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Abstract

Let G be a simple graph. A subset S < V(G) is called a strong (weak) perfect dominating set of G if [Ns(u) N
S| = 1(JNw(u) N S| =1) for every u eV(G) - S where Ns(u) = {v € V(G)/uve E(G), deg v>deg u} (Nw(u) ={v
eV(G)/uve E(G), deg v < deg u}. The minimum cardinality of a strong (weak) perfect dominating set of G is
called the strong (weak) perfect domination number of G and is denoted by ysp(G)(ywp(G)). The strong perfect
non bondage number bs,n(G) of a nonempty graph G is defined as the maximum cardinality among all sets of
edges X € E(G) for which ys(G — X) = ysp(G). If bspn(G) does not exist, then bspn(G) is defined as zero. In this
paper strong perfect nonbondage number of some standard graphs are determined.
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Strong Perfect Nonbondage Number Of Some Graphs

1.INTRODUTION

By a graph, it is meant that a finite, undirected
graph without loops and multiple edges. Let G be a
graph with vertex set V(G) and edge set E(G). The
neighbourhood of v, written as N(v) is defined by
N(v) = {ueV(G)/ u is adjacent to v}. The degree of
any vertex u in G is the number of edges incident
with u and is denoted by deg u. The minimum and
maximum degrees of vertices in G are denoted by
d(G) and A(G) respectively. A dominating set D of
G is a subset of V(G) such that every vertex in 'V
— D is adjacent to at least one vertex in D. A
dominating set of G [9,10] of minimum cardinality
is @ minimum dominating set of G and cardinality
is the domination number of G. It is denoted by
v(G). A set D < V(G) is a strong dominating set of
G [8] if every vertex in V — D is strongly dominated
by at least one vertex in D. Similarly, D is a weak
dominating set if every vertex in V — D is weakly
dominated by at least one vertex in D. The strong
(weak) domination number vs(G)(yw(G)) is the
minimum cardinality of a strong (weak)
dominating set of G. A dominating set S is a perfect
dominating set of G [1,2] if [N(v) NS| =1 for each
v € V — S. Minimum cardinality of the perfect
dominating set of G is the perfect domination
number of G [7] and it is denoted by v,(G).
Motivated by these definitions, the strong perfect
domination in graph was introduced by T.S.
Govindalakshmi and N. Meena [4]. In [6], Kulli
and Janakiram introduced the concept of
nonbondage number as follows. The nonbondage
number bn(G) of a nonempty graph G is the
maximum cardinality among all sets of edges X €
E(G) for which ys (G — X) = ys(G) for an edge
set X. X is called the nonbondage set and the
maximum one is the maximum nonbondage set. In
this paper strong perfect nonbondage number of a
graph is defined and strong perfect nonbondage
number of standard graphs are determined. For all
graph theoretic terminologies and notations Harary
[5] is followed.

Definition 2.1[4] Let G be a simple graph. A subset
S < V(G) is called a strong (weak) perfect
dominating set of G if [Ns(u) N S| = 1([Nw(u) N S| =
1) for every u €V(G) - S where Ns(u) = {v €
V(G)luv € E(G), deg v > deg u} (Nw(u) = {v
eV(G)/ uv € E(G), deg v <deg u}.
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Remark 2.2.[4] The minimum cardinality of a
strong (weak) perfect dominating set of G is called
the strong (weak) perfect domination number of G
and is denoted by ysp(G) (ywp(G)).

Definition 2.3. Bi star is the graph obtained by
joining the apex vertices of two copies of star Ky, n.

Definition 2.4. The corona G1®G: of two graphs
G: and G, (where G; has pi points and g; lines) is
defined as the graph G obtained by taking one copy
of Gy and p; copies of G2, and then joining by a line
the i " point of G; to every point in the i™" copy of
Go.

Definition 2.5. The wheel W, is defined to be the
graph Cn.1 + Ky, n>4.

Definition 2.6. The helm Hy is the graph obtained
from the wheel W, with n spokes by adding n
pendant edges at each vertex on the wheel’s rim.

Theorem 2.7. [4] For any path P,
nif m = 3n,neN
Thenys(Pm)=<n+1if m=3n+1,neN
n+2ifm=3n+2,neN

Theorem 2.8. [4] For any cycle Cp,
nif m = 3n,neN
Thenys(Cn)=<n+1if m=3n+1,neN
n+2ifm=3n+2,neN

Theorem 2.9. [4] Let G be a connected graph with
[V(G)| = n. Then ys (G ®Ky) =n.

Remark 2.10. [4]

(i) y(Drs)=2.1,5€¢N

(il) ys(Kn)=1.

(i) ysp(K1n) = 1.

(iv) ysp(Wn)=1.

(V) ¥sp(Hn)=n.n=5and ys(Hs) =3.

3. MAIN RESULTS

Definition3.1: The strong perfect nonbondage
number of G denoted bsp(G), is defined as the
maximum cardinality among all sets of edges
XCE(G) forwhich ys, (G — X) = ysp(G). If bspn(G)
does not exist, then bsyn(G) is defined as zero.

Example 3.2: Consider the graph G = Cs®K; in
figure 1, ys(G) = 6.
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Figure 1, Graph CsOK1

If anyone edge of the cycle is removed from G then
the new graph G' is Ps©Ka1. Therefore ysp(G) =6 =
ysp(G). If anyone edge viui, 1< i < 6 is removed
then ysp(G") = 6 = ys(G). If any two edges of the
cycle are removed from G then G' is P2 U (Ps®Kj)
or 2(PsOKy) or (P.0OK1) U (P4®Kj). Therefore
Ysp(G") =6 = ysp(G). If any two edges viui, 1< i <
6 , are removed from G then also ys(G') = 6 =
ysp(G). If one edge viui, 1< i < 6 and one edge from
the cycle are removed from G then ys(G') = 6 =
Ysp(G). Let X ={Viva, Vavs, Vaus}. G — X = (PsOK3)
U Ps U P1. Therefore ysp(G - X) = 7> 6 = y5p(G).
Hence bspn(G) = 2.

Observation 3.3: Let G be a graph with unique full
degree vertex v. ys(G) = 1. If any edge incident
with v is removed then strong perfect domination
number of the resulting graph G' is greater than or
equal to 2. Hence bspn(G) = 0.

Observation 3.4: bspn(Ky,n) =0, n > 1.

Theorem 3.5: For any path Pn on m vertices,
bson(Pm) =0, m>2 and m # 4.

Proof: Let G = P, m>2. Let V(G) = {vi/ 1<i<m}
Case (1): Let m =3n, n>1. Let X = {viv2} or {vn_
1Vn}. G — X =P1U P3n_1 = P1U P31y +2. Therefore
Ysp(G - X) = n+2> y55(G). Hence bspn(G) = 0.

Case (2): Letm = 3n+1, n>2. Let X = {vovs}. G—
X = P2 U P3p.1= P2 U P _1y+ 2. Therefore ysp(G -
X) = n+2> y5p(G). Hence bspn(G) = 0.

Case (3): Letm =3n+2, n>1. Let X = {vavs}. G-
X = P2 U P3n. Therefore ysp(G - X) = n+1 < y5(G).
Hence bspn(G) = 0.

Remark 3.6: Let m = 4. X = {vivo} or {v2vs} or
{vsva}. G — X =P1U P;or 2P,. Therefore ys(G -
X) = 2 = y(G). Remove any two edges. Then the
resulting graph G’ is 2P1 U P.. Therefore ys,(G') =
3> ysp(G). Hence bspn(P4) = 1.

Theorem3.7: For any cycle Cn on m vertices,
bspn(Cm) =1, m>3and m#4.
Eur. Chem. Bull. 2023, 12(Special Issue 10), 2602 - 2606
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Proof: Let G = Cy,, m>3. Let V(G) = {ui/ 1<i<m}.
Case (1): Let m = 3n, n>1. If anyone edge is
removed from the cycle G then the resulting graph
G' is Pan. Therefore ysp(G') = n =ys(G). Remove
two edges from G such that the resulting graph G'
iS P2 U P32, Therefore ysp(G') = ysp(P2) + ysp(Pan -
1)+1) =N+ 1> ye(G). Hence bspn(G) = 1.

Case (2): Let m = 3n+1, n>2. If anyone edge is
removed from the cycle G then the resulting graph
G' is Pan + 1. Therefore y(G") = n+l = y(G).
Remove two edges from G such that the resulting
graph G'is P, U P3q-1. Therefore ysp(G') = ysp(P2) +
Ysp(Pan-1)+2) =N+ 2> y5(G). Hence bspn(G) = 1.

Case (3): Let m = 3n+2, n>1. If anyone edge is
removed from the cycle G then the resulting graph
G' is Pan + 2. Therefore y(G') = n+2 = y(G).
Remove two edges from G such that the resulting
graph G' is P> U Psn. Therefore ysp(G') = ysp(P2) +
Ysp(Pan) = N+ 1 < y5p(G). Hence bspn(G) = 1.

Remark 3.8: Let m = 4. If anyone edge is removed
from the cycle C, then the resulting graph G' is Pa.
Therefore ys(G") = 2 = y5(G). If any two edges are
removed from the cycle C. then the resulting graph
G'is P1 U Psor 2P,. Therefore ysp(G') = 2 = y(G).
If any three edges are removed from the cycle C4
then the resulting graph G' is 2P1 U P,. Therefore
Ysp(G') = 3 > ysp(G). Hence bspn(G) = 2.

Theorem 3.9: For any complete graph K, on n
vertices,
bspn(Kn) =

n . .
5—1 if nisevenandn =2

nT_l ifnisodd andn = 3

Proof: Let G = K, n>3 and n # 4. V(G) = {vi/
1<i<n}. ysp(Kn) = 1. All the vertices of K, are full
degree vertices. To increase the strong perfect
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domination number of G, degree of each vertex
must be reduced by at least one.

Case (1): Suppose n is even and n> 2. Let X
{vivia/L<isn—Zlandiisodd}. [X|=Z. degvi
n—2,1<i<n. {vi/l <i<n}is the unique strong
perfect dominating set of G — X. Hence ys(G — X)
=n> ys(G). Remove % — 1 edges from G such that
atleast one full degree vertex exist in G — X. Also,
removal of no set of less than g — 1 edges increase
the strong perfect domination number of the
resulting graph. Hence bsp(G) = n; -1

Case (2): Suppose nis odd and n>3. As in case (1),
if the degree of each vertex is reduced by at least

one then strong perfect domination number of the
resulting graph increases. Remove at least nT“

edges so that the resulting graph G' has no full
degree vertex. Therefore ysp(G')>ysp(G). Hence
remove nT“— 1= nT_l edges from G such that
atleast one full degree vertex exist in G — X. Also,
removal of no set of less than nT_l edges increase
the strong perfect domination number of the

resulting graph. Hence bsp(G) = "T_l

Theorem 3.10: For any complete bipartite graph
Km,n 0N m + n vertices,

bspn(Km, n) =
{ n—1ifm=n
mn—n—m?+m—-1ifn>m

Proof: Let G = Km,n, m, n > 1. V(G) = {v;, y;/1<i
<m, 1<j<n} and E(G) = {viuj/1<i <m, 1<j<n}. ysp(K
mn)=2ifm=nandm+nifm#n.

Case (1): Letm=n.degvi=degui=n,1<i<n.
Removal of no set of less than n edges increase the
strong perfect domination number of the resulting
graph. Let X = {viu/ 1<j<n} forsomei=1ton. G
- X= Kn.l, U Ki. ]/sp(G - X) =2n>2 = )/sp(G).
Hence bspn(G) =n—1.

Case (2): Let n >m. Remove (m —1) (n—m) edges
from G such that deg vi = n, for any i =1 to n, deg
Uuj=m,degvi=m,1<t<n,t#and degux<n,l<
k <n, k #j. {vi, u} is the unique strong perfect
dominating set of the resulting graph G'. ysp(G") = 2
<ys(G). Hence bgpn(G) <mn —n—-m?+m— 1.
Removal of no set of greater than (n — m) (m — 1)
edges decreases the strong perfect domination
number of the resulting graph. Hence bsyn(G) = mn
-n—-m’+m-—1.
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Theorem 3.11: For any bistar Dy, s on r+s+2
vertices, bspn(Dr,s) =0, r>s, r, s>1.

Proof: Let G =Dy s, r,s>1. Let V(G) = {u, v, ui,
vjl 1<i<r,1<j<s}. ysp(G) = 2. Letr>s,r,s>1. Lete
=uv. G —e =Ky, UKy 5. Therefore ysp(G-€) =2 =
ysp(G). Lete =uu;,l <i<rorwy;, 1<j<s.G-e=
KiUDy.1,s or K1 U Dy, 5.1 Therefore ysp(G -e) =3 >
Ysp(G). Hence bspn(G) = 0.

Theorem 3.12: For any helm Hn, n >4,

2ifn=4
bspn(Hn) =<0 lfn = 5
1ifn>6

Proof: Let G = Hy, n>4. V(G)= {v, vi, Ui /1<i < n-
1}and E(G) = {vvi, viui/1< i <n-1} U {vivis/ 1<i <
n — 2} U {Vn1Vi}. ¥sp(G) = n, n>5. deg vi= 4, deg
ui=1,1<i<n-1, deg v = n-1. y(G) = 3 when n =
4.

Case (1): Letn = 4. If any edge is removed from G,
obviously ys,(G) = 3. Hence bspn(G)=>1. Removal of
any two edges from G does not affect the strong
perfect domination number of the resulting graph.
Let X = {vavy, Vovs, vavi}. {V, U1, Uy, Us} is the
unique strong perfect dominating set of G — X.
Therefore ysp(G - X) = 4> y5p(G). Hence bspn(G) =
2.

Case (2): Letn =5. yp(Hs) =5. Lete = vwv;,1 <i<
n-1. Let X = {e}. Let vk be the vertex not adjacent
with vi. S = {v, uj, i/l <j<n-1, j #i} is the unique
strong perfect dominating set of G — X. |S| = 4.
Therefore ysp(G - X) = 4< y5p(G). Hence bspn(G) =
0.

Case (3): Let n> 6. Suppose any edge vvi,1 <i<n-
1is removed from G. {v, v, i/l <j<n-2,j £i}is
the unique strong perfect dominating set of the
resulting graph G'. Therefore ys(G') = n = y5(G).
Suppose any edge Vivi+1,1 <i<n— 2, 0r VpaVvi Or
vili, 1 <i<mn-1isremoved from G. {v, ui/l <i<n-
1} is the unique strong perfect dominating set of the
resulting graph G'. Therefore ys,(G') = n = y5(G).
Hence bspn(G) > 1. Let X = {vv;, viui},1 <i<n-1.
{v, vi, Uj, U1 <j <n-2,i # j} is the unigque strong
perfect dominating set of G — X. Therefore ys(G -
X) =n + 1> yyp(G). Hence bypn(G) < 1. Hence
bspn(G) = 1.

Observation 3.13: Since W, = Ky, bgpn(Wa4) = 1.

W, n>5 has unique full degree vertex, bspn(Wh) =
0.
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