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Abstract

Power dominator colouring is a form of vertex colouring for a simple graph G so that each
and every vertex in G power dominates a minimum of one colour class. The power dominator
chromatic (PDC) number is the least number of colours needed for such colouring in G and
will be represented by chi_pd(G). In this article, we determine the power dominator
chromatic (PDC) number of line, middle and total graphs of sunlet and helm graphs. Also we
obtain the power dominator chromatic (PDC) number of irregular chemical central graph.
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1. Introduction

An important and highly explored research
area in graph theory with applications in
numerous fields is the theory of
domination. A graph G = (V, E), is a
mathematical structure made up of a finite
number of elements, known as vertices,
and a finite number of pairings of vertices,
known as edges. We take into account that
the finite undirected graphs with absence
of loops and numerous edges. If every
vertex in a subset S of a graph G = (V, E)
has not less than one neighbour in S, then
S is a dominating set of G. y(G) is The

cardinal value of the least dominating set
in G and is the dominating number of the
graph G. The idea of domination [9, 10] in
graphs has many different forms. The
complexity of keeping watch over an
electrical system by utilising the fewest
possible  phase  measurement  units
(PMU’s) was formulated in graph
theoretical terms by Haynes et al. [11],
who also created the idea of power
domination. However, graph colouring [1]
is another area of graph theory that has
attracted the most attention. In graph G,
proper colouring [1] is the process of
allocating distinct colours to the nodes of
G while ensuring that there are no identical
colours between adjacent vertices. The
fewest number of colours needed to colour
G appropriately is known as chromatic
number of G, designated by y(G). The

concept of dominator colouring, which
permits minimum of one colour class to be
dominated by every vertex, was first
presented in [4].

Power dominator colouring (PDC) of a
graph G is a new idea of colouring that
was introduced by K. Sathish Kumar et al.
[3] by merging the notions of colouring
and power domination. The power
dominator colouring [2, 4] of G is a
suitable colouring of G in such a way that
each point of the vertex collection V
power dominates a vertex at a minimum
of one colour class. The smallest cardinal
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number of colours necessary for a power
dominator colouring of G is known as the
power dominator chromatic number
Xpa(G). In the field of inorganic

chemistry, power dominator colouring of
central irregular chemical graphs with the
molecular structure that is obtained only
among the p-block Elements may be
found. Atoms are considered to be
vertices, covalent bonds are edges, and
valence is the degree of vertices. An
irregular chemical graph is one whose
molecular  structure  corresponds to
elements of nearby atoms with various
valencies.

2. Preliminaries

The k-sunlet graph on 2k nodes is
constructed by connecting k edges of
degree one to the cycle Ck and is indicated
by Sk. A Helm graph Hg, k > 3 is the graph
constructed through the wheel graph Wk
by including pendant edges at each nodes
on the rim of the wheel Wk For a
connected graph, M(G) is used to

represent the middle graph of G by the
graph with point collection V(G)UE(G),
in which two nodes are connect one
another if (i) they are the neighbouring
lines in G or (ii) the first is a node of G,
while the second is the line that connects
it. The line graph L(G) of a connected
graph G is a graph such that (i) each of
the vertices in L(G) denotes one of G's
edges (ii) two points of L(G) are
neighbouring iff their respective edges
meet at a common end vertex. T(G) is the
total graph of a graph G such that the node
set of T corresponding to the edges and
points of G and two nodes are adjacent to
one another in T iff their respective
elements are either neighbouring or
incident. By precisely dividing each edge
of G once and joining all the non-adjacent
vertices of G in C (G), the central graph of
G is obtained. A node in a graph G is only
adjacent to vertices with distinct degrees,
the graph is said to be irregular. Every
combination of adjacent vertices on a
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graph G has a different degree, then the valency bond in its nearby atoms, the
graph is said to be a neighbourly irregular. graph is said to be an irregular chemical
The molecular structure of any of the graph [6].

relevant element's atoms has a differing

3. Power Dominator Chromatic Number Of Line, Middle and Total Graph of Sunlet
Graph:

In this section, we present a new result on power dominator chromatic (PDC) number of line,
middle and total graph of sunlet graph.

Theorem: 3.1

The power dominator chromatic (PDC) number of line graph of Skk=>3, s

;+2 ,k is even

X pd (L(Se)) =

[5—‘+2 ,k is odd
2

Proof:

Consider the sunlet graph Sk with 2k vertices as V (S, ) ={v,,V,,...,v, }U{v,,V,,...v, }and 2k
number of edges as E(S,)={e }U{e :1<I1<k-1pU{e, :1<I<k}, e s an edge
connecting v,and v,,, A<l <k-1) and e, is between v, and v,. Also the edge e, is
between v, and v, (L<1<k). According to the concept of line graph
V(L(S,))=E(S,) ={u, :1<I1<k}U {u,:1<1<k-U{u,} where u, andu, are
vertices corresponding to e, and e, respectively. The vertex u, (L<1<k-1) power
dominatesu, and u,,,, u, power dominates u, and u,.We assign a spare colour class C, for
u, @<1<k) and either one of the adjacent vertices of u, (L<1<k) must have a different

colour class. The vertices u, 1<1<k) forms a cycle and assign g different colours

alternatively for u, 1<I1<k) while k is even or [;] different colours can be used

alternatively for the above while k is odd. Remaining vertices can be assigned by a another
spare colour class C, . This completes the proof.

Theorem: 3.2
The power dominator chromatic (PDC) number of middle graph of Sk >3, is
k+3 , kis even

zpd(M(Sk)){ .
k+4, Kk is odd

Proof:
Let the sunlet graph Sk with 2k vertices as V (S, ) ={v;,V,,...V, }U{V,,V,,...v, }and 2k

number of edges as E(S,)={e IU{e :1<1<k-TU{e :1<1<k}, e is an edge
connecting v, and v, , (1<l <k-1)and e, is between v, and v,. Also the edge e, is
between v, and v,(1<I<k). Based on the concepts of middle graph,
VM(S,)) =4y, :1<1 <k}U v, 1< <KPU{u, ;1< <KPU{Y, :1<1 <k} where
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u, and u, are vertices corresponding to the edges e, and e, respectively. Assign colour
class Ci to the verticesv, (L<1<k) and the verticesv, (1<1<k). The verticesv, 1<1<Kk)
power dominates each u_, (L<m<k)with |=m. Also the vertices u, (L<1<k) power
dominates the remaining nodes in M (Sk). Assign k different colours tou, (L<1<k). The 2k
number of vertices v,and u, 1<I<k)forms a cycle. Each u,’s are adjacent with
u,, and u,,,, sotwo more spare colour classes Cz and Cs are required when K is even or one

more additional colour C4 is needed when k is odd. Thus the power dominator chromatic
(PDC) number of M (Sk) is k+3 when Kk is even and k+4 when K is odd.

Theorem: 3. 3

The power dominator chromatic number of total graph of Sxk>3, s
k+3 ,k is even

X pa (T(Sk)){ :
k+4 ,k is odd

Proof:
Let the sunlet graph Sk with 2k vertices as V(S,) ={v,,V,,... v, }U{v,,V,,...v }and 2k

number of edges asE(S,)={e JU{e :1<I<k-T3U{e :1<1<Kk}, ¢ is an edge
connecting v,and v, (l<l<k-1)and e, is between v, and v,. Also the edge e,
betweenv, and v, (L<I1<Kk). According to the concept of total graph,
VTS =4V, :1<1 <k}U{v, :1<I1 <Kk}

U{u, :1<1 <k}U{u, :1<1 <Kk} where u, and u, are vertices corresponding to the edges
e, and e, respectively. Also there exists an edge in T(S, ) for every adjacent vertices of Sk.
These edges are additional set of edges occur in T(S, ) which are not in M (Sk). Assign
colour class Ci to the nodes v, (1<1<k) and colour class C, foru, (1<1<k). Assign

another k different colours to the nodesv, (1<1<Kk), the vertices still remaining can be

coloured by the colour classes C1and Cs when k is even or with Cy, Czand C4 when k is odd.
Thus the result holds.

The power dominator chromatic number (PDC) of total graph of Se is presented in Fig 3.1.
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v,
C,={v,:1<i<6and u,,u,,u}; C, ={u, :1<i<6}; C, ={u,,u,,u.}; C, ={v.};
Cs ={V2}; Cs ={V3}; C, :{V4}; Cs ={V5}; G, ={V6};
4. Power Dominator Chromatic Number (PDC) of Line, Middle and Total Graph of
Helm Graph:
This section deals a new result on power dominator chromatic (PDC) number of line, middle
and total graph of helm graph.
Theorem: 4.1

The power dominator chromatic (PDC) number of line graph of Hgk>3 s,
k +3 when Kk is even

Xpa (L(HY)) = :
k +4 when k is odd

Proof:

LetV (H,) ={v,JU{, Ve, V ULV, VS0, 3 and the edge setE(H, ) ={e, :1<1 <k}U
{e, :1<I <K}U{f, :1<1 <k -[U{f,} where e, is the edgev,y, (L<I<K), g is the
edgev,v, 1<1<Kk), f, istheedge v\v,,(A<I<k-1)and f, isan edge v,v,. According to
the line graph's definition V(M (H,))=E(H,). The vertices e, (1<1<k) forms a clique,
which power dominates each other. Assign k different colours for e, (L1<I<Kk). Assign
colour class C: for e (1<1<k). The nodes f, (1<1<k) forms a cycle. Either colours C,
and Czor C, Cs and C4 are needed to make f, (L<|<k) power dominated. Thus the power
dominator chromatic number of L(H, )is k+3 when k is even or k+4 when k is odd.

Theorem: 4.2
The power dominator chromatic (PDC) number of middle graph of Hx, M(H,) is

Xpoa (M(H,)) =2k +1

Proof:
Consider the helm graph Hk with 2k+1 number of wvertices. Let

V(H,) ={v,JU{v, v, e, v ULV, Y, v 3 and the edge set E(H,) ={e :1<I<k}U
{e, :1<I <KPU{f, :1<1 <k -[U{f,} where e, is the edgev,y, (L<I<K), g is the
edgev,v, 1<1<k), f, is the edge v\, ,(1<I<k-1and f, is an edgev,v,. From the
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concept of middle graph, we haveV(M(H,))=V(H,)UE(H,). Assign colour class Cx for
the vertices v, <1 <k),v, 1<l <k)andv,. The verticesv, (1< <k) power dominates only
the nodese, (1<1<Kk). Either one of the above two must have different colour class. Assign
colours C, (L<1<k) for the nodes e, (L<1 <k)which will power dominates all the vertices
of v,(1<I<k),v,@<I<k),e,1<I<k)and f, (1<I<k). But the nodes e (1<I<k)
along with v, forms a clique. So we have to assign another k colours namely
C, (k+1<1<2k) for the verticese, (1<1<k). For making the vertex v, power dominated,
the colour class C, (k +1<1 <2k —1) can be considered as the spare colour classes to colour
the vertices f, (1 <| <k)without violating the concept of proper colouring. Thus the power

dominator chromatic (PDC) number of M (H, ) is 2k+1.
The power dominator chromatic number of total graph of He is present in Fig 4.1.

5

.
RS>

C,={e.}; C, ={e,}; C; ={&;}; C, ={e.,}; Cs ={e.}; C; ={e.}: C, ={e.}; C; ={e.};
C,={e,};C, ={e,}; C,, ={e.}; C,, ={e,}; Cps ={v,,v, :1<i<6 and v, :1<i<6};
Theorem: 4.3

The power dominator chromatic number of total graph of Hk, k >3 is »_, (T(H,)) =2k +1.

Proof:
Let the vertex set V(H,) ={v,}U{v,,V,,..... v 3U{v,,V,,....v, }and the edge set E(H,)=

{e, :1<1 <kK}ULe, :1<1 <KFU{f, 1< 1 <k —U{f,} where g, is the edgev,v, L<I<K),
e, is the edge v,v,(1<1<k), f, is an edge v\v,,(1<I<k-1yand f, is an edge
connectingv, and v;. According to the definition of  total graph
VTH))=VH,)UEH,). Also there exist an edge in T (H, ) for every adjacent vertices
of Hk. These edges are additional set of edges occur in T(H, ) notin M(Hxk). The vertices
vV, and e (1<I<k) are adjacent with each other. Also the vertex v, adjoint
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withv, (1<1<k). Assign colour C,(1<1<k) for v,(1<1<Kk) respectively. Also assign
colour class C,(k +1<1<2k) for the nodes ¢, (1<1<k) and e, (L<1<Kk). Assigning colour
class Cx for the verticesv, (1<1<k), f (L<l<k)and v, will make the graph power
dominated. Thus the power dominator chromatic number of T(H, ) is 2k+1.

5. Power Dominator Chromatic Number Of Irregular Chemical Central Graph:
Proposition: 5.1

The power dominator chromatic number of central graph of the path Pm,

m , when m is even
Xpa (C(Py)) = Z(g—l—l, when m is odd
Proof:
The central graph of the path Pm contains 2m-1 number of vertices such as
V. VoV U U, U o} The vertices u, (1< 1 <m-—1)power dominates either

v, or v, . According to the definition of central graph, vertices v,(1<|<m) are adjacent
with all the vertices except v, , and v,,,. The vertex u, power dominates{v,,v,},u, power
dominates {v,,v,} and so on. Assign colour class C, to the vertices{u,,us,Us ....}. Assign
Colour classC, for{v,,v,}, Colour classC,for {v,,v,}and so on. This process required

- m - .
minimum of [31 new colours. And the remaining vertices {u,,u,,Ug ...} needs another

m-2 ] m ]
5 new colours when m is even and 5 new colours when m is odd.

The power dominator chromatic number (PDC) of irregular chemical central graph that is
central graph of the Carbon Tree of Octane C gHisg is presented in Fig 5.1.

H H H H H H H H

]
B—i—L lC (—C—C—C—-C—nH
] | |
H H H H H H H H
e ; — :‘J-"f‘_f'_v”f’_‘f:;::'_i_i—ki_ e N —— \
& o o o & o e o o o
v ", Vi \ U, ll; -V ] Vg
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Cz :{Vl’vz}
Ce :{Vs’ve}

Cs :{uz}
C7 :{ue}

C4 :{V3’V4}
Co ={v;,Ve}.

Cl :{ul,u3,u5,u7}
Cs :{U4}

Fuzzy Chemical Graphs(GNIFC)
among s-block and p-block elements,
Punjab  University Journal of
Mathematics, 54 (9)(2022), 575-592.
S. Arumugam, Jay-Bagga and K.
Raja Chandrasekar, On dominator
colourings in graphs, Proceedings of
the Indian Academy of Sciences:
Mathematical Sciences,
122(4)(2012), 561-571.

T.N. Saibavani, N. Parvathi, Power
Domonation number of sunlet graph
and other graphs, Journal of Discrete
Mathematical Sciences and
Cryptography, 22 (6) (2019), 1121-
1127.

5. Conclusion

In this article, we have discussed power
dominator chromatic (PDC) number for

line, middle and total graph of sunlet and 7.
helm graph. Also we found the power
dominator chromatic (PDC) number of
irregular chemical central graph. This

study can be expanded to determine the

graph families for which the chromatic
numbers of the dominator and power 8.
dominator are equivalent.
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