

−𝑐𝑡2𝑞4𝑘, Δ(𝑞2+2𝜇+3𝑘, 𝑘/𝑞2]

=
𝑥𝑘(−𝑐𝑡2𝑞2𝑘,𝑞2𝑘)∞

(−𝑡2;𝑞2𝑘)∞
{1 + 𝑡2 +

(𝑐−1)𝑡2

1−𝑞𝑘+2𝜇
}

1
𝜙𝑘+1 [

𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+3)

−𝑐𝑡2𝑞2𝑘; Δ(𝑞2+2𝜇+𝑘, 𝑘/𝑞2)
]

+
𝑥𝑘(1−𝑐)𝑧𝑞𝑘(𝑘+1)(−𝑐𝑡2𝑞4𝑘;𝑞2𝑘)∞

(1−𝑞𝑘+2𝜇)(𝑞2+2𝜇+𝑘;𝑞2)𝑘(−𝑡2;𝑞2𝑘)∞1
𝜙𝑘+1 [

𝑐𝑞2𝑘; 𝑞2𝑘, 𝑧𝑞3𝑘(𝑘+1)

−𝑐𝑡2𝑞4𝑘; Δ(𝑞2+2𝜇+3𝑘, 𝑘/𝑞2)
]

 (3.8) 

 

 Infact, one obtains after combining (3.5) and (3.8) the following generating function  

 

∑

∞

𝑛=0

(𝑐; 𝑞2𝑘)𝑁

(𝑞𝑘+2𝜇; 𝑞2)𝑘𝑁(𝑞2𝑘; 𝑞2𝑘)𝑁
𝑆𝑛

𝜇
(𝑥,

𝑘

𝑞
) 𝑡𝑛

=
Γ𝑞2 (𝜇 +

𝑘
2)

Γ𝑞2 (𝜇 +
1
2)

(−𝑐𝑡2; 𝑞2𝑘)∞

(−𝑡2; 𝑞2𝑘)∞ 1

𝜙𝑘+1 [

𝑐; 𝑞2𝑘𝑧

−𝑐𝑡2, Δ (𝑞1+2𝜇,
𝑘

𝑞2
)

] 

+
𝑥𝑘𝑡(−𝑐𝑡2𝑞2𝑘; 𝑞2𝑘)∞

(−𝑡2; 𝑞2𝑘)∞
{1 + 𝑡2 +

(𝑐 − 1)𝑡2

1 − 𝑞𝑘+2𝜇
}

1

𝜙𝑘+11 [

𝑐; 𝑞2𝑘, 𝑧𝑞𝑘(𝑘+3)

−𝑐𝑡2𝑞2𝑘, Δ (𝑞2+2𝜇+𝑘,
𝑘

𝑞2
)

] 

+
(1 − 𝑐)𝑡𝑥𝑘𝑧𝑞𝑘(𝑘+1)

(1 − 𝑞𝑘+2𝜇)(𝑞2+2𝜇+𝑘; 𝑞2)𝑘

(−𝑐𝑡2𝑞4𝑘; 𝑞2𝑘)∞

(−𝑡2; 𝑞2𝑘)∞
𝜙𝑘+11 [

𝑐𝑞2𝑘; 𝑞2𝑘, 𝑧𝑞3𝑘(𝑘+1)

−𝑐𝑡2𝑞4𝑘, Δ(𝑞2+2𝜇+3𝑘, 𝑘/𝑞2)
] 

       (3.9) 

where 𝑧 = 𝑡2𝑥2𝑘𝑞𝑘(𝑘+2𝜇+2) 

  

Particular Cases:  

(i) For 𝑘 = 1 in (1.14) and (1.15) we have  

 𝑆2𝑛
𝜇

(𝑥/𝑞) = 𝑞𝑛(1+2𝑛+2𝜇)𝐻2𝑛
𝜇

(𝑥/𝑞) (3.10) 

 and  

 𝑆2𝑛+1
𝜇

(𝑥/𝑞) = 𝑞𝑛(3+2𝜇+2𝑛)𝐻2𝑛+1
𝜇

(𝑥/𝑞) (3.11) 

 where 𝐻𝑛
𝜇

(𝑥/𝑞) is a q-analogue of Szego-Hermite polynomials defined by Madhekar [3]. 

Then one readily obtained following generating function for 𝐻𝑛
𝜇

(𝑥/𝑞) for (3.7) with 𝑘 = 1  
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∑∞
𝑛=0 𝑞𝑛(1+𝑛+2𝜇)/2 (𝑐;𝑞2)𝑁𝐻𝑛

𝜇
(𝑥/𝑞)

(𝑞1+2𝜇;𝑞2)𝑁(𝑞2;𝑞2)𝑁
𝑡𝑛

=
(−𝑐𝑡2;𝑞2)

(−𝑡2;𝑞2) 1
𝜙2 [

𝑐; 𝑞2𝑥2𝑡2𝑞3+2𝜇

−𝑐𝑡2, 𝑞1+2𝜇 ]

+𝑥𝑡𝑞1+𝜇 (−𝑐𝑡2𝑞2;𝑞2)∞

(−𝑡2;𝑞2)∞
{1 + 𝑡2 +

(𝑐−1)

1−𝑞1+2𝜇
𝑡2}

.1 𝜙2 [
𝑐; 𝑞2, 𝑥2𝑡2𝑞7+2𝜇

−𝑐𝑡2𝑞2, 𝑞3+2𝜇 ]

+
𝑥3𝑡3(1−𝑐)𝑞6+3𝜇(−𝑐𝑡2𝑞4;𝑞2)∞

(1−𝑞1+2𝜇)(1−𝑞3+2𝜇)(−𝑡2;𝑞2)∞

.1 𝜙2 [
𝑐𝑞2; 𝑞2, 𝑥2𝑡2𝑞9+2𝜇

−𝑐𝑡2𝑞4, 𝑞5+2𝜇 ]

 (3.12) 

 which is due to Madhekar [[3], p-132] (ii) For 𝑘 = 1, 𝜇 = 0 we have  

 𝑆2𝑛(𝑥/𝑞) = 𝑞𝑛(1+2𝑛)𝐻2𝑛(𝑥/𝑞) 
and  

 𝑆2𝑛+1(𝑥/𝑞) = 𝑞𝑛(3+2𝑛)𝐻2𝑛+1(𝑥/𝑞) 

where 𝐻𝑛(𝑥/𝑞) is q-Hermite polynomials. Hence putting 𝑘 = 1 and 𝜇 = 0 in (3.9) we get 

generating function for q-Hermite polynomials. The same generating function is also 

obtained by putting 𝜇 = 0 in (3.12) 

(iii) For 𝑥 → 𝑥√1 − 𝑞2, 𝑡 → 2𝑡, 𝑐 → 𝑞2𝑐 in (3.12) and using the relation  

 lim
𝑞→1

2𝑛(1 − 𝑞2)−𝑛/2𝐻𝑛
𝜇

(𝑥√1 − 𝑞2/𝑞) = 𝐻𝑛
𝜇

(𝑥) (3.13) 

 where 𝐻𝑛
𝜇

(𝑥) , (𝜇 > −1/2)  are Szegö-Hermite polynomials which are orthogonal with 

respect to the Szegö-Hermite weight function |𝑥|2𝜇exp(−𝑥2) over the interval (−∞, ∞) 

(see G. Szegö [[8], p-380]) we obtain  

 

∑∞
𝑛=0

(𝑐)𝑁

𝑁!(𝜇+1/2)𝑁
𝐻𝑛

𝜇
(𝑥)𝑡𝑛 = (1 + 4𝑡2)−𝑐

1
𝐹1 [

𝑐; 4𝑥2𝑡2/1 + 4𝑡2

𝜇 + 1/2;
]

+
2𝑥𝑡(1+4𝑡2−8𝑐𝑡2)

(1+4𝑡2)𝑐+1(1+2𝜇)1
𝐹1 [

𝑐;
4𝑥2𝑡2

1+4𝑡2

3/2 + 𝜇;
]

+
32𝑐𝑥3𝑡3

(1+2𝜇)(3+2𝜇)(1+4𝑡2)𝑐+2
1

𝐹1 [
𝑐 + 1;

4𝑥2𝑡2

1+4𝑡2

5/2 + 𝜇;
]

 (3.14) 

 For 𝜇 = 0 the generating function (3.14) reduces to the generating function of classical 

Hermite polynomials 𝐻𝑛(𝑥) see [6]. 

 

4  Recurrence relations and Some Properties 

Using known results for q-konhauser polynomials we easily obtain the recurrence relations 

for the polynomials 𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞) and 𝑇𝑛
𝜇

(𝑥; 𝑥/𝑞) 

Madhekar and Chamle [[5], equation (2.3), p-145] obtained following recurrence relation for 

𝑌𝑛
𝛼(𝑥; 𝑘/𝑞)  

 (1 − 𝑞𝑛+1)𝑌𝑛+1
𝛼 (𝑥, 𝑘/𝑞) = 𝑌𝑛

𝛼(𝑥, 𝑘/𝑞) − 𝑞1+𝛼+𝑛𝑘𝑌𝑛
𝛼(𝑥𝑞, 𝑘/𝑞) (4.1) 

 For 𝛼 = 𝜇 − 1/2, 𝑞 → 𝑞2, 𝑥 → 𝑥2𝑞2 in (4.1) we get  

 
(1 − 𝑞2𝑛+2)𝑌𝑛

𝜇−1/2
(𝑥2𝑞2, 𝑘/𝑞2) = 𝑌𝑛

𝜇−1/2
(𝑥2𝑞2; 𝑘/𝑞2)

−𝑞2+2𝑛𝑘+2𝜇−1(1 + 𝑥2𝑞2)𝑌𝑛
𝜇−1/2

(𝑥2𝑞4, 𝑘/𝑞2)
 (4.2) 

 

From (4.2), in view of (1.16) we have 

 

 −𝑇2𝑛+2
𝜇

(𝑥, 𝑘/𝑞) = 𝑇2𝑛
𝜇

(𝑥, 𝑘/𝑞) − (1 + 𝑥2𝑞2). 𝑞1+2𝑛𝑘+2𝜇𝑇2𝑛
𝜇

(𝑥𝑞, 𝑘/𝑞) (4.3) 
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Similarly for 𝛼 = 𝜇 + 𝑘/2, 𝑞 → 𝑞2, 𝑥 → 𝑥2𝑞2 in (4.1) and using (1.17) we obtain 

 

 −𝑇2𝑛+3
𝜇

(𝑥, 𝑘/𝑞) = 𝑇2𝑛+1
𝜇

(𝑥, 𝑘/𝑞) − 𝑞1+2𝜇+(2𝑛+1)𝑘. (1 + 𝑥2𝑞2)𝑇2𝑛+1
𝜇

(𝑥𝑞; 𝑘/𝑞) (4.4) 

 

combining (4.3) and (4.4) we get the following recurrence relation for the polynomial set 

𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞) 

 

 −𝑇𝑛+2
𝜇

(𝑥, 𝑘/𝑞) = 𝑞1+2𝜇+𝑛𝑘(1 + 𝑥2𝑞2)𝑇𝑛
𝜇

(𝑥𝑞, 𝑘/𝑞) − 𝑇𝑛
𝜇

(𝑥, 𝑘/𝑞) (4.5) 

 

using the definition (1.7) of q-derivative equation (4.5) can be written as 

 

 
𝑞1+2𝜇+𝑘(1 + 𝑥2𝑞2)𝑥𝛿𝑇𝑛

𝜇
(𝑥, 𝑘/𝑞) = [1 − 𝑞1+2𝜇+𝑛𝑘(1 + 𝑥2𝑞2)]𝑇𝑛

𝜇
(𝑥, 𝑘/𝑞)

+𝑇𝑛+2
𝜇

(𝑥, 𝑘/𝑞)
 (4.6) 

 

From Madhekar and Chamle [[4], equation (3.3), p-362] we have 

 

 
𝑥𝑞2𝑛𝑘𝛿𝑧𝑛

𝛼(𝑥2𝑞2, 𝑘/𝑞2) = (1 − 𝑞2𝑛𝑘)𝑧𝑛
𝛼(𝑥2𝑞4, 𝑘/𝑞2)

    2𝑐𝑚 − (𝑞2(1+𝛼+𝑛𝑘−𝑘); 𝑞2)𝑘𝑧𝑛−1
𝛼 (𝑥2𝑞4, 𝑘/𝑞2)

 (4.7) 

 

In view of (1.14) and (1.15), from (4.7) we obtain 

 

 
𝑥𝑞2𝑛𝑘𝛿𝑆2𝑛

𝜇
(𝑥, 𝑘/𝑞) = (1 − 𝑞2𝑛𝑘)𝑆2𝑛

𝜇
(𝑥𝑞, 𝑘/𝑞)

    2𝑐𝑚 + (1 − 𝑞2𝑛𝑘)(𝑞2𝑛𝑘+2𝜇−𝑘; 𝑞2)𝑘𝑆2𝑛−2
𝜇

(𝑥𝑞, 𝑘/𝑞)
 (4.8) 

 and  

 
𝑥𝑞(2𝑛+1)𝑘𝛿𝑆2𝑛+1

𝜇
(𝑥, 𝑘/𝑞) = (1 − 𝑞(2𝑛+1)𝑘)𝑆2𝑛+1

𝜇
(𝑥𝑞, 𝑘/𝑞)

    2𝑐𝑚 + (1 − 𝑞2𝑛𝑘)(𝑞2+2𝑛𝑘−𝑘+2𝜇; 𝑞2)𝑘𝑆2𝑛−1
𝜇

(𝑥𝑞, 𝑘/𝑞)
 (4.9) 

 

Results (4.8) and (4.9) can be combined fruitfully in the form 

 

 
𝑥𝑞2𝑛𝑘𝛿𝑆2𝑛

𝜇
(𝑥, 𝑘/𝑞) = (1 − 𝑞𝑛𝑘)𝑆𝑛

𝜇
(𝑥𝑞, 𝑘/𝑞)

    2𝑐𝑚 + (1 − 𝑞𝑛𝑘−𝑘𝜖)(𝑞(𝑛−1−𝜖)𝑘+2𝜖+2𝜇; 𝑞2)𝑘𝑆2𝑛−2
𝜇

(𝑥𝑞, 𝑘/𝑞)
 (4.10) 

 

From generating function (3.2) by routine method we have expansion of 𝑥𝑘𝑛 in the form 

 

 𝑥𝑘𝑛 = 𝑞−𝑘𝑛(1+𝑘𝑛+2𝛼)/2[𝑞1+𝛼]𝑘𝑛 ∑𝑛
𝑟=0

(𝑞−𝑛𝑘;𝑞𝑘)𝑟

[𝑞1+𝛼]𝑟𝑘
𝑞𝑟𝑘𝑧𝑟

𝛼(𝑥, 𝑘/𝑞) (4.11) 

 

which is corrected form of earlier result due to Al-salam and Verma [[1], equation (4.6), p-6]. 

From (4.11) and in view of (1.14) we have 
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𝑥2𝑘𝑛 = 𝑞−2𝑘𝑛−𝑘𝑛(2𝜇+𝑘𝑛)
Γ

𝑞2(𝜇+1/2+𝑘𝑛)

Γ𝑞2(𝜇+𝑘/2+𝑘𝑛)

(𝑞𝑘+2𝜇; 𝑞2)𝑘𝑛 ∑∞
𝑛=0

1

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑚
[
𝑛
𝑚

]
𝑞2𝑘

𝑞2𝑘𝑚−𝑘𝑚(2𝑛−𝑚+1)𝑆2𝑚
𝜇

(𝑥; 𝑘/𝑞)

𝑥2𝑘𝑛 = 𝑞−𝑘𝑛(1+𝑛+𝑘𝑛+2𝜇)
Γ

𝑞2(𝜇+1/2+𝑘𝑛)

Γ𝑞2(𝜇+𝑘/2+𝑘𝑛)

∑𝑛
𝑚=0 [

𝑛
𝑚

]
𝑞2𝑘

(𝑞𝑘+2𝜇,𝑞2)𝑘𝑛

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑚−𝑘𝑛
𝑞𝑘𝑚(𝑚−1)

𝑆2𝑛−2𝑚
𝜇

(𝑥, 𝑘/𝑞)

 (4.12) 

 

Similarly from (4.11) and an account of (1.15) we have 

 

 
𝑥(2𝑛+1)𝑘 = 𝑞−𝑘𝑛(2+𝑛+𝑘𝑛+2𝜇+𝑘) ∑𝑛

𝑚=0 [
𝑛
𝑚

]
𝑞2𝑘

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛+1

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛−𝑘𝑚+1

𝑞𝑘𝑚(𝑚−1)𝑆2𝑛−2𝑚+1
𝜇

(𝑥, 𝑘/𝑞)
 (4.13) 

 

After combining (4.12) and (4.13) we obtain the expansion formula of 𝑥𝑘𝑛 in the form 

 

 
𝑥𝑘𝑛 =

Γ
𝑞2((1+𝑛𝑘+2𝜇)/2)

Γ𝑞2((𝑘+𝑛𝑘+2𝜇+𝜖−𝑘𝜖)/2)
∑𝑁

𝑚=0 𝑞𝑝 [
𝑁
𝑚

]
𝑞2𝑘

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑁+𝜖

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑁+𝜖−𝑘𝑚

𝑆𝑛−2𝑚
𝜇

(𝑥, 𝑘/𝑞)

 (4.14) 

 where 𝑁 = [𝑛/2] 
𝑝 = −1/2𝑘𝑁(2 + 𝑛 + 𝑘𝑛 + 𝑘𝜖 + 𝜖) + 𝑘𝑚(𝑚 − 1) + 𝑘𝜇(𝜖 − 𝑛) 

From multiplication formula for polynomials 𝑍𝑛
𝛼(𝑥, 𝑘/𝑞) given by Mahekar and Chamle 

[[4], 3.12, p-364] we have 

 

 
𝑍𝑛

𝛼(𝑥2𝑦2𝑞2, 𝑘/𝑞2) = ∑𝑛
𝑗=0

(𝑞2+2𝛼;𝑞2)𝑘𝑛(𝑦2𝑘;𝑞2𝑘)𝑗

𝑞2+2𝛼;𝑞2)𝑘𝑛−𝑘𝑗(𝑞2𝑘;𝑞2𝑘)𝑗
𝑦2𝑘𝑛−2𝑘𝑗

𝑍𝑛−𝑗
𝛼 (𝑥2𝑞2, 𝑘/𝑞2)

 (4.15) 

 

Using the definition of (1.14) and (1.15), from (4.15) we obtain 

 

 
𝑆2𝑛

𝜇
(𝑥𝑦, 𝑘/𝑞) = (𝑞𝑘+2𝜇; 𝑞2)𝑘𝑛 ∑𝑛

𝑗=0 (−1)𝑗 [
𝑛
𝑗 ]

𝑞2𝑘

(𝑦2𝑘;𝑞2𝑘)𝑗𝑦2𝑘𝑛−2𝑘𝑗

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛−𝑘𝑗

𝑆2𝑛−2𝑗
𝜇

(𝑥, 𝑘/𝑞)
 (4.16) 

 and  

 

𝑆2𝑛+1
𝜇

(𝑥𝑦, 𝑘/𝑞) = (𝑞𝑘+2𝜇; 𝑞2)𝑘𝑛+1 ∑𝑛
𝑗=0 (−1)𝑗 [

𝑛
𝑗 ]

𝑞2𝑘

(𝑦2𝑘;𝑞2𝑘)𝑗𝑦(2𝑛+1)𝑘−2𝑘𝑗

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑛−𝑘𝑗
𝑆2𝑛+1−2𝑗

𝜇
(𝑥, 𝑘/𝑞)

 (4.17) 

 

Combining (4.16) and (4.17) we have the multiplication formula for the polynomials 

𝑆𝑛
𝜇

(𝑥, 𝑘/𝑞) as given below 
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𝑆𝑛

𝜇
(𝑥𝑦, 𝑘/𝑞) = (𝑞𝑘+2𝜇; 𝑞2)𝑘𝑁+𝜖 ∑𝑁

𝑗=0 (−1)𝑗 [
𝑁
𝑗

]
𝑞2𝑘

(𝑦2𝑘;𝑞2𝑘)𝑗𝑦𝑘𝑛−2𝑘𝑗

(𝑞𝑘+2𝜇;𝑞2)𝑘𝑁−𝑘𝑗+𝜖

𝑆𝑛−2𝑗
𝜇

(𝑥, 𝑘/𝑞)

 (4.18) 

 

For 𝑘 = 1 and in view of (3.10) and (3.11) from (4.18) we have multiplication formula for 

the polynomials 𝐻𝑛
𝜇

(𝑥/𝑞) 

 

 
𝐻𝑛

𝜇
(𝑥/𝑞) = ∑𝑁

𝑗=0 (−1)𝑗 [
𝑁
𝑗

]
𝑞2

(𝑞1+2𝜇;𝑞2)𝑁+𝜖

(𝑞1+2𝜇;𝑞2)𝑁−𝑗+𝜖
𝑞𝑗(2𝑗−1−2𝑛−2𝜇)(𝑦2; 𝑞2)𝑗

𝑦𝑛−2𝑗𝐻𝑛−2𝑗
𝜇

(𝑥/𝑞)
 (4.19) 

 

which is due to Madhekar [[3], equation 3.9, p-130]. 

 

5  Conclusion 

 
In the above calculation we have find out relation in biorthogonal polynomial integral form 

into gamma function (2.4). In section we have discussed generating functions with particular 

cases. Also we have developed recurrence relance for some particular cases. We can use this 

theory for the development in properties and recurrence relations of biorthogonal polynomial. 
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