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1 Introduction

In several branches of science, mathematical models of physical processes involve
differential equations and nowadays, it is proved that most of these models could be better
described by fractional order equations (or inclusions) as a result of the material and hereditary
properties. Therefore, a great number of applications of the fractional order differential systems
exist (see [4, 6, 8, 20, 25]).

In contrast to ordinary differential equations, delay differential equations permit the
inclusion of historical actions into mathematical models. A delay differential equation with
discrete delay is often presented in the type

x(t) = f (& x(t), x(t — 1))

with f:R X R™ x R"® - R". Depending on the complexity of the problem, the delay 7 may
be a constant value (7 = 0), a function of the time (z(t) = 0), or a function of the solution x
itself (z(x(t)) = 0). Accordingly, equation (1.1) is called a differential equation with constant
delay, time-dependent delay, or state-dependent delay, respectively. For more details on this
theory and its applications, we suggest the reader to refer [5, 9, 10]. When the right-hand side
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of the problem depends not only on the history of the solution x, but also on the history of the
derivative x, thatis,

x(t) = g(t, x(t),x(t — 1), x(t — 1)),
we have a neutral delay differential equation or neutral functional differential equation [4, 7,
16].

Fractional differential equations with state-dependent delay appear usually in uses as
types of equations and due to this motive the analysis of this form of equation has acquired
excellentinterest in current decades. For the idea of differential equations with state-dependent
delay and their uses, we direct the reader to the handbook by Canada et al. [11] and the papers
(4,7, 16].

The cosine function concept is associated with abstract linear second order differential
equations. For primary ideas and uses of this concept, we suggest the reader to refer Fattorini
[14] and Travis and Webb [23]. The existence, controllability and other qualitative and
guantitative components of fractional differential systems are the most developing area of
pursuit, in particular, see [3, 21, 24]. In [3], Santos et al. studied the existence of solutions for
fractional integro-differential equations with unbounded delay in Banach spaces. Shu and Wang
et al. [21] considered the existence results for fractional differential equations with nonlocal
conditions of order a € (1,2). However, existence results for fractional neutral integro-
differential inclusions with state-dependent delay in B phase space adages have not yet been
fully investigated.

Motivated by the above mentioned works, in this manuscript, we are concerned with
the existence of mild solutions for fractional neutral differential inclusions with state-dependent
delay of the form

CDEF[x(t) + U(t,x)] € Alx(t) + U(t, x)] + V(t, Xpexp), tE€J =[0,T], (1.1)
x(t) =¢@), t€(-,0], x'(0)=y,€X, (1.2)

where ¢DZ is the Caputo’s fractional derivatives of order a € (1,2]. A is the
infinitesimal generator of a strongly continuous a-order cosine family {C,(t)};s0 on X. The
function U:J X B — X is a continuous function and V:] X B — P(X) is a multi-valued map.
For any function x describedon (—o,T] andany t € J, werepresentby x; the element of
B described by x.(0) = x(t + 0),0 € (—,0]. Here x; represents the history of the state
up to the current time t and p:J X B — (—o,) is an apposite function. B is the
theoretical phase space axioms characterized in Section 2.

Further, we additionally consider the subsequent fractional neutral integro-differential
inclusions with state-dependent delay of the form

CDEF[x(t) + U(t, xy, ftkl(t, s, x5)ds)] € A[x(t) + U(t, x;, thl(t, S, X5)ds)]
0 0

t
HV(t Xpe ey Jy ka(t S, Xp(sxg))ds), t€J=[0,T], (1.3)
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x(0) = ¢(v), t € (—x,0], x'(0)=y,€X, (1.4)

where D A,B,p,¢ and y, are same as defined in (1.1) - (1.2). Further k;:J X J X
B- X, (for i=1,2) and U:J] X B X X — X are continuous functions and V:J X B X X —
P(X) isamulti-valued map.

This manuscript is prepared as follows. In second part, we recall several results,
definitions and lemmas that are to be utilized later on to prove our main results. In third part,
the main results are based on Dhage’s fixed point theorem.

2 Preliminaries

In this part, we remember some basic definitions, lemmas and notations which will be
utilized all through this manuscript.

Let X be a Banach space. By C(J,X) we denote the Banach space of continuous
functions from J into X with norm

| x = sup{|x|:t € J}.

B(X) denotes the Banach space of all bounded linear operators from X into X, with the
norm

I N llpx= sup{IN(0)]: x| = 1}.

L1(J,X) denotes the Banach space of measurable functions x:J — X which are Bochner
integrable, normed by

lx lla= [ |x(t)ldt.

L*(J,X) denotes the Banach space of measurable functions x:J = X which are bounded
equipped with the norm
I x llyo=1inf{d > 0:l x(t) I< d, a.e te€]}

We denote the notation P (X)is the family of all subsets of X. Next, we denote the subsequent
notations:
Pa(X) ={y € P(X):y isclosed},
Ppa(X) ={y € P(X):y isbounded},
Po(X) ={y € P(X):y isconvex},
Pep(X) = {y € P(X):y is compact}.

The definitions of multi-valued analysis like, convexity, bounded, upper semi-continuous,
completely continuous and closed graph theorem are well-known results [15, 12, 17], for this
reason, we omit here.

Here, we will utilize a common axioms for the phase space B which is identical to those
presented by Hale and Kato. In particular, B will be a linear space of function mapping (—oo, 0]
into X endowed with a seminorm [I-llz and fulfills the next conditions:
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(i) X € (—oo,T] = X is continuouson J and x, € B, then x; € B and x is
continuousin t € ] and
lx(@®) IS LI x g
where L = 0, is a constant.

(ia)  From the above condition is equivalentto |l ¢(0) IS L Il ¢ ll, forall ¢ € B.

(i)  There exists a continuous function ¢;(t) = 0 and a locally bounded function
c;(t) =0 in t >0 such that

Il x; < ci(t) sup |x(s)| + c,(t) Il xo g, for t € [0,T] and x asin (i).
selo,t]

(ili)  The space B is complete.

Designate ¢y = sup{c;(t):t €J} and c; =sup{c,(t):t €]}
Set
R(p™) = {p(s,¢):(s,¢) €] X B, p(s,¢) < 0}.

We generally assume that p:J X B — (—,0] is continuous, we make the subsequent
assumption:
(HO) The function t = ¢ is continuous from R(p~) into B and we can find a

continuous and bounded function L®:R(p~) — (0, ) in a way that

|l ¢ Ig< L?(t) Il ¢ llz forevery t € R(p™).
Lemma 2.1 [4]If x:(—oo,T] = X is a function to ensure that x, = ¢, then

Il xg I5< (c; + L) Il ¢ lig+ ¢} sup |x(8)], s€ER(p™)UJ,
0€[o,s]

where L? = sup L?(¢).
teR(p™)

Let I be the identity operator on X. If A is a linear operator on X, then R(4,A4) =
(AI — A)~! means the resolvent operator of A. Next, we utilize the note for 1 > 0,

tn-1

k,(t) = o t>0, (2.1)

where I'(n) is the Gamma function. If n = 0, we fixed kq(t) = §(t), the delta distribution.

Next, we recall some basic definitions and concepts of fractional integral and derivative
of order a € (1,2] from [21, Definitions 2.1 - 2.7, Remark 2.1].

Before we define the mild solution for the system (1.1) - (1.2), first we consider the
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following linear problem

CDE[x(6) + U] = A[x(6) + U@®)] + V(¢), t€]0,T],
x(t) =¢(t), teB. x'(0) =y, €X.

Assume that the Laplace transform of x(t),U(t) and V(t), with respectto t exists. Taking
the Laplace transform to (2.2) - (2.3), by (2.3) of [21], we receive

AC[R() + T(D)] = 277 Hx(0) + U0)] = 272 [yo + 1] = A[X(D) + U]+ V (D),

where £(1),0(1) and V(1) denote the Laplace transform of x(t), U(t),V(t) and
%U(t)h:o =1, where 1 isindependent of x. Then

() + U) = 2% 1R(A%, A)[¢p + U(0)] + 1 2R(A%, A)[y, + 1] +
R(A%, AV (A).

By (2.5) - (2.7) of [21] and the properties of Laplace transforms,
x(t) = Co(O[¢ + U0)] + S (O [yo +n] = U() + fot Fo(t = s)V(s)ds.
(2.4)
Let
Syx={weL(J X)v(t) eV(tx), ae. te]}
is nonempty.

Let Q= {x:(—o,T] > X suchthat x|_c,0 € B,x|; € C(J,X)}
Based on the above results, we define the mild solution for the given system (1.1) - (1.2).

Definition 2.1 We say that a continuous function x € ) is a mild solution of problem (1.1) -
(1.2) if x(t) = ¢(t) forall t <0, the constraint of x(-) to the interval [0,T] is continuous
and there exists v(-) € L1(J,X), such that v(t) € V(t, Xp(txy)) a-€ t €[0,T] and x fulfills

the consecutive integral equation
t

x(t) = Ca(O)[¢(0) + U (0, $(0))] + Sa(t)[yo +n] = U(t, x,) + J Fo(t = s)v(s)ds,t €].

0

(2.5)
3 Main Results

We show below the existence results for the systems (1.1) - (1.2) and (1.3) - (1.4) under
Dhage’s fixed point theorem.

To establish the existence result for the system (1.1) - (1.2), we list the subsequent
conditions:

(H1) A:D(A) c X — X isthe infinitesimal generator of a uniformly continuous cosine
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famlly {Ca(t)}tEO' Let
M, = sup{ll C,(¢t) II;t =0} and M, = sup{ll S,(¢t) I;t = 0}.

(H2) (i) The multi-valued map V:J X B - P.,(X) isan L!'-Caratheodory function and
there exists a function p € L*(J,R*) and a continuous non-decreasing
function ¥: R* - (0,) in away that

V(it,u) < u@®y(l ullg), forevery (t,u)€J xB.
(i) We can find Lf, € L*(J,R*) to ensure that
Ivguw) -V v) ISLg lu—vlg forall u,veB.

(H3) (i) The function U:J] X B — X is continuous on |/ and there exist constants
Ly >0 and Ly > 0 such that

Il UCt,u) I< Ly lullg+ Ly, foreach u € B.
(i) There exist a function L}, € L*(J,R*) in a way that

lutw-Utv)I<Lyllu—vig, t€], u,veEB.

Theorem 3.1 Assume that the hypotheses (H0O) and (H1) - (H3) holds. Then the problem (1.1) -
(1.2) has at least one mild solution such that

* % T o d
A=Lyc; <1 and [ u(s)ds < fwlﬁ, (3.1)

where w; = ¢, + #ZC*{MC(LU[L I llg+Ly) + Ml yo + 71 | +Lycs + Ly
1

Proof. Now, we define the the multi-valued operator Y:(Q — P(Q) described by Y(e) = {e €
O} with

b (), t € (—o0,0]

Ca(®O)[$(0) + U0, 9 (0))] + Sa(O)[xo + 1] — U(L, x¢)

+ fot Py (t —s)v(s)ds, tE€], (3.2)

e(t) =

where v € SV xp(sgy FOF ¢ € B, we express the function y(:):(—o,T] - X by

_ o(t), t<o0
y® = {ca(oqb(m, teJ.

and then y, = ¢. For every function z € C(J,X) with z, =0, we denote by z by the
function described by
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0, t<0
z

z(t) ={ (t), te].

If x(-) fulfills (2.5), we can able to decompose x(t) = y(t) + z(t),t € J, with infer that
X¢ = Y¢ + z;, foreach t €] and the function z(:) fulfills

t

z(t) = Ca(U(0,$(0)) + Sa(®)[yo + 1 — U(t,ze + ¥) + [; Pu(t —s)v(s)ds, tE€]. (3.3)
where v € SV‘ZP(5r25+J’s)+yp(5rzs+J’s)'

Let 2, ={z € Q:z, = 0}. Forany z € Z,, we receive

Il z llz,=sup Il z(t) | +1l zo lz=sup Il z(¢) I.
tej tej

Therefore (2, II-llz,) is a Banach space. Now, we designate the operator ®:2Z, - P(Z,) by

®(z) ={h € Z,} with
t

h(t) = Ca(OU(0,$(0)) + Sa(O)[yo +n] = U(t, 2 + yo) + L Fo(t = s)v(s)ds, te€],

where v € SV'ZP(SrZs+}’s)+yp(5'Zs+J’s)'

From this, we observe that the operator Y having a fixed point is equivalent to ¢
having one, so it turns to prove that & has a fixed point.

Now, we are in a position to utilize the Dhage’s fixed point theorem [13]. To apply this,
first, we split the multi-valued operator & as

®,(2) = {h € Zg: h(t) = Co(OU(0,9(0)) + S (O)[yo + 1] = U(t, 2 + y¢), t €]},

t
D,(2) = {h € Zo: h(t) = jo Po(t = S)0(S)ds, V(S) € Sy, o typerryrt € 1}.

Now, our aim is to show that the multi-valued operators ®; and &, satisfy all the
conditions of Dhage’s fixed point theorem [13]. For better readability, we break the proof into
sequence of steps.

Step 1. @, is a contraction.

Let z,z* € Z, and h € ®,(2)
| ®1(2) = D1 () N<NUE 2z +ye) —U(t,zi +ye) llg
S<Lyllze—z g
< Ly (O)sup|z(t) — 27 ()] + c2(O) 1 2o — zg |l
teJ
<Lyt lz—2z" g,
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since
| z¢ +ye llg < Il z¢ lg +1l ye Nl
< cysup|z(D)| + ¢z () Il zo g+ cysuply(s)|+1 yo Iz
teJ tej

= CIStlel?IZ(t)l +¢11Ca(s)P(0)|3 + 2 | Co(0)9 llp

cisup|z(t)| + MLl @ lig+cz 1 ¢ g
tej

cir +[efM L+ 3] 1@ lip
cir + ¢y, where c;, = [ciM L+ c3] 1l ¢ llg.

IA

IAIA

Then
| @,(z) — P, (z) I Allz—2z .

From (3.1), we see that &, is a contraction.

Step 2. @, has compact, convex valued and it is completely continuous. This will show in
several steps.

Claim (i). @, is convexforeach z € 2.

Indeed, if hy,h, € ®,, then there exist vy, v,
t € J, we receive

€ SV,Zp(t_Ztert)+yp(t‘2t+m, such that for

hi = [, P(t —s)vi(s)ds, fori=12, ¢t€]J.
Let d € [0,1]. Thenforeach t €], we get
[dhy + (1 — d)h,] (D) = fot P (t — s)[dvy(s) + (1 — d)v,(s)]ds.

Actually SVer(t,zt+yt)+Yp(t,zt+yt) is convex (because F hasconvexvalues), we have dh; + (1 —
d)h, € D,.

Claim (ii). @, maps bounded sets into bounded sets in 2.

In fact, it is sufficient to demonstrate that forany r > 0, there exists a positive constant
l in ways that for every z € B, = {z € Z: |l z llz,< r}, we sustain || ®,(2) liz,< [. Then for
every h € ®,(z), there exists v € SVer(tzt+yt)+3’p(tzt+yt) such that

L) NI [ Py(t — s)v(s)ds |
< fot Il P,(t —s)v(s) Il ds
t
=M fo ,LL(S)'LIJ(" Zp(s,zs+Ys) + Yp(s,zs+ys) ”B)ds

< Mp(cir + ¢) J, u(s)ds

< My(err +cp) lhp i
<l
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since
I ZP(S:ZS+J’S) + yP(S'ZS+J’s) ”B
S” ZP(S'ZS"'YS) ”B +” yp(s'zs‘i'.')’s) ”B
< (3 + L) Il 2o Il +cisup|z(s)| + cisuply(s)| + (c; + L?) Il yo llp
SEt SEt

< CISléltolz(S)l +¢11Co()P(0)| + (c3 + L) 11 C,(0)9 li5
S

< cisup|z(s)| + ;ML ¢ llg+ (c5 +LP) 1 ¢ g
SEt

<cr+[cML+c;+ L% 1 ¢ g

<cjr+c, where c, = [ciM]L+c;+ L%l ¢ lz.

Thus @, (B,) is bounded.
Claim (iii). @, maps bounded sets into equi-continuous sets of Z,.

Let h € ®,(z) for z € Z, andlet 74,7, € [0,T], with 7; <1, we have

I h(t5) — h(zy) I [} Po(tz — S)v(s)ds — [ * Pu(Ty — S)v(s)ds |l

<N [T [Palty — 5) — Pu(ty — $)]0(s)ds

+ 7L [Pu(Tz = 8) = Pu(ty = $)]v(s)ds

+ f:lz P, (1, — s)v(s)ds |

<76 [Ptz = 8) = Pu(T — )]w(s)ds |l

HI [ [Pa(T2 = 5) = Pu(Ty = $)]v(s)ds |

I [ Pty = s)v(s)ds |

<YP(eir+ ey N Pu(ty — 8) — Po(ty — 8) Il p(s)ds

+ [T Pty = ) = Pu(ty = 5) Il u(s)ds

+M f:lz u(s)ds}.
Clearly the right-hand side of the above inequality tends to zero as 7, — 1;.
Then, ®,(B,) is equi-continuous.
Claim (iv). ©,(B,) is relatively compact for every t € J, we sustain
D2 (B,)(t) = {h(t):h € ,(B,)}.

Allow 0 <t <T be fixed and let € be a real number fulfilling 0 < e <t. For § > 0, we
specify

t—e
hes(t) = [, Pu(t — s)v(s)ds,
where v(s) € SV, 2p(s.254y5)HY piszerye)” 2INCE C,(t) is a compact operator,

Eur. Chem. Bull. 2023,12(Special issue 8),8177-8194 8185



An existence results of second order fractional neutral integro-differential inclusions with state-dependent delay of
order in Banach spaces Section A-Research paper

he,6 = {he,é'(t): h € ®,(B,)}

is relatively compact. Furthermore,

I h(E) = hes(®) I < f, Py(t = s)v(s)ds — [, Po(t — s)v(s)ds I
<l [, Pt — s)v(s)ds |
< [ WPt =s5) Il v(s) Il ds
<M [ 1P Zoszgrye + Vp(sasryy) I5)ds
< My(eir + cp) f,_ u(s)ds.

Therefore, (®,(B,))(t) is relatively compact.

As a consequence of claim (ii) - (iv) together with the Arzela-Ascoli’s theorem we can
conclude that @, is completely continuous.

Claim (v). @, has a closed graph.

Let z, - z,, h, € ®,(z,) and h, — h,. We will prove that h, € ®,(z,). Indeed,

h, € ®,(z,) means that there exists v, € SV,Zp(nann)J,yp(nZan) such that

ha(t) = [ Po(t — S)va(s)ds, t €],
We must prove that there exists v, € Sy, . .ty ., Suchthat
h(t) = [ Py(t —s)v.(s)ds,t €.
Consider the linear and continuous operator Y:L*(J,X) — C(J,X), defined by
Y@)(®) = [y Palt = $)v(s)ds.

From[24], it follows that Y o Sy is a closed graph operator and from the definition of h,(t) €

S .
y ViZpmzn+yn) TYp(nznt+yn)

As z, » z, and h,, = h,, thereisa v, € SVer(*,z*+y*)+.'Vp(*,z*+y*) such that
t
h(t) = [, Pu(t — s)v(s)ds.

Therefore, the multi-valued operator @, is a completely continuous multivalued map, upper
semi-continuous with convex, closed and compact values.
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Claim (vi). A priori bounds.

'={z€Z,:z€ A1,(2) + AD,(z), forsome 0 < A< 1} isbounded.

Let z € T' be any element, then there exists v € SV,ZP(SZs+ys)+yp(”s+ys), such that

Iz(0) Il < "tCa(t)U(O' $(0)) +Sa(O)[yo +n] = UL,z +y¢)
+ fo Pa(t - S)V(S' Zp(s,zs+Ys) + yp(s,zs+ys))ds I
S Mc(Ly 19(0) g+ Ly) + Mgl yo + 1 Il +Ly Il e + ye lig+ Ly

t
+M fo “(5)1/’(” Zp(s,zs+ys) T Vp(szs+ys) ”B)ds
S M (LyL Il ¢ g+ Ly) + Mg Il yo + 1 Il +Ly(cysuplz(®)| + cp) + Ly
teJ

t *
+M f; u()P(ci sup |z(s)| + cp)ds
s€[0,t]
< o MLyl ¢ ot L) + Mg yo + 1 Il +Lycy + Ly
1

M [ (e Il 2(s) Il +ey)ds}.

Then
cy - -
1—Lyc
1
Mc] t #
o fy (e + ci 1 2(s) Ids
< w1+ @ f; u(SP(en +ci Il 2(s) s,
where
Wy = Cp + ﬁuc;{Mc(LuIL I lig+Ly) + M Il yo + 1 Il +Lycy + Ly}
and
_ Mc
W2 = 1-Lyct
Denote

m(t) = sup{c, +ci lz(s) I:0<s<t}, tE].

From the above mentioned inequality, we receive

t
m(t) < w; + w f; u(s)p(m(s))ds.
Let us take the right hand side of the above inequality as v(t). Thus, we get

m(t) < v(t), forevery t €],
with
v(0) = w;
and

V() = wu(t)y(m(t)), a.e. te].

Utilizing the non-decreasing character of 1), we obtain
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V() < wu()Y(v(t)), a.e. t€].

Integrating from 0 to t we get

t V() t
Jo o) ds < w, [, p(s)ds.

By change the variable, we get
fv(t) du

t
) D = @2 J, u(s)ds.

In view of (3.1), this ensures that for every t € J, we have
v(t) du t T o du
ooy v = 92 Jo u(®)ds < w, [ p(s)ds < fwlw-

Therefore, for every t € J, there exists a constant A; such that v(t) < A; and hence
m(t) < Aq. Since |l z llz,< m(t), we have |l z llz,< A;.

This shows that the set ' is bounded. As a consequence of Dhage’s fixed point theorem
[13], we realize that @, + @, has a fixed point z defined on the interval (—oo,T] which is
the mild solution of the system (1.1) - (1.2). The proof is now completed.

Our next existence results for the problem (1.3) - (1.4) is based on Dhage’s fixed point theorem.
Before we present and prove the existence result for the problem, first we define the mild
solution of (1.3) - (1.4).

Definition 3.1 We say that a continuous function x € {2 is a mild solution of problem (1.3) -
(1.4) if x(0) =¢ € B,x'(0) =y, € X, we have

t
x(t) = Ca(D)[¢(0) + U(0,$(0),0)] + So()[yo + 1] — U(L, Xt.JO ki(t,s,x5)ds)

t
+ [y Pt = V(S X5 Jy) k2 (ST, Xp(rpy)dT)ds, L E]J. (3.4)

Next, to prove the existence result for the problem (1.3) - (1.4), we list the following additional
hypotheses:

(H2*)  The multivalued map V:J X B X X = P, o, pa(X) isan L'-Caratheodory function.
(H3*) t €], thefunction V(t,,"):B X X = Py cppa(X) is upper semi continuous and for

each (u,v) € B X X, the function F(:,u,v):]J = X is strongly measurable. Also, for each
fixed u € B and the set

* % t
Sy ={V"'E LY(J, X):v*(t) e V(t, xp(t,xt),fo ky(t, s, Xp(sx,))ds) fora.e. t € J}
is nonempty.

(H4*) (i) There exist a continuous function p; € L*(J,R*) and a continuous non
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decreasing function ¥;:R* — (0, ) in a way that
I V(t,uv) lIx< p(OY(lullg +ll v lly), fora.e. tE€], u€ B,vEX,
(i) Wecanfind Ly € L'(J,R*) to ensure that

Il V(Euy,v1) = V(& Uz, v2) xS Lelll uy — vy llg +lug — w5 lIx],
fora.e. t €], uy,v; € B,u,, v, €X.

(iii) Thereisa function m € L*(J,R*) and a non decreasing function
Q.:R* - (0,00) to ensure that

Il ko (t,s,u) Ix< m(s)Q,(ll u llg), forevery (t,s,u) €] X ] XB.

(iv) Thereisaconstant C; > 0, in away that

I3 Tea(t,5,u) — by (8, 5,u5)1ds
S Cl ” u1 _uZ ||B,f0r (t,S) E] XJ, ul,uZ € B

(H5*) (i) The function U:J X B X X = X is continuous on J and there exist a
positive constant My > 0 such that for each uy,v; € B, u,, v, € X.

Ut uy,v) = U Uz, v2) IS My(ll uy —vg llz +Hll up — vz lix).
(i) There exist positive constants Ly, > 0 and Zul > 0, such that
UG uv) ISLy (lullg +Hlvix)+Ly, t€] u€eB, vEX.

(H6*) The function k;:J X ] X X — X are continuous maps and there exists a positive
constant Ly > 0 such that

[ fot [k1(t,s,21) — k1(L,8,25)]ds lIx< Lg, | z; — z; g, foreach z,z, €B

and

t
[ f ki(t,s,z)ds llx< Ly, (ll z llzg+ 1), for z €B.
0

Theorem 3.2 Assume that the hypotheses (HO), (H1) and (H2*) - (H6*) holds. Then the
problem (1.3) - (1.4) has at least one mild solution such that

. i T () ds
A" = Myci[1+ (Lg, +1)] <1 and fo v(s)ds < fwi P1()+Q4(5)’

* ci T *
wy =Cp + m{Mc(LullL Il ¢ llg+ Ly,) + Mg Il yo +1 Il +Ly,cn(1+ Ly, )}
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(3.5)

Proof. Consider the multivalued operator Y:Q — P(Q) defined by Y(h) = {h € Q} with

¢(t), t € (_Oo' O]
Ca(O)[¢(0) + U(0,9(0),0)] + S () [yo + 1]

MO =1 e x, Jy ki (t,5,%5)ds) + f; Pt = $)v"(s)ds, t€],

where v*(s) € Sy 4+

Next, we split the multi-valued operator ®* as

1(2) = {h € Zy: h(t) = Co(1)U(O, ?(0).0) +Sa(®)[yo + 1] -
U(t, x, fo ki (t, s, x5)ds), t€ J}.
D5(z) ={h € Zy:h(t) = fot P, (t —s)v*(s)ds, v*(s) € Spy+, t €]}
The proof of this theorem is very similar to Theorem 3.1. With necessary modifications, we can

prove the steps 1 and 2 (Claims (i)-(v)) clearly, so we omit these steps. Now, we prove a priori
bounds only.

Claim (vi). A priori bounds.

I'={z€ Z,:z € AP](2) + AP;(z), forsome 0 < A < 1} isbounded.
Let z € I' be any element, then there exists v* € Sy ,+, such that
t

Iz(®) I <1 Co(H)U(0,$(0),0) + Se(O)[yo + 1] — Ut 2 + y¢, [, k1(t,s, 25 + ¥5)ds)

t S
+ fo Po(t = S)V (S, Zp(s,ze+y9) T Vp(szetys) fo k2(S, T, Zp(rz4y0) T
yP(TvZT+J’T))dT)dS I

<II Ca(8) U0, 0(0),0) I +1I Se()[yo + 0] I +11 U(E, 2 + yt'f ki(t,s, zs + y5)ds) |l
0

t
+i f Pa(t - S)V (S’ Zp(s,zs+Ys) + yp(S,Zs+ys)'f
0 0

N

kz (S' Ly Zp(TrZ‘r+3’r) + yp(T'zr+J/‘r))dT> ds "

S MC(LUllL ” ¢ ”B‘l’ ZUl) + MS ” YO + T]
t
I +Ly, [” zy +y; llg +Il J ki(t, s, zs + y5)ds ”Xl + ZU1
0

t N
+M fO .ul(s)lpl[” Zp(s,zs+ys) + yp(s,zs+ys) ”B+ fO ” k2 (S, T, Zp(r,zt+yt) +
yp(‘r,zr+yr)) IIH dT]dS
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< MC(LU1]L Il ¢ llg+ Zul) + Mg Il yo + 1 Il +Ly,cisup Il z(¢) | +Ly,cp +
teJ

Ly, Ly, cisup | z(¢) | +Ly, Ly, i + M [}y ($)alci Il 2(s) Il +cp
tej

+ f M0 (c; 1 2(2) I +¢,)]1ds
0

Then ¢, +ci l z(t) Il

cy - i
<c,+ Ly (T Lkl) {Mc(Ly, LIl ¢ llg+ Ly,) + Mgl yo+n Il +Ly, cn (1 + Ly, )}
oM
Q dr}ds,
P ke [ iatormates 12663 1 e + [ meO G 130 1+
where
* CI T *
wi =cp + T Ly i1t Ly) M.(Ly, Ll d llg+ Ly)+ Mg llyo+n 1l +Ly, cp(1+ Ly,)}
And
Wy = —C{M :
1—LU1C1(1+Lk1)
Denote

B(t) =supf{c, +D; 1 z(s) 10 < s < t}, tej.

From the above inequality, we receive

* * t
B(1) < w} + w3 [ m(SY1{B(S) + [, m(D)Q (B(T))dr}ds.
Let us take the right hand side of the above inequality as W (t). Thus, we get

B(t) < W(t), forevery tE€E],
with
W(0) = w;
And
W'(t) = wap (DY {W () + fot m(s)Q (W(s))ds}, a.e. t€].

Utilizing the non-decreasing character of 1;, we obtain
W) < wau ()P (W (1)) + m(D)Q (W (D)), a.e. tE€].
We characterize the function y(t) = max{wju,(t),m(t)}, t € J, we suggests that

w'(t)
Y (W()+Q1 (W (L))

<y ().
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Integrating from 0 to t we get

ft w'(s)ds

t
< ds.
0 TGy = Jo ¥(8)ds

In view of (3.5), this implies that for each t € J, we sustain

w(t) ds t T 00 ds
—_—< < _—
v prmrme = Jo Y®)s < [ v(9)ds < J; -

Therefore, for each t € J, there exists a constant A; in a way that W (t) < A, and hence
B(t) < A,. Since |l z llz,< B(t), we have || z llz,< A,.

From this, we observe that the set I' is bounded. As a consequence of Dhage’s fixed

point theorem[13], we realize that &7 + ®; has a fixed point z defined on the interval
(=00, T] which is the mild solution of the problem (1.3) - (1.4).
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