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Abstract— Let G = (V, E) be a simple graph. Let HD(G, i) be the family of hub dominating

sets in G with cardinality i. Then the polynomial
14@]
HD(G, x) = Z hd(G, )x'
i=hd(G)
is called the hub domination polynomial of G where hd(G,i) is the number of hub
dominating sets of G with cardinality i and Ad(G) is the hub domination number of G. Let
K, ,, denotes the complete bipartite graph with n + 2 vertices and HD (K, ,, i) denotes the

family of hub dominating sets of K, , with cardinality i. Then, the polynomial,

[V (K20l
HD (K x) = Z hd (Ko 1)x!
i=hd(kyn)
is called the hub domination polynomial of K,, where hd(K,,,i) is the number of hub
dominating sets of K, with cardinality i and /Ad(K,) is the hub domination number of
K; .

In this paper, we obtain a recursive formula for hd (K, ,, i). Using this recursive formula, we

construct the hub domination polynomial of K, ,, as,

n+2

HD (K x) = Z hd (K, i)'
i=2

where hd(K, 4, 1) is the number of hub dominating sets of K, ,, with cardinality i and some

of the properties of this polynomial also have been studied.
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INTRODUCTION

A graph G = (V,E) is called a bipartite graph if its vertices V can be partitioned into two
subsets I/; and V, such that each edge of G connects a vertex of V; to a vertex of V,. If G
contains every edge joining a vertex of V; and a vertex of V, then G is called a complete
bipartite graph. It is denoted by K, ,,, where m and n are the number of vertices in V; and V,

respectively.

Aset D <V is adominating set of G if N[D] =V or equivalently, every vertex in V — D
is adjacent to atleast one vertex in D. The domination number of a graph G is defined as the

minimum cardinality taken over all the dominating sets D of vertices in G and is denoted by
y(G).

The families of hub-dominating sets of K,, are built using a recursive method in the
following part. Using the findings from section Il, we investigate the hub domination
equations of the full bipartite graph K3, in section Ill. For the typical combination n to i,

we use (7) . Additionally, we use [n] to indicate the set {1,2, ... ....n}

l. HuB DOMINATING SETS OF THE COMPLETE BIPARTITE GRAPH K ,,

In this section, we list the hub domination number and some of the characteristics of the

hub dominating sets of the full bipartite graph K,,. We use V(Kz,n)z
{v1, V2, V3, e eee s Upy1, Unyo } @nd

E( Kon ){(Ulr V3), (U1, V4),s woe voe (U1, Vng1), (U1, Vna2)y (V2, V3), (V2, Va), eov on s (U2, Vng1), (V2, V) }

throughout this paper.
Definition 2.1

Let G be a simple graph of order n with no isolated vertices. A set D € V is said to be a
hub dominating set if every vertex in V' — D is adjacent to atleast one vertex in D and every
pair of vertices in V — D has a path in G such that all the internal vertices of the path are in D.
The hub dominaton number of a graph G is defined as the minimum cardinality taken over all

the dominating sets D of vertices in G and is denoted by Ad(G).
Lemma 2.2
Forallne z*,(7) =0ifi>nori <0,
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Theorem 2.3
Let K, ,, be the complete bipartite graph with n + 2 vertices. Then,

(n+2
i
(n-;Z

)—(T;) when2<i<n+2andi+n
hd , 1) =
(Ko 1) )—(7;)+1 wheni=n

Proof:

Let K, ,, be the complete bipartite graph with n + 2 vertices and n > 3. Let the partite

sets of K, , be V; = {vy,v,} and V, = {v3, ... v, V41, Vny2}. Since K, ,, contains n + 2
vertices, the number of subsets of K,, with cardinality i is (njz) Each time (?)

number of subsets of K, with cardinality i are not hub dominating sets. Hence, K, ,

contains (n T 2) — (rll) number of subsets of hub dominating sets with cardinality i.

When i = n, the subgraph induced by the vertex set {vs, ..., U, Vy41, Vns2} 1S also a hub
dominating set. Thereore, one more set is hub dominating set when the cardinality is n.

Therefore, K,, contains (n -:— 2) — (Tll) + 1 number of subsets of hub dominating sets

with cardinality n.
(n-:-Z)_(n) when2<i<n+2andi#n

i
(n-ll-Z)_(Tll) 1 wheni=n

Hence,hd (K, i) =

Theorem 2.4

Let K, ,, be the complete bipartite graph with n + 2 vertices. Then,
(i) hd(Kyp i) = hd(Kyp_1,i) +2 if i=2
(i) hd(Kop, i) = hd(Kyn-1,i) + hd(Kpp_p,i—1)—1if i=n-1
(iid) hd(Kypn i) = hd(Kyn_1,i) + hd(Kyp_1,i — 1)
forall3<i<n+2andi#n-1

Proof:

M When i = 2
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i) = (") ()

_(m+2)(n+1) [n(n-1)
-

[(n? 4+ 3n+2) — (n? —n)]

[n?+3n+2—-—n%+n]

[4n + 2]

NID—\ l\.)lb—\ l\.)lb—\

hd(Kyp,2) = 2n+ 1
Consider, hd(K,,-1,2) = ("37) - (";1)

B (n+ 1n
= > —

(n-1)n-2)
]

[((n?+n) — (n? —3n+ 2)]

[n? +n—n?+3n-2]

l\)lr—\ NIH va—\

[4n — 2]
=2n-1
=2n+1-2
hd(Kyn-1,2) = hd(Kypn, 2) — 2
Therefore, hd(Kyn, 2) = hd(Kyn-1,2) + 2
Hence, hd(Kyp, i) = hd(Kop_y,i) +2 if i =2
(i)  Wheni=n-1
By Theorem 2.3,
we have, hd (K ,n—1) = (078 - ()

hd(Kyp-1,n—1) = (0*)) = (%71) + 1 and
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hd(Kyp-1,m —2) = (n i 1) - (n _ 1)

n—2 n—2

Consider,

n+1 n—1 n+1
hd(Kyn_1,n — 1) + hd(Kpp_1,n — 2) = (n _ 1) - (n _ 1) 14 (n _ 2)

-(2))
o (S (R0 | RS [y R G|

=<Zti>_(nil)+1

= hd(Kypymn—1) +1
hd(Kyn-1,n—1) + hd(Kop1,n —2) = hd(Kypn—1) +1
Therefore, hd(Kyn,n— 1) = hd(Kyn_1,n — 1) hd(Kyp-1,m—2) — 1
Hence, hd(Ky, i) = hd(Kop—1,i) + hd(Kyp_y,i—1) = 1if i=n—1

(i) By Theorem 2.3, we have,

hd(Kz,n,i)z(”:Tz)—(’il) forall3<i<n+2andi#n—1

hd(Kpness 1) = (M7 1) -("7 1)

l l

and hd(KZ,n—l'i - 1) = (rlli_ 11) B (T:i)

Consider,

hd(Kap-1,1) + (Kzpo1, i — 1) = (n J{ 1) - (n ; 1) + (?:1) - (7—_11)

=[G )+ G2
- ("9)-0)
hd(Kop—1,1) + (Kgpo1,i — 1) = hd(Kyp, i)
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Therefore,
hd(Kyp, i) = hd(Kyp_1,i) + hd(Kypy,i— 1) forall3<i<n+2andi#n-—1

1. HuB DOMINATION POLYNOMIALS OF THE COMPLETE BIPARTITE GRAPH K, ,,
Definition 3.1
Let K,, denotes the complete bipartite graph with n + 2 vertices and HD (K3, ©)

denotes the family of hub dominating sets of K,, with cardinality i. Then, the

polynomial,

[V (Kz,n)l
HD (K x) = Z hd (K p i)x!
i=td(kyn)

is called the hub domination polynomial of K,, where hd(K,, i) is the number of hub
dominating sets of K, with cardinality i and Ad(k,,,) is the hub domination number of
K; .

Theorem 3.2

Let K,, be the complete bipartite graph with n + 2 vertices. Then, the hub domination
polynomial of K, is HD(Ky,x) = (1 + x)HD(Ky -1, x) + 2x% — x™?

with initial value HD (K, 3,x) = 7x? + 10x3 + 5x* + x°.

Proof:

From the definition of hub domination polynomial, we have,

n+2

HD (K x) = Z hd (Ko, i)
i=2

= hd(KZ‘n, 2)x2 + hd(Kz_n,n — l)xn‘1

n+2
+ Z hd Ky, i)xt
i=3

i#n—1

= [hd(Kyn-1,2) + 2]x? + [hd(Kyn_1,n—1)
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+hd(Kyp_q,n—2) — 1]x™1
n+2

+ Z [hd(Kyn-1,i) + hd(Kyp_1,i — 1)]x*
=3

i#n—-1

= h’d(KZ,n—li Z)XZ + 2X2 + [hd(Kz‘n_l,n - 1) + hd(Kz,n_l,Tl - 2)]xn_1

n+2

—x" 1 4 z [hd(KZ,n—lf i) + hd(KZ."—l’i o 1)]xi
ent

n+2 n+2

= Z hd(Kyp_1,1) x* + Z hd(Kyp—1,i — 1) x' + 2x% — x™1
i=2 i=2
n+2 n+2
= Z hd(Kyp_1,1) x' 4+ x z hd(Kyp-q,i—1) x4 2x2 — x™71
i=2 i=2
= HD(Kyy-1,x) + xHD (Ko pp_q,x) + 2x% — x™1
HD(Kyp, x) = (1 4+ x)HD(Kop_q,x) + 2x% — x™71
Hence, HD (K, pn,x) = (1 4+ x)HD (Ko, x) + 2x% — x™1
with initial value HD (K, 3,x) = 7x% + 10x% + 5x* + x°.

Example 3.3

Consider the complete bipartite graph K, ¢ with order 8 given in Figure 1.

V4 v,

Figure 1
HD(Kys5,x) = 11x? + 25x% + 30x* + 21x° + 7x° + x7
By Theorem 3.2, we have,
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HD(K,6,x) = (1 + x)HD(K,5,x) + 2x% — x5
= (1+x)(11x2 + 25x3 + 30x* + 21x> + 7x% + x7) + 2x? — x°
= 11x2 + 25x3 + 30x* + 21x> + 7x° + x7 + 11x3 + 25x* + 30x°
+21x® + 7x7 + x8 + 2x? — x°
HD(Ky6 x) = 13x2 + 36x% + 55x* + 50x° + 28x° + 8x7 + x°
Theorem 3.4

Let K, ,, be the complete bipartite graph with n > 3.Then
n+2\_; ny
HD(Kypx) = X007 (" 7 4) 2t = 22 () x4 %7,
Proof:

Proof follows from Theorem 2.3, Theorem 2.4 and the definition of Hub Domination

Polynomial.
We obtain hd(K,,, i) for3 < n< 10and 2 < i < 12 as shown in Table 1.
Table 1

HD(k;,, i), Hub Dominating Sets of K, with cardinality i.

) 2 3 4 5 6 7 8 9 10 11 12
Kys |7 10 5 1
Krs |9 16 15 6 1
Kys |11 |25 30 21 7 1
K,e |13 |36 55 50 28 8 1
K,;, |15 |49 01 105 |77 36 9 1
Krg |17 |64 140 [196 |182 [112 |45 10 1
K,o |19 |81 204 336 |378 [294 |156 |55 11 1
Kyio |21 |100 |285 [540 |714 [672 450 [210 |66 12 1

In the following Theorem, we obtain some properties of HD (K, ,, ).
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Theorem 3.5

The following properties hold for the coefficients of HD (K, ,,, i) for all n.
()  hd(Kyn2)=2n+1,foreveryn > 3.
(i)  hd(Kynn+2)=1,foreveryn > 3.
(iii)  hd(Kynn+1)=n+2,foreveryn > 3.
(iv)  hd(Kynn) = %(n2 + 3n + 2), for every n > 3.
v)  hd(Kypn—1)= %(n3 + 3n? — 4n), for every n > 4.
(vi) hd(Kypn—2)= i (n*+2n3 — 13n? + 10n), for every n > 4.

Proof

(i) From Theorem 2.3, we have,

ra(ken2) = (") = ()

_(m+2)(n+ 1) ln(n—l)l
B |2

2

1
=E[(n2+3n+2)—(n2—n)]

1
=E[n2+3n+2—n2+n]

1
=§[4n+2]
=2n+1

Therefore hd(K,p,2) = 2n+ 1, forevery n > 3.

(i)  Since, HD(kyn,n + 2) = [n+ 2], we have the result.

(iii) Since,HD(kz,n,n + 1) ={[n+2]—x/x €[n+2]},

we have the result.

(iv)To prove hd (K, n) = %(n2 + 3n + 2), foreveryn > 3,

we apply induction on n.
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Whenn = 3,
L.H.S = hd(K,3,3) = 10 (from the Table 1)
RHS=2(32+9+2)=10
Therefore, the result is true for n = 3.
Now, suppose that the result is true for all numbers less than n and we prove it for n.
hd(Kypn,n) = hd(Kop—1,n) + hd(Kyp_q,n — 1)

1
=(n—1)+2+§[(n—1)2+3(n—1)+2
1
=n+1+§(n2—2n+1+3n—3+2)

1 2
=§(2n+2+n +n)

hd(Kypn) = %(n2 +3n+2)
Hence, the result is true for all n.
(v) Toprove hd(Kyp,n—1) = %(n3 + 3n? — 4n), for every n > 4,

we apply induction on n.

Whenn = 4,
L.H.S = hd(K5,4,3) = 16 (from the Table 1)

R.H.S= % [43 + 3(4)2 — 4(4)]

1
= (64+48-16) =16

Therefore, the result is true for n = 4.
Now, suppose that the result is true for all numbers less than n and we prove it for n.

hd(Kypn—1) = hd(Kyp_1,n—1) + hd(Kypp_1,n —2) — 1

[(m—1)2%2+3(n—-1) + 2]

N =

Eur. Chem. Bull. 2023, 12( Special Issue 8),895-906
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1
+€[(n—1)3+3(n—1)2—4(n—1)] -1

2 15 _
[n +n]+6[n n+6]—1

[3n?+3n+n3—7n+6]—-1

o I = N = N =

hd(Kypn— 1) = =(n® + 3n? — 4n)
Hence, the result is true for all n.

(vi) To prove hd(Ky,,n—2) = 21—4 (n*+2n3 — 13n? + 10n), for every n > 4.

we apply induction on n.
Whenn = 4,
L.H.S = hd(Ks,4,2) = 9 (from the Table)
RH.S = —[4*+2(4)* — 13(4)? + 10(4)]
= —[256 + 128 — 208 + 40] = 9
Therefore, the result is true for n = 4.
Now, suppose that the result is true for all numbers less than n and we prove it for n
hd(Kyp,n—2) = hd(Kyn_1,m — 2) + hd(Kyp_1,n — 3)
=2 [(n—1)°+3(n - 12— 4(n—1)]

1

+ o [(n—D*+2(n—1)3 - 13(n— 1)? + 10(n — 1)]
1 1

=—[n3—-7n+6] +ﬁ[n4—2n3—13n2 + 38n — 24]

6

1
= —[4n3 — 28n + 24 + n* — 2n3 — 13n? + 38n — 24]

\]
-~

1
hd(Kypn—2) = Sz " +2n° —13n% + 107

Hence, the result is true for all n.
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CONCLUSION

This article deduces the hub domination polynomials of the complete bipartite graph
K, ,, by identifying its hub dominating sets. We can also use cardinality i to characterise the
hub dominating sets. Any complete bipartite graph K, ,can be used as a generalisation of this

research, and some intriguing properties can be discovered.

REFERENCES

1] Walsh, Matthew. "The hub number of a graph.” Int. J. Math. Comput. Sci 1, no. 1 (2006):
117-124.

2) Veettil, Ragi Puthan, and T. V. Ramakrishnan. "Introduction to hub polynomial of
graphs." Malaya Journal of Matematik (MJM) 8, no. 4, 2020 (2020): 1592-1596.

3 S. Alikhani and Y.H. Peng. "Dominating sets and domination polynomials of paths."”

International journal of Mathematics and mathematical sciences, 2009.

4] S. Alikhani and Y.H. Peng. "Introduction to domination polynomial of a graph. " arXiv
preprint arXiv:0905.2251, 20009.

5] Sahib.Sh.Kahat, Abdul Jalil M.Khalaf and RoslanHasni. "Dominating sets and
Domination Polynomials of Wheels." Asian Journal of Applied Sciences (ISSN:2321—
0893), volume 02— Issue 03, June 2014.

6] Sahib.Sh.Kahat, Abdul Jalil M.Khalaf and RoslanHasni. "Dominating sets and
Domination Polynomials of Stars". Australian Journal of Basics and Applied Science,8(6)
June 2014, pp 383—386.

711 A.Vijayan,T.Anitha Baby, G.Edwin. "Connected Total Dominating Sets and Connected
Total Domination Polynomials of Stars and Wheels." IOSR Journal of Mathematics,
Volumell, pp 112—-121.

e] B. Basavanagoud and Mahammadsadiq Sayyed. “Hub Polynomial of a Graphs”

International Journal of Applied Engineering Research ISSN 0973-4562, Volume 16,
Number 3 (2021) pp. 166-173.

Eur. Chem. Bull. 2023, 12( Special Issue 8),895-906
906





