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Abstract :

Al Salam and Verma [1] discussed two polynomial sets {Z,S“)(x, x/q)} and {Y,f“)(x, k/q}

which are bi-orthogonal on (0,00) with respect to continuous or discrete distribution
function. Present paper attempts to construct a pair of bi-orthogonal polynomial sets
{SE(x,k/q)} and {T,\'(x,k/q)}. (u>—1/2,n=0,1,2,..) which are biorthogonal with
||+

respect to weight function =T

. We also obtain some interesting properties of these
polynomials
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1 Introduction

For real or complex q, |q| < 1, let

(@ @y =172 (1 —aq’)/(1 - ag)*+ (11)
For arbitrary a and u, so that
1, ifn=0
(@ @ = {(1 —a)(1-aq)..(1—agq™), ifn=12,.. (1.2)
and .
(@ Qo = 1jZo (1 —aq’) (1.3)
Jackson [2] defined a g-analogue of the gamma function as
L0 = 2= (1 - )", 0< g <1 (1.4)
which satisfy the functional equation
L(x+1) = 2—_‘11 I, (x) (1.5)
Using (1.5), it is easy to verify that
Ig(a+n)
[4“Tn = (1= @) (16)
Let 6x,q be the g-derivative defined by
5x,qf (x) = LD (1.7)
For simplicity we shall write § for 6x, q. It is easy to see that
{f(x)g(x)} = f(xq)ég(x) + g(x)6f (x) (1.8)
The g-binomial coefficient for arbitary A is defined by
A _ _
] = (-)rgr@mrzg, ), (19)
q

g-konhauser bi-orthogonal polynomials are given by Al-salam and Verma [1].
Z5(uk/q) =y | LR ks
(@%a%)n =0 (a%:a%)jla Mk
Y (1.10)

_ @™ n kj(kj+j+2a)/2 _ X7
= 1)/ J(kj+j
@5y, 21=0 (7 1) [ ] 1 (@],

" - a7l -
Vo /@) = 1 Bieo 107V B Tt @ 4 (1.11)

which are bi-orthogonal on (0,) with respect to continuous or discrete distribution
function.
In present paper we have constructed following pair of polynomials

Sheok/q) = Tp(e+5(n—e+1)+p)

N X nk—2kj u 1.12
?Izo (_1)] [, ] (1 — qZ)k] 1x Jq : ( )
q?k qu(E(kn+1+e)—k]+u)
[ — (_{\WNyN XM
TTL (x’ k/q) - ( 1) ZT':O (q qZ)N

(1.13)
ZN r( 1)][, ] q (q1+2]+2[l+k6+6'q )

where

K
U=Z{n(kn+n+2)—(k+3)e)+,uk(n—e)+kj(i+kj—n—1—kn—2,u),

1
ZZ(TL-I-E)(TL-I-Z—36)+T‘(T‘—1—Tl+6)+j(j+1—n+27‘+€)
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N = E] is the greatest integer less than or equal to n/2 and value of € is zero or one

according to even or odd nature of n.
By reverting the order of summation for even and odd integers in (1.12) and (1.13) we have

the foIIowing relations
r z(kn+k/2+u)

e k/@) = (GO @S Ty 2 /) (1.14)
Sha1 (6 k/q) = (=1)™(q%; q*F)nx 25 (x2q2, Kk /q%) (1.15)
Th(x k/q) = (FD™(q% q*)nYy (x?q% k/q?) (1.16)
Tha (6 k/q) = (=D)"(q% q)nxYs ? (x?q% k/q?) (L17)

where Zj5(x; k/q) and Y,¥(x; k/q) are g-konhauser biorthogonaal polynomials as given in
(1.10) and (1.11)
It is interesting to note that

lim 2" (1 — ¢%) ™™ /25 (x(1 = 42 /% k/q) = S (x, k) (1.18)
q—)

lim 2"(1 = q2) ™2k~ (x(1 - )% k/q) = T (x, k) (1.19)
q—)

where S (x; k) and T (x; k) are biorthogonal polynomials defined and studied by Thakare
and Madhekar [9].

2 Biorthogonality

For a > —1, g-konhauser bi-orthogonal polynomials (1.10) and (1.11) satisfy the
orthogonality relation

Iy ZRCok/QYi(ok/a) 20— dx

— (1_Q)1+ar(—a)r(1+a)[q1+a]knq_kn (21)
Fq(‘“)[‘l]n Tomn
where §,,, Is the familiar kronecker deltaand a > —1
Considering (1.14), (1.16) and using (2.1) we obtain
|x |+
[ o S G e/ DT (0, K/ @) gz

_ (qZk. qZk) qu(kn+k/2+,u)[‘(1—5)r‘(u+1/2) (2_2)
’ " Te(u+1/2)T2(1/2-p)
] (1 _ qZ)kn+u+1/2q2k—2u—15mn

Similarly in view of (1.15), (1.17) and using (2.1) we readily obtain

[, St G QT2 (o /) e
= (%% q%)T(—1 = k/2)T(1 + 1+ k/2) 23)

r (2kn+k+2u+2)
(1 — q?)Zkn+ictaut2)/2 q2( PR

k
qu(—y—a)l—‘qz (1+p+k/2)

mn

Combining (2.2) and (2.3) we obtain the biorthogonality for the polynomials S (x, k/q) and
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T (k) 2
x|

JZ K k/Th(x, k/q) vy

r 2( +le+k—2k6+2€)

_ 2k. 42k
=(q°%q )F 2(ﬂ+1+e+ke)rq2(_#+#) (2.4)

q 2

T (,Ll n 1+62+k6) T (_H n 1—k25—e) .

(1 _ q2)%(1“‘71"‘5)"‘#q—kn—l—e—Zudmn

which is integral form of biorthogonality polynomials of SX(x,k/q) and T! (x,k/q) in
terms of gamma function.

3 Generating Function

Consider the explicit representation of Z5(x,k/q) given in (1.10) and using g-binomial
theorem [[7], p-92]

o [aln n — [aX]eo
2020 g, %" = s (3.1)
and elementary identity
[alkn = H?:l (aq]_l; qk)n (3.2)

we obtain the following generating function
w (64"
o fgrra A (o k /e
:(ct:q)mq5 c; q", —tx*q
a9 1 7 [ct; Mg, k/q)

where A(S,k/q) abbreviates the array of k parameters B, 8q, ..., Bqg*™t (k > 1)
For ¢ = 0 equation (3.3) get reduced to the generating function

k(1+k+2a)/zl (3.3)

n _o gk gk k(1+k+20)/2
0 0 t 1 ;q°,—tx"q
0 Z = A4
The generating function (3.3) is obtained by Al-salam and Verma.
From (3.3) and (1.14) we obtain the following generating function
(C§q2k)n _ qu(ﬂ+k/2) (_Ct2}q2k)oo c, qZk' t2x2qu(k+2y+2)
Zn=0 kst Sen (% K/0) Gy = Pp2(1+1/2) (=t%4%)e Pics1 —ct?, A(q" 5 k/q?)

(3.5)

Similarly from (3.3) and (1.15) we obtain the following generating function
(c:4%%)
Zn 0 (q2+2u+k 4 kn (T;zk;qzk) 2n+1(x k/Q)tzn
ok (—ctz;qZR)oo c, q , qu(k+1) (36)
=X (-t2;q2K) 1 ¢k+1 —CtZ,A(q2+2”+k; k/qZ)
where z = t2x2qu(k+2u+2)

Now using (1.7) we can verify that

(CX) 2k 80, 1 .2
anO (q2+k+2ﬂ;q2) 2n+1(x k/q) (qzk zk) [ " + qk+2u] t "

_y (.a*)n(1—q?rktkizingl | (ok/@)t?"
n=0 (q2+2utk,q2y, - (q2k;q2k), (1—gk+2u)

(3.7)

_ Zoo (C:QZk)n (.X k/ )th
— 4n=0 (qk+21;92) 1 (2K;g2%), 2n+1 q
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(=x Joo
Using (3.6) and (1.8) we get
o) (C'q2k) k 2n
Zn=0 (q2H+K;q2) 1 (q2K:q%5) 2n+1(x /q)t
_ ok (cet2a 0o ¢; %%, zq U+
=X (—t2q2k;q2k)°o 1 k+1 —Ct2q2k; A(q2+2u+k’ k/qZ)
xkt (_Ctz.qzk)oo C; qZk’ qu(k+1)
+ Otk Va1 Pt
1—gk+2u " tq (—t2;4%%) 0 —CtZ,A(C[2+2”+k, k/q2
xk(—CtZQZk,QZk)oo C; qZk’ qu(k+3)
T (—t2q?k;q2hy g, 1 k+1 —Ctquk; A(q2+2u+k’k/q2)
se-ner |G q%, zq**+ (—ct?q?K:7) oo
1-gk+zu | Tk+1 —ct2q?k; A(q2H 2 K /g?)|  (—t2a)e

n xk(l_c)zqk(k+1) ¢) Cq2k; q2klzq3k(k+l)
(1-qFF2m) (1+ct2)(1+ct2q?h) (q2¥2htk g2y, L Y RHL | py2 0tk £ (q2+2043K | /2
xk(—CtZCIZk,CIZk)oo (C 1)t2 , q2k’ qu(k+3)

= _t2.92k {1 +1t? 1 k+2y.} Prct1 2, 2k. 2+2u+k 2

(—t2,q%K) o —ct g A" k)

xk(l—C)qu(k+1)(—Ct2q4k;q2k)°° Cq ;q2k’ Zq3k(k+1)
(1_qk+2li)(q2+2ﬂ-+k;q2)k(_t2;q2k)°ol ¢k+1 —Ct2q4k’ A(q2+2#+3k’ k/qz)

+

Infact, one obtains after combining (3.5) and (3.8) the following generating function

$ et ok,
(@ 250)in (0% 42 )y q
F 2 (,u + ) (— ct?; Zk)oo C, QZkZ .
¢
1" , (‘u + ) ( t2 Zk)oo ) k+1 —CtZ,A<q1+2H;?)

-C; qzk’ qu(k+3)

x*t(—ct?q*; %) oo T G t? .
% a7, +tc+ 1_gk+2r prze ) 1Pr+1 _Ctzqzk’A (q2+2u+k )
(1= O)txkzg D (—ct2g**; g%, . '-Cq2k; g2, 7q3K0+D) l
(1— qk+2,u)(q2+2,u+k;q2)k (—t2; q2k)oo 1¥k+1 ctz 4k A(q2+2u+3k k/qz)
(3.9)

where 7z = t2x2qu(k+2u+2)

Particular Cases:
(i) For k =1 in (1.14) and (1.15) we have

Sk, (x/q) = q"AT2ZWHE (x/q)

and
Shas1(x/q) = q"CHFIHY  (x/q)

Then one readily obtained following generating function for H (x/q) for (3.7) with k = 1
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where H (x/q) is a g-analogue of Szego-Hermite polynomials defined by Madhekar [3].
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(—x29%9) o0

»o qn(1+n+2u)/2 (Ga®)NHy (x/q)  .n
n=0 (@'+2:q2)n(q%q2)N
 (—ct?iq?) [c; q2x2t2q3+2“]

T (-t3ad) 2 [—ct?, gltam

14 (—ct?q%qH) 2 (c-1) .o
+xtqttH aTrow {1 Ho ot }

c; g2, x2t2q 2k (3.12)
1 ¢z [—ctzqz, q3+2“ ]

x3t3(1_C)q6+3y.(_ct2q4-;q2)oo
(1= +21)(1-q3*21) (=t%0?) o
qu; qz, x2t2q9+2”
1 ¢z [—ct2q4, q5+2“ ]
which is due to Madhekar [[3], p-132] (ii) For k = 1, u = 0 we have
San(x/q) = ¢ *V Hpp (x/q)

Son+1(x/q) = qn(3+2n)H2n+1(x/Q)
where H,(x/q) is g-Hermite polynomials. Hence putting k =1 and u = 0 in (3.9) we get
generating function for g-Hermite polynomials. The same generating function is also
obtained by putting u = 0 in (3.12)

(iii) For x - x\/1 — g2, t - 2t, ¢ = q*° in (3.12) and using the relation
lim2" (1~ q*)™/2Hy (xy/1 ~ ¢2/q) = Hy, (%) (3.13)
q—)

where HY (x), (u> —1/2) are Szeg6-Hermite polynomials which are orthogonal with

respect to the Szego-Hermite weight function |x|*#exp(—x?) over the interval (—oo, )
(see G. Szego [[8], p-380]) we obtain

oo (©n 23 — 2N\—
Zn=0 ml‘]n (X)tn = (1 + 4t ) C1F1 [

and

c;4x%t?/1 + 4t2]
u+1/2;
2xt(1+4t>—8ct?) F C;jx—itz

(1+4t2)cr1(1+2p), 1 3/2+_|_t W

4x2t2
32cx3t3 Ic + 1; l

(3.14)

" 1+4t2
(1+2u)(3+2p) (1 +4t2)c+2 T1 5/2 +ll+:

For u = 0 the generating function (3.14) reduces to the generating function of classical
Hermite polynomials H, (x) see [6].

4 Recurrence relations and Some Properties
Using known results for g-konhauser polynomials we easily obtain the recurrence relations
for the polynomials Sk (x,k/q) and T\ (x; x/q)
Madhekar and Chamle [[5], equation (2.3), p-145] obtained following recurrence relation for
Y (x; k/q)
(1 — g™ Y& k/q) = YE(x, k/q) — ¢ Y (xq, k/q) (4.1)
For a =u—1/2, q - q?, x - x?q? in (4.1) we get
(1 - Y2 (x%q%, k/q?) = YTV (x2q% k/q?)

_q2+2nk+2y—1(1 + quZ)Y”_l/Z(x2q4 k/qz) (4'2)
n )
From (4.2), in view of (1.16) we have
~Thna2 (0 k/Q) = T (6, k/q) — (1 + x%q?). q" 21T (xq, k/q) (4.3)

Eur. Chem. Bull. 2023, 12 (S3), 6857 — 6865 6862
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2)e0

Similarly for « = u + k/2, q = q?, x - x*q* in (4.1) and using (1.17) we obtain

Tpnrs (6 k/@) = Tp g (e, k/q) — @ P2V (1 4+ x22)TS  (xqs k /@) (44)

combining (4.3) and (4.4) we get the following recurrence relation for the polynomial set
Ty (%, k/q)

Ty (0 k/q) = qU2H (1 + x2q*) Ty (xq, k/q) — T (x, /) (4.5)
using the definition (1.7) of g-derivative equation (4.5) can be written as

g2tk (1 + x2¢*) ST (x, k/q) = [1 — qHF2H (1 + x2¢®)|T (%, k/q)

(4.6)
+TE (%, k/q)
From Madhekar and Chamle [[4], equation (3.3), p-362] we have
xq*" 8z (x*q% k/q*) = (1 — ")z (x*q*, k/q%) .7)
2cm — (q2(1+a+nk—k); qZ)kalc_l(qutl-’ k/qZ) '
In view of (1.14) and (1.15), from (4.7) we obtain
xq*M 885, (x, k/q) = (1 — q*™)S5,(xq, k/q) 4.8)
2em + (1 = q*) (@K, 471 Sy n (xq, K/ q) '
and
xqPIRSSy 1 (0 k/q) = (1 — q@™DR)SG L (xq, k/9) (4.9)
2cm + (1 ank)(q2+2nk k+2#, q2)k52n 1(xq: k/q) '
Results (4.8) and (4.9) can be combined fruitfully in the form
xXq*"* 885, (%, k/q) = (1 — ™) Sy (xq, k/q)
k—k 1—-€e)k+2€+2 2 (410)
2em + (1 — qrike)(qrt-ok*2eri; g2), Sy, (xq, k/q)
From generating function (3.2) by routine method we have expansion of x*" in the form
n _ q—kn(1+kn+2a)/2 [q1+a]kn 11}=0 wquzﬁc(x’ k/q) (4.11)

[q 1+0£]

which is corrected form of earlier result due to Al-salam and Verma [[1], equation (4.6), p-6].
From (4.11) and in view of (1.14) we have
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2)e0

T _2(u+1/2+kn)

2kn _ —2kn—-kn(2u+kn) _4

* 1 r 2(u+k/2+kn)
k+2u. 42
(q rq )kn Zn 0 (qk+2# qz)km m] 2k
qzkm km(2n- m+1)5u (x k/q)
kan — q—kn(1+n+kn+2u)w

g2 (u+k/2+kn)

[Tl ] @**",0%kn _km(m-1)
2k (qk+2‘u?q2)km—kn

2n Zm(x k/q)

Similarly from (4.11) and an account of (1.15) we have

x@n+Dk — q—kn(2+n+kn+2u+k)z [ ] (@ +2H:4®) k1
mlgzk (qk+2” 4?)kn—km+1
qkm(m 1)5#

2n— 2m+1(x' k/Q)

After combining (4.12) and (4.13) we obtain the expansion formula of x*™ in the form

n L 2 ((1+nk+2p)/2) [N] (@202 kN +e
T2 ((k+nk+2pu+e= ke)/z) g2k (@*%*28,02) kN e—km

n Zm(x k/q)
where N = [n/2]
p=—1/2kN2+n+kn+ke+e€)+km(m—1)+ ku(e —n)

(4.12)

(4.13)

(4.14)

From multiplication formula for polynomials Z7(x,k/q) given by Mahekar and Chamle

[[4], 3.12, p-364] we have

242 2 2k. 2k
7% (x2y%q% k/q?) = Y, @54 *54%))  2kn—2kj
= 4% 2%q ) kn—kj(@2%:q%5)

Zy_j(x*q* k/q?)

Using the definition of (1.14) and (1.15), from (4.15) we obtain

2k zk) yzkn 2kj

M1«
Syn (¥, k/q) = (%5 q®)n 2= (1) []] I

g2k (@A)
Zn 2] (X k/q)

and
Shs1 G, k/@) = (@425 4% ensa Bl (—1) []]

2k zk) y(2n+1)k 2kj

(@20 kn—k;j

6%

52n+1—2j(x' k/D)

(4.15)

(4.16)

(4.17)

Combining (4.16) and (4.17) we have the multiplication formula for the polynomials

SH(x,k/q) as given below
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(—x29%9) o0

(y2k;q2k)]_ykn—2kj

Sp(xy, k/q) = (@5 q®) n+e D=0 (1) [IN]
q

St (e k/a)

2k (@ 2H02) kN —kjve (4.18)

For k =1 and in view of (3.10) and (3.11) from (4.18) we have multiplication formula for
the polynomials HY (x/q)

[N @20 Nre (91 —m
Hy (x/q) = Z)-o (=1) [,] g 0% 4, (4.19)
. .

YUHHY,(x/q)
which is due to Madhekar [[3], equation 3.9, p-130].
5 Conclusion

In the above calculation we have find out relation in biorthogonal polynomial integral form
into gamma function (2.4). In section we have discussed generating functions with particular
cases. Also we have developed recurrence relance for some particular cases. We can use this
theory for the development in properties and recurrence relations of biorthogonal polynomial.
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