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ABSTRACT

An M/G/1 retrial queue with non-persistent customers, recurrent customers, general retrial
times with working vacation is get into the contemplation of this work. We consider two
types of customers; recurrent and transit customers. If the arriving customer or primary
customer finds that server is busy, he will either leaves the system completely without taking
service or he will go to the orbit. All service times and retrial times for transit customers follow
general distribution, retrial time for recurrent customers and working vacation time areassumed
to have an exponential distribution, also service time of the recurrent customers follows and
general distribution. The PGF and the mean of number of customers in an imperceptible
waiting area are get by the effective action of supplementary variable technique. As a matter
of interest, some special cases are furnished.
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INTRODUCTION

For the last few years, there has been extensive research into retrial queue in the field of queuing
theory. Retrial queues are distinguished by the fact that an arriving customer discovers, a server
is busy when it arrives, it is requested to leave or decides to leave the service zone and enters
to an invisible place to the server, known as an orbit. Continuing to follow some random period,
the customer makes many efforts to obtain service. This request is independent of the other
customers in the orbit. In the analysis of telephone and other communication systems, these
models with repeated attempts appear often. One could visit, [6,7,22] to allow a more detailed
examination of the retrial queues.
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Boxma OJ, Cohen JW [4] investigated an M/G/1 queue with specific number of
recurrent customers, who rejoin the queue after completing their service (Basically in
Stochastic Process, a state is considered to be recurrent if, whenever we leave it, we will return
to it with probability one. Instead, transient if the probability of return is less than one.).
Farahmand [9] examined the idea of recurrent customers in the retrial queue, examining two
cases: the constant case, in which the call-up rate of each customer is independent of the
number of customers in orbit, and the inconstant case, in which the call-uprate drops as, in orbit
the number of customers rises. Moreno [14] investigated an M /G /1 retrial queue with a specific
number K recurrent customers (K = 1,2,3...) which are return to orbit immediately after
service; once the service complete, transit customers who exit the system will never return.
Vacation queueing model was introduced as a development of the classical queueing theory in
the 1970's. In this, the server may be unavailable for some timeframe for number of reasons,
such as: searching for restoration, starting to work at some other queues, checking for new
work, or merely by taking a break from their work, these are regular traits of many
communication systems. So, this timeframe is known as vacation (the server is inaccessible to

the primary customers).

In addition, vacation strategy deliberated by Servi and Finn [19], a new vacation tactic
known as Working Vacation(WV) was developed. During a time period of WV, the server
offers customers a lower rate of service than during the Usual Busy(UB) period. Moreover,
suppose there is a customer in the service zone when completion of the Working Vacation(WV)
period, the server can end the vacation and access to its UB period while servicing, known as
vacation interruption. Wu and Takagi [21] investigated M/G/1/MWYV.

For the recent development on M/G/1 retrial queue with vacation policy, one could see:
the retrial queue with vacation was established in [10], the M/G/1 retrial queue with MWV
was investigated in [15], M /G /1 retrial queue with single working vacation in [16]. Moreover,

[6] provide a complete investigation of WV period.

Krishnamorthy et. al. [12] investigate an M/G/1 retrial queue with non-persistent
customer and orbital search, in which completion of each service the server will search for
the customers in orbit and arrival of primary and orbital customers finds if server is occupied
then they will either leaves the system completely without taking service or they may return
to the orbit. For a detailed study on non-persistent customers model one can refer Kasturi
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Ramanath and Kalidass [11], Pazhani Bala Murugan and Vijayakrishnaraj [17], Peishu Chan
and et. al. [18].

Here we present, characterisation of the model, steady state probabilities, performance

measures, some special cases, numerical results and then conclusion.

MODEL DESCRIPTION

In this article we investigate on an M/G/1 retrial queue, retrial time follows general with WV
period. We examine a retrial queue with single server and customers of two types: one is transit
(also known as usual) customers and another one is specific number of T(> 1)recurrent
(commonly known as permanent) customers. Recurrent customers usually back to the retrial
group(orbit) once service is completed and whereas transit customers depart the system
permanently. In accordance with the Poisson process the transit customers arrive with

rate A. If the arriving customer finds that server is busy, he will either leaves the system
completely without taking service or he will go to the orbit. Arriving customers are decided to
leave the system with probability 1 — v or enter into the orbit with probability v; arriving
customers enters the orbit by FCFS discipline. Suppose that at the head of the orbit only the
transit customer has access to the server then the successive inter-retrial times of the transit
customer we have an arbitrary probability distribution function R({), in which its
corresponding probability density function(pdf) r(¢) and Laplace-Stieldjes Transform(LST)
R*(s) in WV period. Also, in UB period following S(¢), s({) and S*(s) are distribution

function, pdf and LST on inter-retrial times of any transit customer respectively.

When the orbit remain only T'(> 0) recurrent customers when the service is finished, the
server takes a vacation, and the duration of the vacation period is exponentially distributed with
rate n: If there are customers in the system at the end of a vacation, the server will begin a fresh
hectic(busy) period. Otherwise, he waits for a customer. Such a vacation policy is called a single

working vacation.

In WV period the service times of the transit customers are i.i.d with a probability
distribution function H,, ({), a pdf h, (), a LST Hy, (s). Similarly, in UB period we have

Hy, (9), hy, (§) and Hy, (s). The system has set number of T recurrent customers. After have
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been served, he straight away go back to the orbit according to FCFS discipline. We infer that
at the head of the orbit the recurrent customer only approach to the server. Subsequent
interretrial times of recurrent customers is exponentially distributed with parameter y having a
finite mean 1/y. This is also for WV period. In WV period the service times of the specific

number T of recurrent customers are i. i. d with a probability distribution function H,,, ({), a pdf

h,,({), aLST Hy,(s). Similarly, in UB period we have H,,, ({), h,,({) and Hy;,(s).

We assume that interarrival times, retrial times, working vacation times and service times
are mutually independent. It is evident from this description that the formation of our retrial
queue can be understood as, an oscillating between the periods of an idle and busy period along
with WV period of the server. The customer who has to be served next is decided by a vying
between two exponentially distributed rates(1 and y) and general retrial time of transit
customers(i.e., foremost customer in the orbit if any transit customer or if any recurrent
customer or if any fresh arrival rivalry for service). Which are the primary distinction between
waiting queue(classic) in the absence of retrials. The prime objective of our paper is to
providing influence of the WV period on class of customers(recurrent and transit customers)

with arrival non-persistent customers.

ANALYSIS OF STUDY STATE PROBABILITIES

Following Subsequent random variables are used in this model.

0(7) - Size of the orbit at time “7.”

RO(7) - The remaining retrial time of transit customer in WV period at the head of
the orbit at 7.

HY, (1), HY, (t)- The remaining service time of transit and recurrent customers in WV period
at time .

S%(1) - The remaining retrial time of transit customer in UB period at time 7.

HY, (1), H2, ()- The remaining service time of transit and recurrent customers in UB period
at time .

(0 if the server is not occupied in WV period at time T
1 if the server is occupied by transit customer in WV period at time ©
if the server is occupied by recurrent customer in WV period at time t
if the server is not occupied in UB period at time t
if the server is occupied by transit customer in UB period at time T
\5 if the server is occupied by recurrent customer in UB period at time .

N

¢(1) =4

W
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where, ¢(7) denotes states of the server at “t.”

Now, the supplementary variables HY, (1), H2, (), H2, (1), H2,(t), R°(r) and S°(7) are
introduced to generate bivariate Markov Process {(S(z), 0(7)); T = 0}.

Where, S(2) = R°(2) if (1) = 0; Hpy () if (1) = 1; Hy, (1) if ¢(7) =

2; S°@ifp(r) =3; HL, (D) if p(r) =4; HY (1) if ¢p(r) =5.

Following are the limiting probabilities

Vor = lim Pr{0(x) =T, $(x) = 0}

Vom(¢) = lim Pr{0(z) =m,¢(r) = 0, < RO(t) <{+di}1=20{=0m=>T+1
Vim(@) = lim Pr{0(1) = m,¢(1) = 1,{ < HY (1) £{+dt=20{=0m=T
Vom(@) = lim Pr{O(r) = m, ¢ (1) = 2,{ <HR(D) < {+d(}t20,{20m>T+1
Uor = Tliréo Pr{o(z) =T, ¢(x) = 3}

Uom(§) = lim Pr{0(r) =m,¢(1) =3, < S°(1)<¢+d{}t=0(=20m=T+1
Urm(9) = lim Pr{0(r) =m, ¢(1) = 4,{ < HL (D) <{+d{}t=20{=0m=T
Upm(§) = lim Pr{O(x) =m,¢(t) = 5,{ <HY (D) S {+df}t20,{=20m>T+1
Fori =0, 1T, 2 we define following LST and PGF of WV period and UB period,

Vim(8) =[5 e Vim() dg, Uim(8) = J," ™% Uyn(9) dg,
Vim(0) = [ Vim(Q) dg, Uim (@) = [ Upn(O) dC,

Vi*(& 0) = Z:;=T+1 Vifm(e)fm: Ui*(& 0) = Z%=T+1 Ui*,m(g){)m,
Vi(£,0) = Xm=r+1 Vim(0)£™, Ui (£,0) = Em=r+1U;m(0)€™,
Vi(4,0) = Xm=r+1 Vim (0)4™, Ui(£,0) = Xim=r+1 Uim(0)€™.

Fori = 1,2 LST of service times in WV period and UB period are,

Hy(0) = [;" e % 5,i() d, Hi(0) = [ ™% 5,(¢) d¢

LST of retrial time of transit customers in WV period and UB period are,

R*(0) = [, e % r(0) dg, $*(0) = [," e % s(Q) d¢

Then the system of steady state equations are illustrated by the following differential difference
equations:

o Vor = V1r(0) + Vor—q (0) + Uy r(0) + Usr—1(0) 1)
- d%Vo,m(C ) = =0Vom(Q) + Vim(0)7r($) + Vom-1(0)7r(0), mz2T+1 )
— 2 V1r(©) = = + Vi () + Vors1(©hys (©) + Worhys () ®3)

d
- d_{Vl,m(O = —(v + MV (D) + Vom+1(0)hy1 () + AWV 1p1()

+2hy1 (©) Jy Vom(9) d8, m>T+1 4)
— 3 Var-1(9) = = + V3710 + Yorhua () (5)
592
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~ 22 V2m@ = =W + Vo (@) + W1 (D) +Yhoa (@) [y Vomer () dS, m=T (6)

A +V)Uor =nVyr (7)
d
- d_c UO,m({) =—-(+ V)Uo,m(() + Ul,m(O)S(Z) + AUZ,m—l(Z)S({)
+150) J; Uom(9) d3, m=T+1 (8)

- d% Upr(Q) = =WU1($) + Upr4+1(0)hy1 () + AUg rhys (O)+ nhy1 ($) fooo Upr(Q)dg  (9)
- d% Ul,m(() = _/h/Ul,m(() + Uo,m+1(0)hu1(§) + /1VU1,m—1(5) +21hy,1 () fooo Uo,m(o dq

() [, Vim()dl, m=T+1 (10)

- d% Uzr-1({) = =AUz 11 () + yUprhuz($) + nhy2 () fooo Var-1() d¢ (11)

— 22 Uom(@) = =AU (Q) + WU m1(0) +7hi2 () [y Uomss (§)

hp @) fy Vom(@dg,  m=T  (12)
Taking the LST from (2) to (6) and from (8) to (12) on both sides, we have following results
OV m(0) = Vo (0) = oV5 1, (0) = Vi 1y (0)R*(0) — Vo 1y (0)R*(6) m=>T+1 (13)
OVir(0) = Vir(0) = (Av + MVi7r(8) — Vo r41(0) Hy1(8) — AV 7 (0)Hy (6) (14)
OVLm(0) = Vi (0) = (Av + MVi(68) — AWVi 5 1(6) — Vom+1(0) Hy, (6)
— AV m(0)Hy,(6), m=>T+1 (15)
OVyr-1(0) = Vor_1(0) = (Av + mV37_1(0) — yVorHp () (16)

OV () = Vo (0) = (Av + MV (0) = AWV5 101 (0) = ¥Vom+1(0) Hy2(0), m =T (17)
0Uqm(0) = Vom(0) = (A +y)Uq1n(0) — V1,1 (0)S™(6) — V-1 (0)S7(6)

—NVom(0)S*(6), m>T+1 (18)
60U (0) — Uyr(0) = Ui 7 (0) — Ugr+1(0) Hyy (6) = nVi7(0)H;,1 (6) — AU, rH,,1 (6) (19)
OU; 1 (0) = Upm(0) = U1 1,(0) — AU 1-1(0) — Upn+1(0) Hyy1 (6) — Vi (6)Hyq (6)

—AUg m(0)H,,1(6), m>T+1 (20)

0U3r-1(0) — Uz p-1(0) = U371 (6) — yUg7(0) Hy5(6) — V51 (0)Hy, (6) (21)
OU2m(0) — Uz n(0) = U3, (0) — AWU3,,_1(0) — YUgm1(0) Hyz(6)

—nV; m(0)H,,1(6), m=>T (22)
In (13) take a summation over m from T + 1 to oo then multiply with £™ and result,
(60— )V (£,0) =Vo(£,0) — R* ()| €V, (£,0) + £V, (#,0) — [V1.r(0) + Vo741 (0)]€7] (23)
In (15) take a summation over m from T + 1 to oo then multiply with £ and combine this
result with (14),
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Vo(£,0)
{

[6 — (e +M)V5 (£,0) = V3(£,0) — Hy1 (6) [252 + AV (£, 0) + AV £ (24)

In (17) take a summation over m from T to co then multiply with £™ and combine this result
with (16),

[6 — (g + MV (£,60) = V3 (£,0) =225 (£,0) + Vo8] (25)
Placing 6 = o in (23), result

Vo(£,8) = R*(0) [V1(£,0) + £V5(£,0) = £7[V1 7(0) + Vprr_1 (0)]] (26)
Placing & = 0 in (23) and sub., (26) in (23), results

Vg (£,0) = 2[1 = R*(0)] [V4.(£,0) + £V, (£,0) — £7[V17(0) + V3,71 (0)]| (27)
Placing 8 = A, + n in (24), result

Vi(£,0) = Hyy (g + 1) [252 + 2V5 (£, 0) + AV, 17| (28)
Placing & = 0 in (24), and sub., (28) in (24), result

Vi (6,0) = LD [RCD 4 v (£,0) + AV " | (29)
Placing 8 = 1, + n in (25), results

Va(#,0) = K28 [y (p,0) + Vo o] (30)
Placing & = 0 in (25) and sub., (30) in (25), results

V; (6,0) = L2l 5 4, 0) + Vo 7] (31)

where, 0 = A+y +nand 1, = v — Wf.
Sub., (27) and (30) in (26), results

TR (0) | [AH; Ao +m)+y iy e+ IWor—[V1 1 (0)+Vo 71 (0)]]
0—Hyy Ao+ [AL+(Ap+y+mR* (0)]1 -y £[1-R* (0) 1Hy, (Re+1)

Vo(£,0) = (32)

Let, f(£) = €0 — Hyy (A + AL + (A + v + MR (0)] = v4[1 — R*(0)]Hy2 (A, + 1)
For £ =0and £ = 1 we obtain f(0) < 0and f(1) > 0= 3 areal root #; € (0,1) such that
f(£1) =0.
At ¢ = £, in (32) is converted into
[Vl,T(O) + VZ,T—l(O)] = [AH;1 (v — vt +1) + YHy, (Av — Ave; + TI)]VO,T = X{’1V0,T (33)
Displace using (33) in (32),

€T+1 * . .
Vo(8,0) = —Z S [[AH;, (R + 1) + YHip (A + ] = X, (34)
By solving (26) to (31) we get followings results for WV period,

TV rHy  (Ap+7)

ht0)=—"""

[o[A¢ + vH), (A + MR (@) — [+ (A=A +y +
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MR* ()]s, | (35)
_ Vt’T_lVo,TH;;z(MHI) * * *
V,(¢,0) = 70 [o[¢ — Hy (A, + mR*(0)] — £[1 — R*(0)]x¢,] (36)
* €T+1 —-R” * *
Vi (6,0 = IO [k, (2, + 1) + Y Hip (e + 1] = 20,) (37)
_ Vo)l
B Zy(£) VO'T
« _ tTvor[1=Hy: (Ae+1)] . x _ _
Vi(£,0) = AT [o[A¢ + vH), (A + MR (@] — M+ (A - +y +
MR*()]xe, | (38)
RAGA
B Zv(f) VO'T
* _ y[T_lvo,T[l_H;Z(l{"H?)] = * _ _ p*
V(e,0) = g S [0 — Hiy (e + MR (0)] = £[1 = R*(0)]xe,] (39)
_ V()T t
Tz 0T
where,

Zy(8) =40 —Hy (A, + A+ (A - +y +mR*(0)] — y¢H; (4, + n)[1 — R*(0)]
and Z,(£) = (A, + 1)Z1 ()
In (18) take a summation over m from T + 1 to co then multiply with ™ and result,
[0 —(A+y)]Us(£,0) = Uy(£,0) — S*(O)[nV5(£,0) + U, (£,0) + 2U,(¢,0)

—"[U1r(0) + Upr—1(0)] ] (40)
In (20) take a summation over m from T + 1 to oo then multiply with £ and combine this
result with (19),

Vo (4,0)
£

[6 = 2,]U3 (£,6) = Uy (£,0) — Hyy (6) [V (£,0) + 252 + AU (£,0) + AU 87| (41)

In (22) take a summation over m from T to co then multiply with £™ and combine this result
with (21),

[6 = 2,]U3(£,6) = U, (£,0) — H3»(8) [nV5 (£,0) + LV (£,0) + yUo £ (42)
Placing & = A + y in (37), result

Uo(£,6) = S*(X+7) [nV5 (£,0) + Vi (£,0) + £V, (£,0) — £7[U1(0) + Upr1 (0)]|  (43)
Placing & = 0 in (37) and sub., (40) in (37), results

Us(6,0) = =T[5 (£,0) + V1(6,0) + £V,(£,0) = £7[U11(0) + Uz 1 ()] (44)
Placing 8 = A, in (38), result

U1(£,0) = Hy, (A) [0V (£, 0) + 222

£

+ AUG(£,0) + AU, " | (45)

595
Eur. Chem. Bull. 2023, 12(Special Issue 13), 588 — 606



An M/G/1 Retrial Queue with Non-Persistent customers, Recurrent Customers, General Retrial Times
with Working Vacation

Section A-Research paper
ISSN 2063-5346

Placing & = 0 in (38) and sub., (42) in (38), results

U3 (¢,0) = =22 v (£,0) + 52 1 AUG(6,0) + AU ] (46)
Placing 8 = A, in (39), results
U5 (£,0) = Hip(Ag) V5 (£,0)+ L U5 (£,0) + yUo "] (47)

Placing & = 0 in (39) and sub., (44) in (39), results

U3 (£,0) = =282 [nv; (£, 0)+ L U5 (6,0) + yUo €7 (48)

Solving (43) to (48), we get following results for UB period

A £5™(4 * * * * *
Uo(£,0) = T2 (V5 (£,0) + Hin (AeVi (£, 0) + Hip (AemeV; (£,0) +
[AH;;1(Ap) +vH,(A)]Uor €7 — (/1 ty+n-— Xel)Vo,TfT} (49)
711 A * *
UL(£,0) = Z222{[28 + (A +1)S" A+ PINV5 (£,0) + [ +7) +

YE[1 = S"(A+y)H;,(Ap) Vi (£,0) + €H,,(A)[AL + (A — A€ +
NS A+ NInVs,0) — (A+y+n— xp )WVorf [1+
A=+ YIS A+ ]+ £TUgr (A + V)A€ + yH;,(1)S* (A + )1} (50)

11 A * * * * *
Up(£,0) = 2222 {y[1 = S (A + VI V5 (£,0) +¥[1 = 5"+ ) Hy AV (6,0) +

[fA+y) = [+ A=A +y)S"(A+y)]Hy (A nV3 (£,0) —
Y1 =S*A+VIA+y+1—xe )Vort™ + yA+y)ET o[£ —

S A+ V) Hu )]} (51)
* ¢[1-5*(4 * * * * *
Us(£,0) = 5P (V3 (£,0) + Hig (Vi (8,0) + Hip A eV; (£,0) +
[AH&(AE) +VvH,; (Aé)]UO,T‘LpT - (l +ty+n-— Xﬁl)Vo,T{)T} (52)
* - 111 A * *
Ui(£,0) = R0 {[28 + (e +1)S" A+ V] VG (£,0) + [ +7) +

Ve[l — ST (A+ V)IH 2 (A0)InVi (£,0) + £Hy, (2,)[A€ +
A=MH+P)S A+ NInV5,0) — (A+y+1n— xo )Vort A0 +
A= +yY)S* A+ Y]+ TUor (A + )A€ + yH, (2)S (A +

M1} (53)
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U (£,0) = SH2S2{y[1 = 5* R+ M1V (6,0) +¥[1 = 5"+ ) Hia AV (£,0) +
[£A+y) — [+ A=A +y)S"(A+V)IHi(A)]InV; (£,0) —
YL =S"A+IA+y+1—xo,)Vort™ + YA+ V)T Vg [ —
S*(A+ y)H;1 (A0)]} (54)

where,

Z,(8) = A+ y) —Hp(A)[M + (A =2 +y)S (A +y)] — ytHu(A)[1 = ST (A + )]

and take Z,,(¥) = 1,Z,(¥).

When server is on WV period, we define the PGF for the no., of customers in the orbit as,

U,(£) = V5 (#,0) + V{(£,0) + V5(#,0) + Vo &7

where, V5 (¢,0),V;(¢,0), V5 (¥,0) are found in (37) to (39).

When server is on UB period, we define the PGF for the no., of customers in the orbit as,

Uy(£) = U5(#,0) + Ui (4,0) + U5 (£,0) + Uy €7

where, U (#,0),U;(¢,0), U5 (#,0) are found in (52) to (54).

Define, PGF for no., of customers in the orbit as, U(¥) = U, (¥) + U, (¥).

Make use of normalizing condition U(1) = 1, we get idle probability V, » of WV period as,

Vor = {;‘ ~ D {zzv (s 2,V (D) + (T + DVo(D] = ZL(WVe (D] +

% [Z,(D[V{(1) +TVv,(D] — Z,(D)V, (D] + % [Z,(D[V2(1) + (T —

DV, (D] = Zy(WVa(D] = Z,(DT(A+y = 2o ) H-[1 - S+ 1] +

HA (O + 7S A+ ]+ YL O = "G+ T} + v {ave(Df-201 -
S* (A + V)] + 22H;, (01 — S*(A + Y)] = vH; (O[A+yS* (A +1)] —

MWyHis (0[1 = "+ M1} + Vi W{=2[1 = S* (A + y)] + 2H;3 (0) [Av[1 —
S* A+ P+ A +yS A+ — WH; ()[4 +yS* (A +¥)] — AvyHy; (0)[1 -
S* A+ P} +nV(D{=4[1 = S* A+ )] + 2H1 (O [Av[1 — S* (A + y)] +
A+yS* A+ 1]+ 2[[1 - S* A+ )] + [y + 25" A+ Y)]1H;,(0) —

WH (O +yS A+ )] — yHiy (O)[1 = $* (A + P} + 22, (D [-2 +
22H;; (0)[1 = vS* (A + V)] + 2yS* (A + ¥)H;5(0) — AH (0)[A+yS* (A +7)] —
yHG [ = S A+ P]| - Z,(D(A+y +1— e {21 = S" @+ )] +
24vH;; (0)[1 = S* (A +¥)] — WH; (0)[A +yS* (A + )] — vy H, (0)[1 —
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S A+ y)]}}}} (55)

where,
Z,(1) =n{o — Hyy M2+ ¥ + MR* (D] —vH,,(M[1 - R*(0)]} ......... (i)
z,(1) = =Moo — Hyy(M[A + (v + MR (0)] — yHy(m)[1 — R*(0)]}

+n{o — AHy (M)[1 = R*(0)] — yHy, ()[1 — R*(0)] + AvH, ()

X [A+ G +nR* ()] + WyHM[1 = R* (]} een.... (ii)
' _ x _ [AVEHL)A+YS™(A+Y)] | AVYE(Hyp)[1-S"(A+y)]
Z(D)=@+y)S"(A+y) {1 [ A+)S (A+y) (A+7)S"(A+y) ]}

=@+ +y)A-p)
where, p is the mean service time and the stability condition in system is obtained from (55).

Vo(1) = nl1 = R* @) |[[AH;1 () + Y Hoo (D] = Xey | oo (i)
V(1) = [1 = Hy; (DI[01A + yHy (MR (0)] = [A+ (v + MR (@],
V2(1) = y[1 = Hy,(D][o[1 = Hyy (R* ()] = [1 = R*(0)]xe, ]
Vs(1) = =av[1 = R*(0)] |[AH;. () + YHiz ()] = xe, + n[AH;1 Gr) + yHy5 ()]
Vi(D) = WwHy (o[ + yH R ()] = [A + ( + MR"(@]xe, ]

+ 2[1 = Hyy (o[t = vyR* (@) Hy5(m)] = xe, [1 = R* ()]
V3(1) = yH () [o[1 — Hyy DR (0)] = 20,11 = R* (0]

+¥[1 = Hy, (] o1 + H ()R (@)] = 20,1 = R* ()]

and also, we can get idle probability U, » of UB period from (7).

THE MODEL’S PERFORMANCE MEASURES

Assume that L,, and L are mean orbit size in WV period and UB period. W,, and W, are mean
waiting time of the customer in the orbit in WV period and UB period
L, = in({’)Ie:l

d?

d * * *
= =V (£,0) + Vi (£,0) + V5 (£,0) + Vort"]lp=1
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_ &AM -AMz:(1) | 12, (DB'(A) — B(V[nz:1(1) — 42, (1)]
v [Z1(1)]? [nZ,(1)]?

4 nZ,(DC'(A) - CWnz; (1) - 12, (1)
[nZ,(D]?

where, nZ;(1) = Z,(1) and nZ;(1) — A Z,(1) = Z,(1) are given in (i) and (ii),

) + Tl Qosr

A@) =2, B(D) = 1,(1), €(1) = V;(D),

AQ) = [1 =R @1 + 1 [RHL 0D + yHi 001 = 22, = WA ) + vH )|

B'(1) = [T[1 = Hyy ()] + AHyy (] [01A + yHiz (DR* (0)] = [A+ ( + R (0)]xe, ]
+ A[1 — Hy, (D] [o[1 = vR* (@) Hyz ()] = xe,[1 - R* (0]

C'(1) = y[(T = DI = Hy, (] + (] [0[1 = Hyy (R (@)] = 22, [1 — R* ()]

+¥[1 = Hy (] o1 + WH )R (@)] = 20,1 = R* ()]

Ly
and W, = -
d
Ls = ﬂuu(e)ltkl

= Z[U5(£,0) + U (£,0) + U3 (£,0) + Ug r£7]l o

_ —2D;()Ng”

122v[D4(1)]

(1)+3D3' (VNg (1)
2

where,

Di(1) = A+ 1S (A +7¥) + AH (04 +yS* (A + V)] + AyH;z(0)[1 — S* (A + )]

D3 (1) = 222H;; (0)[1 — S*(A + )] + 24y Hi (0)[1 — S* (A + )] — 22Hy; (0)[2 +
yS* (A +y)] — 22yH, (0)[1 - S*(A+7)]

NE (1) = 2v{nVg (£,0) + Vi (£,0) + V5 (£,0) = T(X+ v — xo, Wor {1 -
S' A+ ]+ HA (O +yS A+ V] +vHz(0)[1 - S* A+ )]} +
v {nV5 (£,0){—2[1 = S*(A + )] + 2H;, (0)[1 - 5" (A + )] —
AWH;; (0)[A+yS* (A +7)] — WwyHy, (0[1 — S* (A + )]} +
Vi (€,00{=2[1 - S* A+ y)] + 2H; (O[Av[1 = S* A + y)] + [ +
yS* (A + V)] = WH;, ()[4 +yS* (A + )] — vyHip (0)[1 = S* (A + )]} +
Vs (€,0){—4[1 — S* (A + y)] + 2H; (O [Av[1 = S* A + y)] + [ +
yS* A+ +2[v[1 = S* A+ V] + [y + AS* (A + V)] H;2(0) —
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WH ()[4 +yS* (A +7)] - vyHis ()[1 = S* A+ W]} + (1 +
Y)Uor{—2 + 22H;1(0)[1 — vS* (A + )] + 2yS* (A + ¥)H;(0) —

WH (O)[A+yS (A +1)] = vyH (O[1 = S" A+ P} — (A +y +71 -
xe ) {=2[1=S* (A +y)] + 2vH 1 (0)[1 — S*(A + )] — AvHz; (0)[A +

yS* (A + )] = vy H; (O)[1— S*(A+ P}

NE'(1) = 3v{nVg (£,0) + Vi (£,0) +nV5 (£,0) = T(T — D(A+y — xo WVor H—[1—
S* A+ ]+ Hyg (D[ +yS* (A + )]+ vHp(0)[1 - S* A+ )]} +
3w {nV5" (£,0){—2[1— $*(A + Y)] + 2H;, (0)[1 - 5" (A + )] —
WH; ()[4 +yS* (A +y)] — WwyHy; (0)[1 = S* (A + )1} + vy (£,0){—2[1 -
S* A+ )]+ 2H O [w[1 = S* A+ Y]+ A +yS*A+p)]] -

WH (0)[A +¥S*(A+7)] — AvyH, (0)[1 — S*(A + )]} + V5 (£, 0){—4[1 —

[
]
[
S* A+ )]+ 2H O [w[1 = S* A+ ]+ [A +yS* A+ ]| +

2[[1 = S" A+ ] + [y + 15" A+ ]IH(0) — AvH; (0)[A+yS (A +y)] -
WyH, (O[1=S*A+ )]} + A+ YUor{—2 + 24H;1 (0)[1 —vS* (A + )] +
2yS* (A +¥)H;5(0) — AHy (0)[A +yS* (A + )] — AvyHy, (0)[1 —

S* A+ = (A +y +1 = xe WVor{—2[1 = S* (A +¥)] + 2AvH;, (0)[1 —

S* A+ )] — WH (O)[A+yS* A+ )] = vy Hy; (01— S*(A+ )]} +

v {nvo*(e, 0){—322vH,; (0)[1 — S*(A + )] + 22v2H}, (O)[A+yS*(A+y)] +

nr

Pv2yHE, (0)[1 = S*(A+ Y1} + Vi (L, 0){6AvH;; (0)[1 — S*(A + )] +
6AvyH; (0)Hi(0)[1 — S*(A+ )] — 3AvH; (D[A[1 - S* (A + )] +
[A+¥S* (A + V1] + A2v2H, (0)[A +¥S* (A + Y] + A2v2yHy, (0)[1 —

S* A +1}+ V5L, 0){—6[1 - S*(A + )] + 6AH;; (0)[1 — S* (A + )] +
122vH;5 (0)[1 — $*(A +¥)] — 6AvH;; (0)H; (0)[A + yS* (A +¥)] -

BAWH (D[A[1=S*A+ )]+ [A+yS A+ Y]] - 34v [W[1 - S* @A+ )] +
[y + 15" (A + N]]H;5 (0) + 22v2H;, (0)[A +yS* (A +y)] + A2v2yHy, (0)[1—
S" A+ )1} = 34+ Y)Uoz | —6yS" (A + Y)H;(0) — 62vyS* (A +

Y)Hipy (0)Hipp (0) — 3A2vH;y (0)[1 = vS* (A + )] — vy S* (X + Y)Hy, (0) +
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nr

v HL ()[4 +yS A+ )] + 2viyHyy (0)[1— A+W]| = (A+y +n -
Xe,)Vor{=322vH, (O[1~ 5 (A+ Y] +A2v2H, (O + yS* A+ )] +

22v2yHE (0)[1— S*(A + V)]}}

here, V' (¢,0) = =227, (1)[Q}(1) + kQ;(1)] — Z(1)Q;(1)} such that,

Zy(1)?
T+1, i=0
k=4 T, i=1
T—-1, i=2
And Vi (6,0) = ;2 {225 (D0} (1) + kQi(D] + Z,(DIQF (1) + k(k — 1Q:(1) +
N, T+1, i=0
2Qi (1] - 2y ()Q:(1) + 2L such that k={ T, i=1
’ T—-1, i=2
Ls
and W = -

NUMERICAL RESULTS

The curved graph constructed in Figure 1 and the values tabulated in the Table 1 are obtained
by setting the fixed values puv1 = 7.2, pv2 = 7.5, pu1 = 4, puz = 2.5, o = 8, u = 4,n = 1.1 and
varying the values of A from 1 to 2 incremented with 0.2 and extending the values of v from
0.1 to 0.4 in steps of 0.15, we observed that as A rises L1 also rises which shows the stability

of the model.

Table 1: :Lvn1 with turnover of A

A v=0.1 v=20.25 v=20.4
1.0 3.1619 2.8951 2.5978
1.2 3.2614 2.9603 2.6019
1.4 3.3794 3.0446 2.6126
1.6 3.5201 3.1539 2.6314
1.8 3.6893 3.2971 2.6607
2.0 3.8951 3.4883 2.7047
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32
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v=0.25
1 v=0.4
0
1.0 1.2 14 1.6 1.8 2.0

A

Figure 1:Lv1 with turnover of A
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The curved graph constructed in Figure 2 and the values tabulated in the Table 2 are obtained

by Setting the fixed values pvi = 1.2, uv2 = 1.5, pur = 2, puz = 1.5, v = 4, pu = 3.7,n =

0.1 and varying the values of A from 1 to 2 incremented with 0.2 and extending the values of

v from 0.6 to 0.8 in steps of 0.1, we observed that as A rises Lv2 also rises which shows the

stability of the model.

Table 2:Ly2 with turnover of A

A v=0.6 v=20.7 v=0.8
1.0 0.3370 0.9633 2.1253
1.2 2.0036 1.7588 3.0719
14 2.9546 2.3135 3.7497
1.6 3.6009 2.7319 4.2695
1.8 4.0826 3.0631 4.6858
2.0 4.4622 3.3341 5.0293
Al — v=0.6
v=0.7
3 v=0.8
4 2
1
0
1.0 1.2 14 1.6 1.8 2.0
A

Figure 2:Lv2 with turnover of A
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The curved graph constructed in Figure 3 and the values tabulated in the Table 3 are obtained
by setting the fixed values pv1 = 3.7, uv2 = 3.5, pur = 5.1, puz = 5, v = 2.8, . = 5.3, =
0.5 and varying the values of A from 1 to 2 incremented with 0.2 and extending the values of
v from 0.3 to 0.7 in steps of 0.2, we observed that as A rises L1 also rises which shows the
stability of the model.

Table 3:Lu1 with turnover of A

A v=20.3 v=20.5 v=0.7
1.0 6.0198 5.2180 4.8889
1.2 6.5140 5.8689 6.2647
1.4 7.0253 6.7607 8.5576
1.6 7.5642 8.0163 12.4344
1.8 8.1442 9.8332 19.3322
2.0 8.7835 12.5487 33.0173
30 v=0.3
25 v=0.5
20 v=0.7
~J 15
10
. A
0
1.0 1.2 1.4 1.6 1.8 2.0
A

Figure 3:Lu1 with turnover of A

The curved graph constructed in Figure 4 and the values tabulated in the Table 4 are obtained
by setting the fixed values pv1 = 3.9, uv2 = 2, pu1 = 1.8, puz = 2.5, uv = 4.3, pu = 4.8,n=0.7
and varying the values of A from 1 to 2 incremented with 0.2 and extending the values of
v from 0.3 to 0.4 in steps of 0.05, we observed that as A rises L.z also rises which shows the
stability of the model.
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A v=20.3 v=0.35 v=0.4
1.0 8.1457 8.3140 8.5259
12 8.2646 8.6703 9.1984
14 8.7772 9.5911 10.7406
1.6 9.7644 11.3550 13.9457
1.8 11.4715 14.7647 21.7884
2.0 14.5073 22.5222 56.9134
60

50 v=0.3
40 v=0.35

v=0.4

X, 30
20

10 —_—
0

1.0 1.2 1.4 1.6 1.8 2.0
A
Figure 4:Lu2 with turnover of A
SPECIAL CASES:
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(a) If there is no vacation and arriving customers are deciding to enter the orbit without leaving

the system i.e., 7 = oo and v = 1 then the present model will be remodelled as [14].

(b) If there is no recurrent customers and arriving customers are deciding to enter the orbit

without leaving the system i.e., T=0 and v = 1 then the present model will be remodelled as

[16].

(c) If service time follows exponential distribution also no recurrent customers, no retrial and

arriving customers are deciding to enter the orbit without leaving the system i.e., T=0,y = 0

and v = 1 then the present model will be remodelled as [19]

CONCLUSION:

In this paper, an M /G /1 retrial queue with non-persistent customers, recurrent customers,

Eur. Chem. Bull. 2023, 12(Special Issue 13), 588 — 606
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general retrial times, and working vacation is evaluated. We obtain the PGF for the number of

customers and the mean number of customers in the orbit. We worked out the waiting time

distributions. We also derive the performance measures. We perform numerical results and

some special cases.

REFERENCES

10.

11.

12.

Avrtalejo JR: Accessible bibliography on retrial queue. Math. Comput. Modell., 1999;30:1-
6.

Artalejo JR and Falin G: Standard and retrial queueing systems: A Comparitive analysis.
Rev. Math. Comput., 2002;15:101-129.

Artalejo JR, Joshua VC, and Krishnamoorthy A: An M/G/1 retrial queue with orbital
search by server: In Advances in Stochastic Modelling, eds., New Jersey: Notable
Publications 2002;41-54.

Boxma OJ, Cohen JW: The M/G /1 queue with permanent customers. IEEE Journal on
Selected Areas in Communications 1991:9(2);179-184.

Chandrasekaran VM, Indhira K, Saravanarajan MC and Rajadurai P: A survey on working
vacation queueing models, International Journal of Pure and Applied Mathematics
2016:106(6);33-41.

Falin GI: A Survey on Retrial Queues. Queueing Systems Theory and Applications
1990:7;127-168.

Falin GI and Templeton JGC: Retrial queues, Chapman and Hall, London 1997.
Gomez-Corral A: Stochastic analysis of a single server retrial queue with general retrial
time, Naval Res. Log., 1999:46;561-581.

Farahmand K: Single line queue with recurrent repeated demands. Queueing Systems
1996:22;425-435.

Kalyanaraman R and Pazhani Bala Murugan S: A single server retrial queue with vacation.
J. Appl. Math. and Informatics 2008:26(3-4);721-732.

Kasturi Ramanath and Kalidass K: An M /G /1 retrial queue with non-persistent customers,
a second optional service and different vacation policies, Applied Mathematical Sciences
2010:4(40);1967-1974.

Krishnamorthy A, Deepak T.G. and Joshua V.C., An M/G/1 retrial queue with non-
persistent customers and orbital search. Stochastic Analysis and Applications 2005:4;975-

997.
605

Eur. Chem. Bull. 2023, 12(Special Issue 13), 588 — 606



An M/G/1 Retrial Queue with Non-Persistent customers, Recurrent Customers, General Retrial Times
with Working Vacation

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

Section A-Research paper
ISSN 2063-5346

Medhi J: Stochastic Models in Queueing Theory. Second Edition;2003.

Moreno P: An M/G/1 retrial queue with recurrent customers and general retrial times.
Applied Mathematics and Computation 2004:159;651-666.

Pazhani Bala Murugan S and Santhi K: An M /G /1 retrial queue with multiple working
vacation. International Journal of Mathematics and its Applications 2016:4(2-D);35-48.
Pazhani Bala Murugan S and Santhi K: An M /G /1 retrial queue with single working
vacation. Appl. Appl. Math., 2017:12(1);1-22.

Pazhani Bala Murugan S and Vijayakrishnaraj R: A bulk arrival retrial queue with non-
persistent customers and exponentially distributed multiple working vacation. AIP
Conference Proceedings 2019:2177;020064.

Peishu Chen, Yongwu Zhou and Changwen Li: Bantch arrival retrial G-queue with orbital
search and non-persistent customers. Journal of Interdisciplinary Mathematics
2016:19(1);1-22.

Servi L and Finn S. M/M /1 queue with working vacations (M/M/1/WV). Perform. Eval,
2002:50;41-52. wait

Takine T and Hasegawa T: A note on M/G/1 vacation system with waiting time limits.
Kyoto University Adv. Appl. Prob., 1990:22;513-518.

Wu D and Takagi H: M/G/1 queue with multiple working vacations. Perform. Eval,
2006:63;654-681.

Yang T and Templeton JGC: A Survey on Retrial Queues, Queue. Syst., 1987:2;201-233.

606

Eur. Chem. Bull. 2023, 12(Special Issue 13), 588 — 606



