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Abstract –  

Micropolar Casson fluids exhibit complex rheological properties due to the presence of microstructure and has 

the potential of getting used in many fields, including biomedical engineering, materials science, industrial 

processes, aerospace engineering, and environmental engineering. The current study examines, the behavior of 

micropolar Casson fluids in a horizontal channel with heat transmission when a magnetic field is applied. Fluid 

flow in a channel is driven and maintained by the motion of the upper plate with constant linear velocity. The 

flow behavior is studied under different conditions, including changes in the Casson micropolar parameter, 

micropolar parameter and Hall parameter. The differential quadrature approach is employed with modified 

cubic-B spline (MCB-DQM) to solve the reduced non-dimensional governing partial differential equations for 

calculating the microrotation, temperatures and velocities profiles under acceptable physically boundary and 

interfacial conditions. The study identified the impact of various fluid parameters on linear velocity, 

microrotation and temperature profiles. It has been noted that an increment in the Casson micropolar, 

micropolar, and Hall parameters results in an increment in microrotation and velocity profiles, while an increase 

in the Reynolds number and square of Hartmann number results in a reduction in these profiles. Also, 

Temperature profile varies inversely with an increment in the time, square of Hartmann number, micropolar, 

Casson micropolar and Hall parameters, but may increase with the Prandtl number, Eckert and Reynolds 

number. The study's findings reveal a scientific basis for the development and optimization of numerical 

models and simulations for predicting fluid flow and heat transfer in different systems like design of 

microfluidic devices, electronic cooling systems, and material processing techniques, leading to improved 

performance and efficiency.  
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NOMENCLATURE 

𝜎 fluids Electrical conductivity in S/m 

𝐽 Current density in Am−2 

B0 Magnetic field in A/m 

𝐵𝑒 Hall parameter 

𝐵𝑖 Ion slip parameter 

𝑢𝑐𝑚 Fluid velocity in 𝑚/𝑠 

𝑇𝑙𝑝  𝑇𝑢𝑝 Temperatures at lower and upper plates in K 

𝑀𝑐𝑚 Fluid angular velocity in 𝑆−1 

𝑇𝑐𝑚 Fluid temperatures of fluid in K 

𝜌𝑐𝑚 Fluid density in 𝐾𝑔/𝑚3 

𝜇𝑐𝑚 Viscosity co-efficient in 𝑘𝑔 · 𝑚−1 · 𝑠−1 

𝜅𝑐𝑚 Micropolar vortex viscosities 

𝐾𝑐𝑚 Thermal conductivity in 𝑊/𝑚 · 𝐾 

𝑗𝑐𝑚 Gyration parameters 

𝐶𝑃𝑐𝑚 Specific heat capacities in 𝐽 ·  𝑘𝑔−1 · 𝐾−1 

𝛾𝑐𝑚 𝛽𝑐𝑚 Fluid’s Gyro-viscosity coefficients 

𝐾 Stokes drag coefficient 

𝑅𝑒 Reynolds number 

𝜂𝑐𝑚 Fluid micropolar material parameter 

𝐻𝑎2 Hartmann magnetic number Square 

𝐸𝑐 Eckert number 

𝑃𝑟 Prandtl number 

𝑈0 Velocity of upper plate of the channel 

 

1 INTRODUCTION 

Micropolar fluids are a type of non-Newtonian fluids that has microstructure and can exhibit both rotational 

and translational motion. Casson fluid is another type of non-Newtonian fluid that has a yield stress. Micropolar 

Casson fluid is a combination of both of these types of fluids. It is a fluid that is not Newtonian and features 

both the microstructural behavior of micropolar fluids and the yield stress behavior of Casson fluids. 

Micropolar Casson fluid is used to model a wide range of industrial applications, such as lubricants, polymers, 

and biological fluids. which means that it requires a certain amount of stress to be applied before it begins to 

flow. Z. Mehmood et al. [1] studied the effects of microrotation on the mixed convection flow of Casson 

micropolar fluid caused by a stretching sheet. The influence of parameter variation was analyzed for strong 

and weak concentrations of microelements. Results showed that weak concentration resulted in lower skin 

friction and heat flux near the wall compared to strong concentration. The primary objective of the study carried 

out by S. M. Upadhya et al. [2] was to monitor the induced entropy production trough an inclined microchannel 

by Casson-micropolar hybrid nanofluid. The study's noteworthy discovery was that the fluid temperature at the 

microchannel centre decreases as radiation increases. Additionally, it appears from an analysis of the Bejan 

number profiles that the centre of the microchannel is dominated by irreversible heat transfer. N. Abbas and 

W. Shatanawi [3] established a relationship between the velocity profile and the Casson micropolar parameter 

by examining the impact of the latter on the former in reference to study over nonlinear vertical stretching Riga 

sheet  for flow of micropolar Casson nanofluid. The findings of the study indicated a direct correlation between 

the two variables. M. D. Shamshuddin and W. Ibrahim [4] in their study on “impact of a rotating system on the 

steady electro-magnetohydrodynamic flow of a micropolar nanofluid, which is passing through parallel plates 

and also affected by reactive Casson fluid”. Study revealed that the transfer of momentum and angular 

momentum becomes more gradual or continuous as the Casson parameter increases. The investigation 

conducted by N. A. M. Noor et al.[5] analyzed the chemical reaction’s effects on the magnetohydrodynamic 

Casson fluid squeeze flow over a permeable medium, while considering factors such as slip condition and 

viscous dissipation. The observation was made that thermal transfer rate and temperature are elevated by 

viscous dissipation, and in destructive chemical reactions, mass transfer rate is increased while in constructive 

chemical reactions it is decreased. The flow behavior of Casson fluid under MHD and mixed convection was 

studied by Z. Iqbal and M. Saleem [6].  

The research examined the heat transfer within the flow, considering the influence of viscous dissipation and 

Joule heating. It was observed that an increment in the Eckert number resulted in a significant elevation of 
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thermal transport in the flow, while higher Hartmann numbers caused a reduction in flow velocity. to B. V. 

Shilpa et al. [7]  utilized an analytical approach investigate the impact of Dufour and Soret numbers on the 

Casson fluid mixed convection flow in the presence of a porous media, uniform magnetic field and stretching 

in porous channel. The numerical results showed that the effects of Dufour number, Soret number, and 

Reynolds number was positive on the velocity, temperature, and concentration profiles. 

Couette flow is a flow configuration characterized by laminar or turbulent flow within two plates parallel to 

each other, with one of them stationary and the second moving with uniform velocity. This results in a shear 

stress being generated within the fluid, causing it to flow in a parallel manner. Couette flow is commonly used 

as a model system to study fluid dynamics and rheology. F. Hussain et al. [8] studied the Casson nanofluid's 

Couette flow in a vertical channel, containing a porous medium and variable viscosity. Results on the Casson 

nanofluid's flow characteristics were graphically represented. It was found that the  solid volume fraction 

parameter and porous parameter both reduce the fluid's flow and temperature.. A non-Newtonian Casson-

Williamson fluid was used in a study by B. J. Gireesha and L. Anitha [9] to investigate the flow and heat 

transmission characteristics in an erect microchannel. The study examined the impacts of convective boundary 

conditions, Couette-Poiseuille flow, and nonlinear radiation in addition to evaluating entropy generation. The 

results demonstrated that Casson fluid exhibits a significantly higher rate of heat transfer compared to 

Williamson fluid. S. Gajbhiye et al. [10] investigated “the generalized Couette flow of two immiscible fluids 

with different viscosities between two infinite parallel plates under a constant pressure gradient and the 

presence of electroosmosis”. The research results were displayed graphically to demonstrate the effect of 

various relevant flow parameters. The study concluded that the profiles for velocity and temperature shows 

decrement with increment in radiation parameter and Hartmann number, while an enhancement in the 

parameter of chemical reaction increases the concentration of two fluids. In their research, P. Mondal et al. [11] 

investigated “the flow, heat transfer, and entropy generation in a vertical microchannel consisting of two porous 

plates positioned parallel to each other”. They studied the effects of both buoyancy force and transverse 

magnetic field, while taking into account the variable pressure gradient resulting from Couette-Poiseuille flow. 

Unsteady flow is the fluid motion in which the flow parameters, such as velocity, pressure, and temperature, 

vary with respect to time. These flows find application in field like aerodynamics, biomedical engineering and 

environmental engineering etc. “The effect of nonlinear radiation on the stagnation point flow of unsteady 

compressible Casson hybrid nanofluid over a vertically stretching sheet” was analyzed by N. Abbas et al. [12]. 

The study revealed that the rise in solid nanoparticle concentration resulted in a rise in the value of skin friction 

and a decrease in temperature gradient. This can be explained by the increased opposition to fluid motion 

resulted by higher concentrations of solid nanoparticles, leading to an increase in skin friction. A numerical 

analysis was conducted by N. Abbas et al. [13] for the flow of micropolar fluid which is magnetized, over a 

surface that is curved, taking into account its time-dependence. The study revealed the improved heat transfer 

rate for incremented value of Biot number. Theoretical investigation of “the boundary layer flow of an 

incompressible micropolar fluid subjected to a uniform magnetic field and driven by the buoyancy force 

between vertical walls” was conducted by H. R. Kataria et al.[14]. The non-dimensionalized governing 

equations for micropolar fluid representing unstable boundary layer momentum, rotational momentum and 

energy were numerically solved. Graphical illustrations were presented to demonstrate the profiles of velocity, 

micro-rotation, and temperature with respect to different fluid parameters. B. Widodo et al.[15] examined 

unstable boundary layer magnetohydrodynamic heat transport in micropolar fluid across a sphere. The results 

showed that an increase in the magnetic variable and micropolar parameter resulted in higher velocity profiles. 

However, an increase in both these values led to a decrease in the value of microrotation. R. Kodi and O. 

Mopuri [16] performed a study on the Casson fluid's erratic hydrodynamic movement over an elevated plate 

contained in a porous media, subjected to chemical reaction and Soret-aligned magnetic field. The study 

pointed that the velocity reduces with a rise in the angle of inclination, Casson fluid and aligned magnetic field 

parameter. H. R. Patel [17] conducted a study on the time dependent Casson fluid flow with free convective in 

a porous medium with motion characterized by quadratic speed. Analysis was done on how the properties of 

heat and mass transmission are affected by thermal diffusion, heat generation, chemical reaction, and thermal 

radiation. The study found that the coefficient of skin friction gets reduced by the presence of chemical reaction 

and fluid porosity, while the magnetic field and Casson parameter produced the opposite effect. 

Magnetohydrodynamics (MHD) is a branch of fluid dynamics that investigates how magnetic fields affect the 

behaviour of electrically conductive fluids. MHD flow is used in a variety of contexts in various fields such as 

astrophysics, plasma physics, nuclear engineering, and geophysics etc. An investigation into “steady laminar 

MHD natural convection flow of suspended micropolar Casson fluid over a solid sphere” was conducted by H. 

T. Alkasasbeh [18]. The study revealed that a rise in the Casson parameter resulted in an increment in the 



" Mhd Couette Flow Of Micropolar Casson Fluid With Heat Transfer Using Cubic-B Spline  

Approximation: A Numerical Approach"                                                    Section A-Research Paper 

 

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4211 – 4228 4214 

rotational velocity and local Nusselt number profiles, while the velocity, temperature and local skin friction 

coefficient profiles reduces. When thermal radiation and a non-uniform heat source or sink are present, the 

impact of an angled magnetic field on Casson nanofluid over a stretched sheet contained in a saturated porous 

matrix was examined by L. Panigrahi et al. [19]. The appropriate selection and accurate modelling of the fluid 

system is critical for the effective conclusion of the study. More recent studies on MHD flow can be seen in 

[20]–[23] 

PDEs are crucial in fluid flow modeling, especially for complex flows where the Navier-Stokes equations 

cannot be solved analytically. They describe the behavior of fluids in space and time, providing a fundamental 

framework for understanding fluid behavior and designing new technologies. The differential quadrature 

approach (DQA) is a numerical method that discretizes the solution domain into a set of discrete points and at 

neighboring points weighted sum of function values is used to approximate derivatives. The cubic B-spline 

method constructs a piecewise cubic polynomial function by connecting cubic B-spline basis functions, making 

it a powerful tool for discretizing the solution domain in numerical methods, including the DQA method. Its 

flexibility and accuracy have led to its widespread application in many scientific and engineering sectors. In 

this work R. C. Mittal and R. Rohila [24] utilized the differential quadrature method with modified cubic B-

spline function to obtain mathematical solutions for single dimensional reaction-diffusion systems. The 

approach involved to discretize space was the cubic B-spline, resulting in a system of ordinary differential 

equations. G. Arora and B. K. Singh [25] introduced the “differential quadrature method with modified cubic-

B-spline (MCB-DQM)” for solving Burger's equation. The method involved the use of MCB-DQM for space 

discretization and an optimized Runge-Kutta with third order and four levels scheme with high stability 

preservation (SSP-RK43) scheme for solving the system of ordinary differential equations in time. The results 

showed that the proposed method outperformed other existing schemes in the literature and produced accurate 

results that approached the exact solutions. 

The study of Casson micropolar fluid flow hold significance due to its potential applications in diverse fields. 

It can impact polymer processing, biomedical engineering, the oil and gas industry, magnetic material 

processing, and thermal management in electronics. However, the investigation of Casson micropolar fluid 

Couette flow in the horizontal channel under the influence of magnetic field was not adequately explored. 

Therefore, in this present study, we aim to address this research gap by examining the impact of fluid 

parameters and magnetic field on the microrotation, temperature and velocity for the aforementioned flow. 

Through our investigation, we seek to gain a better understanding of the fundamental behavior of this flow, as 

well as its practical applications in various engineering systems.  

 

2 FORMULATION OF FLUID FLOW PROBLEM 

In the case of a horizontal channel with a micropolar Casson fluid flow that is not uniform, the following 

assumptions are considered as shown in Figure 1:- 

I. The fluid flows unidirectionally in a horizontal channel between two parallel plates, namely the lower and 

upper plates and is assumed to be incompressible. 

II. The channel's walls are 𝑘 units apart. In terms of temperature, the moving top plate is located at 𝑦 = 𝑘 

with constant temperature 𝑇𝑢𝑝, whereas the fixed bottom wall is located at 𝑦 = 0 with constant 

temperature 𝑇𝑙𝑝. 

III. The upper plate maintains a steady speed of 𝑈0, as it moves. 

IV. The two walls of the channel are positioned in the X-Z. 

V. The fluid experiences a uniform and static externally applied magnetic field, represented by 𝐵0, which is 

aligned along the y-axis. 

VI. The Lorentz force acts normal to the magnetic field applied externally and causes resistance to fluid flow 

in the presence of a transverse magnetic field. This body force acts on both fluids and is given by: [26] 

𝐽 × 𝐵0 =
𝜎𝐵0

2(1+𝐵𝑖.𝐵𝑒)𝑢𝑐𝑚
(1+𝐵𝑖.𝐵𝑒)2+𝐵𝑒2

                                                                                                                       (1) 

 

The aforementioned parameters are denoted as follows: J for current density 𝐵0 for the externally applied 

magnetic field, 𝜎 for electric conductivity, 𝐵𝑖 for the ion slip parameter and 𝐵𝑒 for the Hall parameter. 

VII. In present fluid model, the micropolar Casson fluid occupies the channel for variation in y between 0 

and k, with fluid velocity 𝑢𝑐𝑚, microrotation 𝑀𝑐𝑚, viscosity 𝜇𝑐𝑚, density 𝜌𝑐𝑚, gyro-viscosities 𝛾𝑐𝑚 and   

𝛽𝑐𝑚, vortex viscosity 𝜅𝑐𝑚, thermal conductivity 𝐾𝑐𝑚, gyration parameter 𝑗𝑐𝑚 and specific heat capacity 

𝐶𝑃𝑐𝑚. 

VIII. Body forces and couples are not considered.  
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Figure 1: Geometry of MHD Couette flow of Caason Micropolar fluid 

 

IX. Equations governing angular velocity (𝑀𝑐𝑚), linear fluid velocity (𝑢𝑐𝑚), and temperature (𝑇𝑐𝑚) under 

above mentioned assumed constraints for present magnetohydrodynamic fluid flow are [18]: 

Region of flow  (0 ≤ 𝑦 ≤ 𝑘) 

 
𝜕𝑢𝑐𝑚

𝜕𝑡      
=

𝜅𝑐𝑚

𝜌𝑐𝑚

𝜕𝑀𝑐𝑚

𝜕𝑦      
+ [

𝜇𝑐𝑚

𝜌𝑐𝑚
(1 +

1

𝛽
) +

𝜅𝑐𝑚

𝜌𝑐𝑚
]
𝜕2𝑢𝑐𝑚

𝜕𝑦2       
−

𝜎𝐵0
2(1+𝐵𝑖 𝐵𝑒)𝑢𝑐𝑚

[(1+𝐵𝑖 𝐵𝑒)2+𝐵𝑒
2]𝜌𝑐𝑚

                                                      (2) 

 

𝜌𝑐𝑚𝑗𝑐𝑚
𝜕𝑀𝑐𝑚

𝜕𝑡       
= 𝛾𝑐𝑚

𝜕2𝑀𝑐𝑚

𝜕𝑦2      
− 𝜅𝑐𝑚 (2𝑀𝑐𝑚 +

𝜕𝑢𝑐𝑚

𝜕𝑦      
)                                                                    (3) 

𝜌𝑐𝑚𝐶𝑝𝑐𝑚
𝜕𝑇𝑐𝑚

𝜕𝑡       
= 𝐾𝑐𝑚

𝜕2𝑇𝑐𝑚

𝜕𝑦2      
+ 𝜇𝑐𝑚 (1 +

1

𝛽
) (

𝜕𝑢𝑐𝑚

𝜕𝑦      
)
2
+ 𝜅𝑐𝑚 (2𝑀𝑐𝑚 +

𝜕𝑢𝑐𝑚

𝜕𝑦      
)
2
+ 𝛽𝑐𝑚 (

𝜕𝑀𝑐𝑚

𝜕𝑦      
)
2
+

𝜎𝐵0
2(1+𝐵𝑖 𝐵𝑒)(𝑢𝑐𝑚)

2

[(1+𝐵𝑖 𝐵𝑒)2+𝐵𝑒2]
                                            (4) 

 

The investigation involves the examination of the conventional no-slip and hyper-stick situations that dissipate 

at the boundary, where the microrotation and velocity are designated. Initially both the channel walls are held 

at constant temperature.  Upper and lower plate’s temperatures are taken as 𝑇𝑢𝑝 and 𝑇𝑙𝑝 , respectively. The 

prescribed initial and boundary conditions are represented as:  

 

Initial conditions: defined at 

𝑡 ≤ 0         𝑢𝑐𝑚(𝑥, 𝑡) = 𝑀𝑐𝑚(𝑦, 𝑡) = 0     𝑇𝑐𝑚(𝑦, 𝑡) = 0, 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 𝑘  (5) 

 

Boundary conditions: defined at 
𝑡 > 0,      𝑢𝑐𝑚(0, 𝑡) = 0,        𝑀𝑐𝑚(0, 𝑡) = 0,

𝑇𝑐𝑚(0, 𝑡) = 𝑇𝑙𝑝,                        𝑢𝑐𝑚(𝑘, 𝑡) = 𝑈0,

𝑀𝑐𝑚(𝑘, 𝑡) = −
1

2

𝜕𝑢𝑐𝑚

𝜕𝑦
,            𝑇𝑐𝑚(𝑘, 𝑡) = 𝑇𝑢𝑝

}  (6) 

At  

The non-dimensional parameters used are: 

 �̅� =
𝑦

𝑘
, �̅� =

𝑥

𝑘
, �̅�𝑐𝑚 =

𝑢𝑐𝑚

𝑈0
,      

𝑡̅ =
𝑡𝑈0

𝑘
, �̅�𝑐𝑚 =

�̅�𝑐𝑚−𝑇𝑙𝑝

𝑇𝑢𝑝−𝑇𝑙𝑝
,           

�̅�𝑐𝑚 =
𝑀𝑐𝑚𝑘

𝑈0
,                              }

 
 

 
 

  (7) 

 

We assume 𝛾𝑐𝑚 = (𝜇𝑐𝑚 + 𝜅𝑐𝑚/2)𝑗𝑐𝑚 with 𝑗𝑐𝑚 = 𝑘2. When the bars are removed, the Eqs. (2)– (4) take on 

the following form 

 

 

Region of flow (For Casson Micropolar fluid;0 ≤ 𝑦 ≤ 1) 
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𝜕𝑢𝑐𝑚

𝜕𝑡      
=

𝜂𝑐𝑚

𝑅𝑒

𝜕𝑀𝑐𝑚

𝜕𝑦       
+

1

𝑅𝑒
(1 +

1

𝛽
+ 𝜂𝑐𝑚)

𝜕2𝑢𝑐𝑚

𝜕𝑦2     
−

𝐻𝑎2(1+𝐵𝑖.𝐵𝑒)𝑢𝑐𝑚

𝑅𝑒[(1+𝐵𝑖.𝐵𝑒)2+𝐵𝑒2]
 (8) 

 
𝜕𝑀𝑐𝑚

𝜕𝑡
=

1

𝑅𝑒
[(1 +

𝜂𝑐𝑚

2
)
𝜕2𝑀𝑐𝑚

𝜕𝑦2       
− 𝜂𝑐𝑚 (2𝑀𝑐𝑚 +

𝜕𝑢𝑐𝑚

𝜕𝑦      
)]             (9) 

𝜕𝑇𝑐𝑚

𝜕𝑡     
=

𝐸𝑐

𝑅𝑒
[

1

𝑃𝑟.𝐸𝑐

𝜕2𝑇𝑐𝑚

𝜕𝑦2     
+ (1 +

1

𝛽
) (

𝜕𝑢𝑐𝑚

𝜕𝑦      
)
2
+ 𝜂𝑐𝑚 (2𝑀𝑐𝑚 +

𝜕𝑢𝑐𝑚

𝜕𝑦     
)
2
+ 𝛿𝑐𝑚 (

𝜕𝑀𝑐𝑚

𝜕𝑦      
)
2
+
𝐻𝑎2(1+𝐵𝑖 𝐵𝑒)𝑢𝑐𝑚

2

[(1+𝐵𝑖 𝐵𝑒)2+𝐵𝑒2]
]  

(10) 

 

Equations (5)-(6) describe initial and boundary conditions for 𝑇0 = 0,     𝑇𝑙𝑝 = 0,      𝑇𝑢𝑝 = 1,    𝑈0 =

1 𝑎𝑛𝑑 𝑘 = 1. In equation (8) to (10) the various parameters (refer nomenclature) are defined as: 𝑅𝑒 =

(𝜌𝑐𝑚𝑈0𝑘
2)/𝜇𝑐𝑚, 𝜂𝑐𝑚 = (𝜅𝑐𝑚/𝜇𝑐𝑚), 𝐻𝑎2 = (𝜎𝐵0

2𝑘2)/𝜇𝑐𝑚, 𝐸𝑐 = (𝑈0/𝐶𝑝𝑐𝑚), 𝐶𝑚 = 1 +
1

𝛽
 , 𝑃𝑟 =

(𝜇𝑐𝑚𝐶𝑃𝑐𝑚)/𝐾𝑐𝑚, 𝛿𝑐𝑚 = (𝛽𝑐𝑚/𝜇𝑐𝑚𝑘
2) is the applied time-dependent pressure gradient with time t > 0 acting 

in the direction of x-axis. 

 

3 NUMERICAL SOLUTION 

The region of flow for the Casson micropolar fluid in the horizontal channel is the interval [0,1]. The 

distribution of fluid velocities and temperature in this region is computed by partitioning the domains 

along the y-axis with step sizes of h and in time with step sizes of k. 

 

0 = 𝑦1 < 𝑦2 < ……  < 𝑦𝑛−1 < 𝑦𝑛 = 1,  
 

Such that, on real axis ℎ = 𝑦𝑖+1 − 𝑦𝑖 (11) 

Here 𝑆𝑖𝑦𝑦(𝑦𝑖, 𝑡) represent the second-order derivative and 𝑆𝑖𝑦(𝑦𝑖, 𝑡) represent the first-order 

derivative of 𝑢𝑐𝑚, 𝑀𝑐𝑚, 𝑇𝑐𝑚 with respect to 𝑦𝑖 as calculated at the nodes 𝑥𝑖 at any given time. 

considering 𝑖 = 1, 2, …… . , 𝑛.  𝑆𝑖𝑦(𝑦𝑖, 𝑡) = ∑ 𝑎∗𝑖𝑗𝑆𝑖(𝑦𝑗 , 𝑡)
𝑁
𝑗=1  ; 𝑗 = 1, 2, 3…… . . 𝑁 

 

 

𝑆𝑖𝑦𝑦(𝑦𝑖, 𝑡) = ∑ 𝑏∗𝑖𝑗𝑆𝑖(𝑦𝑗 , 𝑡)
𝑁
𝑗=1  for 𝑗 = 1, 2, 3…… . . 𝑁 (12) 

 

The weight coefficients 𝑏∗𝑖𝑗 and 𝑎∗𝑖𝑗 represent the first and second-order derivatives, respectively, 

with respect to the y-coordinate.  

 

These coefficients are calculated based on a cubic B-spline function, with specified knots as follows: 

 

𝜗𝑗 =
1

ℎ3

{
  
 

  
 (𝑦 − 𝑦𝑗−2)

3
,                                       𝑦 ∈ [𝑦𝑗−2, 𝑦𝑗−1)

(𝑦 − 𝑦𝑗−2)
3
− 4(𝑦 − 𝑦𝑗−1)

3
,           𝑦 ∈ [𝑦𝑗−1, 𝑦𝑗)

(𝑦𝑗+2 − 𝑦)
3
− 4(𝑦𝑗+1 − 𝑦)

3
,            𝑦 ∈ [𝑦𝑗 , 𝑦𝑗+1)

(𝑦𝑗−2 − 𝑦)
3
,                                       𝑦 ∈ [𝑦𝑗+1, 𝑦𝑗+2)

0                                                     𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (13) 

 

Basis in [0, 1] are formed by 𝜗𝑗  𝑤𝑖𝑡ℎ 𝑗 = 1, 2, 3, …… ,𝑁 + 1. Calculation are done for  

𝜓1 = 𝜗1(𝑦) − 𝜗0(𝑦)                               (14) 

 

𝜓2 = 𝜗2(𝑦) − 𝜗0(𝑦)                           (15) 

 

𝜓𝑗 = 𝜗𝑗(𝑦),     for 𝑗 = 3, 4, ……… ,𝑁 − 2       (16) 

 

𝜓𝑁−1 = 𝜗𝑁−1(𝑦) − 𝜗𝑁+1(𝑦)                       (17) 
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𝜓𝑁 = 𝜗𝑁−1(𝑦) + 𝜗𝑁+1(𝑦)                              (18) 

 

 

each node's using cubic B-spline functions as follows: 

 

 

Here basis for said domain [0, 1] are formed by set {𝜓1, 𝜓2, …… . . 𝜓𝑁}. Coefficients 𝑎∗𝑖𝑗, 𝑏
∗
𝑖𝑗  

 

 

are computed using function referred as updated cubic B-spline. The estimation of first order 

derivative is generated as: 

  

𝜓′
𝑘
(𝑦𝑖) = ∑ 𝑎∗𝑖𝑗 𝜗𝑘(𝑦𝑗)

𝑓𝑜𝑟 𝑖 = 1, 2, ……𝑁
𝑘 = 1, 2, ……… .𝑁

𝑁
𝑗=1                                                             (19) 

 

 

For first-knot point 𝑦1: 

𝜓′
𝑘
(𝑦1) = ∑ 𝑎∗1𝑗𝜗𝑘(𝑦𝑗)

𝑓𝑜𝑟 𝑖 = 1, 2, ……𝑁
𝑘 = 1, 2, ……… .𝑁

𝑁
𝑗=1                                                   (20) 

 

The system of equations generated is given as: 

 

[
 
 
 
 
 
 
6 1 0
0 4 1
0 1 4

0
0
1

⋯ 0 0

⋮ 0 ⋱ 0 ⋮

0 0 ⋯
1
0
0

4 1 0
1 4 0
0 1 6]

 
 
 
 
 
 

×

[
 
 
 
 
 
 
 
𝑎∗11
𝑎∗12
𝑎∗13.
..

𝑎∗1𝑁−2
𝑎∗1𝑁−1
𝑎∗1𝑁 ]

 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
−6/ℎ
6/ℎ
0.
..
0
0
0 ]

 
 
 
 
 
 
 

                                                    (21)

 
 

 

Similarly, the next node 𝑦2: 

𝜓′𝑘(𝑦2) = ∑ 𝑎∗2𝑗𝜗𝑘(𝑦𝑗)
𝑓𝑜𝑟 𝑖 = 1, 2, ……𝑁
𝑘 = 1, 2, ……… .𝑁

𝑁
𝑗=1                                                                                            (22) 

 

[
 
 
 
 
 
 
6 1 0
0 4 1
0 1 4

0
0
1

⋯ 0 0

⋮ 0 ⋱ 0 ⋮

0 0 ⋯
1
0
0

4 1 0
1 4 0
0 1 6]

 
 
 
 
 
 

×

[
 
 
 
 
 
 
 
𝑎∗21
𝑎∗22
𝑎∗23.
..

𝑎∗2𝑁−2
𝑎∗2𝑁−1
𝑎∗2𝑁 ]

 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
−3/ℎ
0
3/ℎ
0
..
0
0
0 ]

 
 
 
 
 
 
 

                                                                 (23) 
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After each 𝑦𝑖
′𝑠, the system of last node 𝑦𝑁 is expressed as 

[
 
 
 
 
 
 
6 1 0
0 4 1
0 1 4

0
0
1

⋯ 0 0

⋮ 0 ⋱ 0 ⋮

0 0 ⋯
1
0
0

4 1 0
1 4 0
0 1 6]

 
 
 
 
 
 

×

[
 
 
 
 
 
 
 
𝑎∗𝑁1
𝑎∗𝑁2
𝑎∗𝑁3.
..

𝑎∗𝑁𝑁−2
𝑎∗𝑁𝑁−1
𝑎∗𝑁𝑁 ]

 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
0
0
0.
..
0

−6/ℎ
6/ℎ ]

 
 
 
 
 
 
 

                                                         (24) 

 

The coefficients provided by the above systems' solution are 𝑎∗11, 𝑎
∗
12, … ., 𝑎

∗
1𝑁, 𝑎

∗
21, 𝑎

∗
22, …… . 𝑎

∗
2𝑁,

𝑎∗𝑁1, 𝑎
∗
𝑁2, …… ., 𝑎

∗
𝑁𝑁. Then  

value of weighted coefficients 𝑏∗𝑖𝑗 for 𝑗 = 1, 2, ……… .𝑁, 𝑖 = 1, 2, ……𝑁 are determined as: 

 

𝑏∗𝑖𝑗 = {
2𝑎∗𝑖𝑗 (𝑎

∗
𝑖𝑗 −

1

𝑦𝑖−𝑦𝑗
)  𝑓𝑜𝑟 𝑖 ≠ 𝑗

−∑ 𝑏∗𝑖𝑗
𝑁
𝑖=1,𝑖≠𝑗           𝑓𝑜𝑟 𝑖 = 𝑗

}                                                                                                      (25) 

 

The Runge-Kutta (SSP-RK43)[25] time-stepping system, which is reliable and effective at maintaining 

stability, was employed to solve. The differential equations system is then expressed in a simplified form as 

follows: 

 

 

𝑠𝑡 = 𝑆(𝑢𝑐𝑚,𝑀𝑐𝑚, 𝑇𝑐𝑚)                                    (26) 

𝑆1 = 𝑆0 +
∆t

2
× 𝑆(𝑢𝑐𝑚0

,𝑀𝑐𝑚0
, 𝑇𝑐𝑚0

)   (27) 

𝑆2 = 𝑆1 +
∆t

2
× 𝑆(𝑢𝑐𝑚1

,𝑀𝑐𝑚1
, 𝑇𝑐𝑚1

)   (28) 

𝑆3 = (2/3)𝑅0 +
𝑆1

3
+
∆t

6
× 𝑆(𝑢𝑐𝑚2

,𝑀𝑐𝑚2
, 𝑇𝑐𝑚2

)   (29) 

𝑆𝑀 = 𝑆3 +
∆t

2
× 𝑆(𝑢𝑐𝑚3

,𝑀𝑐𝑚3
, 𝑇𝑐𝑚3

)   (30) 

 

4 RESULTS AND DISCUSSION 

Figure 2, Figure 8 illustrate graphical representations of the velocity and microrotation with time for micropolar 

Casson fluid moving via a horizontal duct. Over time, there is an observable increase in both the velocity and 

microrotation. Specifically, the velocity experiences a peak rise near the midpoint of the channel, while the 

microrotation shows a peak rise near the channel's top wall. 

 

 
Figure 2 : Linear velocity profile of fluid involving Couette flow with time variation and Ha2=2; Cm=0.5; 

𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 3 : Linear velocity profile of fluid involving Couette flow with variation in square of Hartmann 

number (Ha2) and t=0.5; Cm=0.5; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 4: Linear velocity profile of fluid involving Couette flow with variation in Casson micropolar 

parameter (Cm) and t=0.5; Ha2=2; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 5: Linear velocity profile of fluid involving Couette flow with variation in micropolar parameter ( 

𝜂𝑐𝑚) and t=0.5; Ha2=2; Cm=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 6: Linear velocity profile of fluid involving Couette flow with variation in Reynold number (Re) and 

t=0.5; Ha2=2; Cm=0.5; 𝜂𝑐𝑚=0.5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 7: Linear velocity profile of fluid involving Couette flow with variation in Hall parameter (Be) and 

t=0.5; Ha2=2; Cm=0.5; 𝑅𝑒=5; 𝜂𝑐𝑚=0.5; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 8: Microrotation profile of fluid involving Couette flow with time variation and Ha2=2; Cm=0.5; 

𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 9: Microrotation profile of fluid involving Couette flow with variation in square of Hartmann number 

(Ha2) with t=0.5; Cm=0.5; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 10: Microrotation profile of fluid involving Couette flow with variation in Casson micropolar 

parameter (Cm) with t=0.5; Ha2=2; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 11:  Microrotation profile of fluid involving Couette flow with variation in micropolar parameter 

(𝜂𝑐𝑚) with t=0.5; Ha2=2; 𝐶𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 



" Mhd Couette Flow Of Micropolar Casson Fluid With Heat Transfer Using Cubic-B Spline  

Approximation: A Numerical Approach"                                                    Section A-Research Paper 

 

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4211 – 4228 4222 

 
Figure 12: Microrotation profile of fluid involving Couette flow with variation in Reynold number (𝑅𝑒) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 13: Microrotation profile of fluid involving Couette flow with variation in Hall parameter (𝐵𝑒) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Re=5; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 14: Temperature profile of fluid involving Couette flow with time variation and Ha2=2; Cm=0.5; 

𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 15: Temperature profile of fluid involving Couette flow with variation in square of Hartmann number 

(Ha2) with t=0.5; Cm=0.5; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 16: Temperature profile of fluid involving Couette flow with variation in Casson micropolar 

parameter (Cm) with t=0.5; Ha2=2; 𝜂𝑐𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 17: Temperature profile of fluid involving Couette flow with variation in micropolar parameter (𝜂𝑐𝑚) 

with t=0.5; Ha2=2; 𝐶𝑚=0.5; Re=5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 18: Temperature profile of fluid involving Couette flow with variation in Reynold number (𝑅𝑒) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Be=2; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 19: Temperature profile of fluid involving Couette flow with variation in Hall parameter (𝐵𝑒) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Re=5; Bi=2; Pr=2; Ec=0.5; 𝛿𝑐𝑚=2. 

 

 
Figure 20: Temperature profile of fluid involving Couette flow with variation in Prandtl number (𝑃𝑟) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Re=5; Bi=2; Be=2; Ec=0.5; 𝛿𝑐𝑚=2. 
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Figure 21: Temperature profile of fluid involving Couette flow with variation in Eckert number (𝐸𝑐) with 

t=0.5; Ha2=2; 𝐶𝑚=0.5; 𝜂𝑐𝑚=0.5; Re=5; Bi=2; Be=2; Pr=2; 𝛿𝑐𝑚=2. 

 

The present study involves flow of micropolar Casson fluid via a horizontal channel, an inverse relationship 

between the 𝐻𝑎2 and the linear velocity and microrotation is apparent, as demonstrated in Figure 3 and Figure 

9. The Hartmann number, a dimensionless parameter representing the ratio two forces representing magnetic 

force to viscous force respectively within the fluid, increases the dominance of viscous forces as it rises, leading 

to a decrease in angular and linear velocities. 

The Casson micropolar parameter is represented by 𝐶𝑚 = (1 + 1/𝛽). Increase in the value parameter reduces 

the yield stress, which in turn allows the fluid to flow more easily. Consequently, the enhanced flow results an 

increment in both the microrotation and velocity of the Casson micropolar fluid as illustrated in Figure 4 and 

Figure 10. 

A rise in the micropolar parameter 𝜂𝑐𝑚 =
𝜅𝑐𝑚

𝜇𝑐𝑚
  is known to reduce the resistance to flow within the fluid, as it 

promotes the rotation and deformation of the microstructures within the fluid. This reduction in resistance leads 

to an increase in the velocity profile as observed in Figure 5. Also, as observed in Figure 11 increase in 

microrotation is due to the reason that an increment in the micropolar parameter causes the alignment of the 

fluid's microstructures in a matching manner to fluid's angular momentum vector. Thus, increasing the fluid's 

microrotation profile. 

The decrease in the velocity and microrotation profile of a Casson micropolar fluid with an increase in Reynolds 

number as depicted in Figure 6 and Figure 12 can be explained by the dominant role of inertial forces. With 

rise in Reynolds number (𝑅𝑒 =
𝜌1𝑈0ℎ

2

𝜇1
), the viscous forces become less significant than the inertial forces, 

leading to a reduction in the fluid's mean velocity due to increased fluctuations in the flow. Additionally, the 

alignment of the microstructures within the fluid decreases with increasing Reynolds number, resulting in a 

decrease in the fluid's microrotation profile due to reduced microstructure alignment. 

As observed in Figure 7, Figure 13, the Hall parameter (Be) in a Casson micropolar fluid influences the flow 

behavior through its interaction with the fluid's microstructure. A rise in (Be) decreases the internal friction of 

fluid, resulting in an increment in the velocity. Furthermore, the magnetic field induced by the Hall effect 

causes an alignment of the microstructures to the fluid's angular momentum vector, increasing the fluid's 

microrotation profile.  

The decrease in temperature profile with time as observed in Figure 14, is attributed to the convective heat 

transfer mechanism combined with the decreased heat transfer rate as a result of high viscosity of the Casson 

micropolar fluid. 

The increase in temperature profile with square of Hartmann number as observed in Figure 15, can be attributed 

to a combination of Joule heating due to induced electric current and reduced heat transfer rate due to the high 

viscosity of Casson micropolar fluid. 

The Casson Micropolar parameter and temperature profile of a Casson micropolar fluid has an inverse relation 

as depicted in Figure 16. An increase in 𝐶𝑚 = (1 + (1/𝛽)) increases the fluid's viscosity, thereby reducing 
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the rate of heat transfer from the fluid to the channel walls. This reduction in heat transfer rate results in a 

decrement in the fluid’s temperature profile. 

The decrease in temperature profile due to an increase in the micropolar parameter  (𝜂𝑐𝑚)  for a Casson 

micropolar fluid may be due to the change in flow behavior, viscosity, and thermal conductivity induced by 

the degree of microstructure and small-scale rotation within the fluid as depicted in Figure 17. 

Rise in temperature with an increment in the Reynolds number is observed in Figure 18. With the increases in 

Reynolds number, the lower values of viscous forces over inertial forces lead to a transition from laminar to 

turbulent flow. Turbulent flow is typically associated with higher heat transfer rates due to enhanced fluid 

mixing. Therefore, the increase in temperature profiles is observed with an increase in Reynolds number. 

Temperature reduction of micropolar Casson fluid with rise in Hall parameter value may be due to the reason 

that when the Hall parameter increases, magnetic field becomes stronger, resulting an increase in the Lorentz 

force. This force acts on the fluid, causing it to move in a circular motion perpendicular to the direction of flow. 

This circular motion reduces the flow velocity and, therefore, variation in temperature of fluid results as shown 

in Figure 19. 

The fluid's thermal diffusivity increases as the Prandtl number rises, by which the rate of heat transmission gets 

accelerated. The fluid's temperature profile may rise as a result of this rise in the heat transfer rate as observed 

in Figure 20. 

Figure 21 the relationship between temperature development within a horizontal channel with respect to Eckert 

number (Ec) is depicted. The Ec is a measure of the kinetic energy dissipated due to internal friction. As the 

value of Ec increases, the conversion of mechanical energy to thermal energy increases as well, resulting in a 

direct correlation between the temperature gradient and Ec. 

 

5 CONCLUSION 

The study model investigates the dependency on magnetic field and viscous heating on the Couette flow of 

micropolar Casson fluids in a horizontal channel with regard to heat transfer and applied magnetic field. To 

study the dynamics of the flow inside the horizontal channel, system of partial differential equations is 

developed. The efficient differential quadrature method with modified cubic B-spline has been utilized to 

conduct a numerical analysis of the transformed dimensionless boundary value problem. The temperature 

profiles have all been thoroughly visualized, together with their linear and angular velocities. The principal 

findings of the analysis are outlined in the list of points as: 

I. A rise in the micropolar Casson parameter, the micropolar parameter and Hall parameter leads to an 

increase in both the velocity and microrotation profiles of the fluid, while an increase in Square of 

Hartmann number and Reynolds number results in a decrease in these profiles. 

II. Temperature profiles decrease with time due to convective heat transfer and high viscosity, but may 

increase with the square of the Hartmann number due to Joule heating and reduced heat transfer rate.  

III. The temperature profile also reduces with a rise in the micropolar, Casson micropolar and Hall 

parameters, but may increase with the Prandtl number, Eckert and Reynold number.  

 

The findings of the study provide a scientific basis for the creation and improvement of numerical models and 

simulations. In a variety of systems, including the design of microfluidic devices, electronic cooling systems 

and material processing methods, these models can be used to forecast fluid flow and heat transfer. These 

models can result in increased effectiveness and efficiency in many engineering applications. 
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