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Abstract

For a finite group G, the mobius function graph M(G) is the simple
graph whose vertices are elements of the group G with adjacency defined
between vertices a and b if and only if u(|a| [b])=wu(|a])u(|b]). Topological
indices and laplacian spectrum with their applications in molecular chem-
istry is an acute topic of research in Mathematics. This paper analyses
some basic properties of mobius function graph of dihedral groups M (Da,,)
and discusses topological indices, such as first and second Zagreb index,
Wiener and hyper - Wiener index and finally Harary index along with the
laplacian spectrum of M (Ds,,).
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1 Introduction

Group theory, a fundamental area of Mathematics turned out to be an
essential tool in modelling many real world situations. Dihedral group, one
among the numerous group structures plays an important role in group theory,
geometry and many areas of Chemistry. Graph theory is another branch of
Mathematics which is widely known for its applications in almost all spheres of
life. Subsequent mathematical research in this area found that we can associate
an algebraic structure with a graph to have a better understanding about its
properties. This lead the way to the development of algebraic graph theory.
We can find various ways of associating groups with graphs in literature. This
is an active area in research and a lot of studies are still being made on this
topic. Through this paper, we intend to study the mobius function graph of
dihedral group M (Ds2,) and discuss some of its basic properties.

We recall some definitions of number theory and graph theory which are
essential for this paper. For the Mobius function p(n) , p(1) = 1. And if n > 1,
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write n = p{'p52ps® - - - pi¥. Then

. (—1)k if a1:a2:"':ak:1
p(n) = { 0 otherwise

A complete graph K, is a graph with n vertices, in which each pair of distinct
vertices are adjacent. For a graph I' subset €2 of vertex set V(I") is called a clique
if the induced subgraph of 2 is complete. A split graph is a graph in which the
vertices can be partitioned into a clique and an independent set. Graph theory
has wide applications in many fields, one among them is, in chemistry related
to topological indices. Topological indices are molecular description which is
computed based on molecular graph of chemical compound. Some of the the
topological indices are first Zagreb index, second Zagreb index, Wiener index,
hyper - Wiener index and Harary index . The spectrum of a graph also has
several applications in Chemistry, Physics, Medicine, Computer Science and
Information Technology. With this in mind we are interested in studying the
topological indices and laplacian spectrum of mobius function graph of dihedral
group Da,.

The paper is structured as follows. In Section 2, we provide a brief review
of relevant definitions that will be used throughout the paper. In Section 3,
we analyze the characterstics of the mobius function graph of dihedral group,
denoted by M (Dsy). Section 4 is dedicated to the discussion of topological
indices of M (Day,), while Section 5 presents an analysis of laplacian eigen values

of M(DQn) .

2 Preliminaries

The section deals with some definitions which are helpful in our studies.

Definition 2.1. [7] The dihedral group is generated by two elements a,b which
satisfies the relations a™ =1, b> = 1, ba = a~'b. The group is denoted by Day,
and has 2n elements say { e, a,a®,..., a" ', b, ab, a®b,...,a" 1b}.

Definition 2.2. [9] Let T be a simple connected graph. The first Zagreb index
of T', denoted by M1(T") , is defined as
ML) = 3 (dr(v))*.
veV(T)
Where dp(v) is the number of edges incident on vertex v.

Definition 2.3. [9] Let T' be a simple connected graph. The second Zagreb
indezx of I, denoted by My (") , is defined as
Mg(r) = Z dr(u)dr(v).
uwweE(T)
Definition 2.4. [10] Let ' be a simple connected graph. The Wiener index of
I, denoted by W(T') , is defined as
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wT = > du,v).
u,veV(T)
Where d(u,v) is the length of the shortest path between the vertices u and v.

Definition 2.5. [10] Let T be a simple connected graph. The hyper- Wiener
index of ', denoted by WW (T') , is defined as

WW) = (W4 Y (dwv)?),
u,veV (T

Definition 2.6. [11] Let I be a simple connected graph. The Harary index of
T, denoted by W(T') , is defined as

w(r) = >

u,eV () d(u7 U) '

Definition 2.7. [2, 3, 5, 6] The laplacian matriz L(T") of graph T given by
L(T) = D(T") — A(T"), where D(T") is the diagonal matriz of vertex degree of T
and A(T') is the adjacency matriz of T.

3 Mobius Function Graph of the Dihedral Groups

Mobius function graph of a finite group in which we are associating group to
graph by using the order of the elements of the group. Here we discuss the
characteristics of mobius function graph of dihedral groups.

Definition 3.1. The mobius function graph of a finite group G (denoted by
M(G)) is a simple graph whose vertex set is same as the elements of G and any
two distinct vertices a, b are adjacent in M(G) if and only if (]al 15| )= p(la|)u

(101)-

Theorem 3.2. M(Dyy,), p>2 prime number,is always a complete tripartite
graph.

Proof. Consider the dihedral group Dap, = {e, a, a%,...,aP=1 b ab,a?b, ..., aP~1b} for
a prime p>2. Then |e|=1,|a|=|a?|=...=|a? ! |=p, | b|=| ab |=]| a®b |=
... =| a?71b |= 2. We partitioned the vertices of M(Dsy,) into three sets, ;=
{e}, Qo ={u:|u=p}={a* |1 <i<p—-1}and Q3 = {v: |v| = 2} =
{@b|0<j<p—1)

In case of M(Dsyp), the vertex associated with identity element e is adjacent to
all other (2p — 1) vertices. That is ; is adjacent to every elements of {23 and
Qs.

For any two vertices x, y€ o,

u(lz Dull y D= pp)up)= (-1)(-1) =1

u(l @ |y )= ppp) =0

ull @ |y N# pll el y )

Hence no two elements of {2y are adjacent.

Similarly we can prove in case of {3, no two elements of {23 are adjacent.

Now consider the case when x € )9 and y€ Q3 then

w(l = Dudl y )= wp)u)= (1)(-1) =1
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p(lz |y )= p(p2) = (-1)* =1

p(l Ly )= pllz Dud v 1)

Hence every vertex of )5 is adjacent to every vertex of {2s.

Hence we can conclude that M(Ds,), p >2 prime number, is a complete tripar-
tite graph. ]

Theorem 3.3. For a prime p>2, M(Dy,)~ (K,_1 + K,) + Ki.

Proof. In the dihedral group Ds), where p >2 a prime number. By Theorem 3.2,
M(D3yp) is a complete tripartite graph.Then Q= {e}, Q2 ={u : |u| = p} and Q3
={v: |v]| =2} . Also both 2y and 3 are independent sets having (p—1) and p
elements respectively. The graph of isomorphic to M(Ds,)2 (K,—1 + K)) + Kj.

O]

Proposition 3.4. M(Ds,) is a star graph if and only if n =2.

Proof. Given M(Dsy,) is a star graph.
Suppose n>2

Case 1: When n = p, a prime number.
By using Theorem 3.2 M(Ds,), is always a complete tripartite graph. This
contradicts our assumption.

Case 2: When n = p¥ , for k > 2.

In a dihedral group, the rotations {e,a,a?,...,a" '} is isomorphic to Z,.

Let x, y be any two elements of order p? so that u(| x || v )= u(| z u(| v |).
Hence in M(Dsg,) we get a cycle x-e-y-x. Which again contradicts our assump-
tion.

Case 3: When n =p;™ps™2 ... p. "

As the rotations {e,a,a?,...,a" '} in dihedral group is isomorphic to Z,.
There exist an element z of order p; and element y of order p; where i # j.
Thus (|« u(| y = wpiu(p;) = (-1)(-1) =1

wll 11y )= plips) = (-1)° = 1

u(lzlly = pll = N y)

In this case also we get a cycle z — e —y — x in M(Ds,). This again contradicts
our assumption. From all the three case it is clear that our supposition is wrong.

Converse is always true. As n= 4, we get Dy = {e,a,b,ab} so that | e |=1
and | a |=| b |=| ab |=2. Here we get M(Dy) as star graph. O

Theorem 3.5. For a dihedral group Do, with n = 2k , k>0, M(Day) =2 Kp—1+ Kpt1-

Proof. Let vy ={u : |u|] # 2} and v9 = {v : |v| = 2} . For any a,b € ~; and
az b, u(lal|lb]) =0=p( a|)u(| b]) and so by the definition of mobius
function graph a is adjacent to b in M (Day,). Hence the subgraph induced by
v is complete. Also in ~; there are (n-1) elements.

For any c¢,d € 9 and ¢ # d, by the definition of mobius function graph c is not
adjacent to d in M (Dsg,) and hence the subgraph induced by 2 in M (Ds,) is
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totally disconnected. Also there are (n+1) elements of order 2.

Forany aj € vy and ¢; € y2, (|l a1 || e |) =0 = p(| a1 (| e1 |) - So aq
is adjacent to ¢; in M(Dsg,). Hence every element of v; is adjacent to every
element in s.

Thus by the above argument M (Ds,) = K,—1 + Kpi1. d

Corollary 3.6. If n = 2% with k > 0, then M(Da,) is a split graph.

Proof. As in the proof of Theorem 3.5, v is a clique and 7» is an independent
set. Thus M (Dsy,) is a split graph. O

4 Topological indices of M (Dy,)

Topological indices are being studied in this section. Here we discuss about the
five topological indices of mobius function graph of dihedral groups.

Theorem 4.1. Let M (Dsy,) be the mobius function graph of the dihedral group
Doy, then the first Zagreb index of M (Day,) is

[ n(2n®+5n—5)  for nis an odd prime
My(M(Dan)) = { nin—1)(5n—4)  forn=2F k>0
Proof. Take n as a prime number with n> 2. let Q1= {e}, Qo = {u : |u| =n}
and Q3 = {v: |v| = 2}. Here each element of Q;, Q2 and 3 has degree (2n-1),
(n+1) and n respectively. Then the first Zagreb index
My(M(D2n)) = 3 (dar(py,) (v))?

veV
= 3 (dri(on)(€))? + X (das(Don) (@) + X2 (dar(Dy,)(0))
ecf)y ueo vE3
=2n—-12+ Y (n+1)2+ > n?
u€N vEQ3

=2n —1)2 + (n — 1)(n + 1)% + n(n?)

=n(2n? + 5n — 5).
Also when n = 2F where k> 1. Let y1= {u : |u| # 2} and o= {v : |v| = 2}.Each
element of ; and 2 has degrees 2n-1 and n-1 respectively. Thus the first Zagreb

index
My (M(D2p)) = ;/(dM(Dzn)(v))Q
= u; (dM(Dzn)(u))Z + v; (dM(Dgn)(v))2

=S (2n—-1)2+>(n—1)?
71 72

=(n—-12n—-1)2+n+1)(n— 1)
=n(n—1)(5n —4) .

Theorem 4.2. Let M(Day,) be the mobius function graph of the dihedral group
Do, then the second Zagreb index of M (Day,) is
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n* +4n3 —3n% —2n + 1 for n is an odd prime
2 )

Proof. Take n, a prime number with p> 2. let ;= {e}, Q2 = {u : |u| = n}
and Q3 = {v: |[v| = 2}. Here each element of 1, Qs and Q3 has degree (2n-1),
(n+1) and n respectively. Then the second Zagreb index

My(M(Day)) = - (drr(Da,) () (dar(Don) (V)

uwveFE
_EEE (drr(Dan)(€))(dar(Dyyy (1)) +eUZ€:E (drr(Don)(€))(drr(Dyy) (V)
u€llo veN3
+ 2 (dyr(pon) (W) (dar(Dyy) (V)

=Y (2n—-1)(n+1) + Z(Zn —n+ > (n+1)n

Q2 Q203
=(n—1)[(2n = 1)(n + 1)] +n[2n = 1)(n)] + nf(n = Dl(n+ 1)(n)]]
=n* +4n3 —3n? —2n + 1
Also when n = 2% where k> 1. Let 1= {u : |u| # 2} and = {v : Jv| = 2}.
Each element of v; and 72 has degrees 2n-1 and n-1 respectively. Thus the
second Zagreb index

Ma(M(D2n)) = 2 (dar(pan) (@) (dar(Dyy) (V))-

wek

= ZGE (At (Do) (W) (drr(Dsy) (V) + ZeE (drr (D) (W) (drr(Ds) (V)
u,VEYL uEY

=> 2n—-1)2n—-1)+ > (2n— lw)(n— 1)
u,VEYL V1,72

=(";@2n-1)2+ (-1 (n+1)2n—1)(n—1)
:n(n —1)(2n —1)(4n — 5)
2

O]

Theorem 4.3. Let M(Day,) be the mobius function graph of the dihedral group
Do, then the Wiener index of M (Day,) is

3n? —3n+1 for nis an odd prime
W(M(Dan)) = n(5n—1) forn=2% k>0
2 )

Proof. Take n, a prime number with p> 2. let ;= {e}, Q2 = {u : |u| = n}
and Q3 = {v : |v| = 2}. Then the Wiener index
W(M(Dopn)) = > d(u,v).

u,veV
= (dle,u) + 3 (dle,v))+ > (du,v)+ > (d(u,v))
ece ecQ uENo u,vEN
ueNo ’UEQg UEQg
+ > (du,v)
u,vEN3
=Y 1+ 14+ Y 1+ Y 2+ 3 2
eey eeM uEN9 u,vEN u,vENS3
u€ vEN3 vENS3

=(n-1) +n+nn-1 + (";)2+ (32
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=3n*-3n+1
Similarly way we consider the case when n= 2* with k > 2. Take v;= {u : |u| #
2} and 2= {v : |v| = 2}. Then corresponding Wiener index
W(M(Dapn)) = > d(u,v).
u,veV
= > (dwv)+ X (dw,v)+ > (d(w,0))

ueY1 u,VEY1 u,VEY2
vEY?2

=Y 1+ Y Y 2

uUcy1 u,VEY1 u,vEY2
vEY2

=(m-Dn+1) + (7)1 + (T2
_ n(dn—1)
=22
O

Theorem 4.4. Let M(Day,) be the mobius function graph of the dihedral group
Do, then the hyper Wiener index of M(Day,) is

B an? —5n +2 for n is an odd prime
WW(M(Dan)) = { 3n2  for forn=2F k>0

Proof. Take n, a prime number with p> 2. Let Q1= {e}, Q2 = {u : |u| = n}
and Q3 = {v: |v] = 2}.

> d(uv)? =3 (dlew)? + 3 (dlev))® + X (d(u,v))?

u,veV ecy eeM U

u€eN vEN3 vEN3

+ X (dw,0)*+ ¥ (d(u,v))?

u, €N u,vE3
=3 1+Y 1+ 3 1+ > 22+ Y 22

ee ec ueo u,vEN u,vel3

ueo UGQg UEQg

-1

=Mm-1+n+nn-1)+ ") 4+ (54
=5n2 —Tn+3

For finding the hyper Wiener index , referring Theorem 4.3 we have
1
WW(M(Dz2n)) = S{W (M (D2p)) + Zv(d(u,v)y}'
u,ve

— %{(3712 —3n+1) + (5n* —Tn +3)}

=4n* — 5n +2
Similarly way we consider the case when n= 2¥ | where k > 2.Take v;=
{u:|u|] # 2} and 9= {v : |v| = 2}.Then corresponding
> dw,v)? = 3 (du,v)’+ 3 (duv)*+ X (d(u,0))?

u,veV ue1 u,VEY1 u,vEY2
vEY2

=3 1+ ¥ 1+ y 2

uUEYL u,VEY1 uUVEY2
veEY?2

=(-Dn+1) + (") 1+ (") 2
_ n(in+1)

2
By Theorem 4.3 we get hyper Wiener index
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WW (M (D2n)) = %{W(M(sz)) + Zev(d(wv))Q}-
1 n(n-1)

= 3n2

Theorem 4.5. Let M (Dsy,) be the mobius function graph of the dihedral group
Doy, then the Harary index of M(Day,) is

3n? —1
HMDw) =420
4

for n is an odd prime

forn=2F k>0

Proof. Take n, a prime number with n > 2. Let Q1= {e}, Q2 = {u : |u| = n}
and Q3 = {v: |v| = 2}.

The Harary index

1
H(M(D2n)) = X :
" u,veV d(uv U)
ecf)y d(@,u) ec d(e,'l)) u€eo d(U’?v) u,vEN2 d(U’?v)
ueo ’UGQ3 ’UGQg
1
+
u,vzejﬂg d(u,v)
1 1
=> 1+ 1+ > 1+ > s+ X 5
eeM eeM uEN u,vEN 2 u,vEN3 2
u€2 vEN3 vENS3
1y 1 1
=n-1)+n+nn-1)+ ("7} 5 T (%) 3
_?m2 -1
2

Similarly way we consider the case when n= 2* where k > 2. Take v,=
{w: |u| # 2} and vo= {v : |[v| = 2}. Then corresponding Harary index
H(M(Dz,)) = > d(u,v).

u, eV
1

1
Z% W) w2, dwo) iz, dluo)
veYy2

:21+21+Z%

ueY1 uU,VEYL u,VEY2

vEY?2
=n-Dn+1) + (") 1+ (" %
~n(Tn —5)
==
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5 Laplacian Spectrum of M (Dy,)

Section deals with the eigenvalues of laplacian matrix of mobius function graph

of dihedral groups. Let G be a graph with n vertices, for the vertices vy, ve, -+, v;
in G, Ly, vy, v, (G) is defined as the principal submatrix of L(G) formed by
deleting the rows and columns corresponding to the vertices vi,v2, - ,v;. In

particular if i=n , then O(Ly, 4y, v, (G),2)= 1.

Theorem 5.1. For n= 2 ¥, the laplacian eigenvalue of M(Da,) are 0, (n-1)
and 2n of multiplicity 1, n and n-1 respectively.

Proof. When n= 2*, the vertices of M(Ds,) can be partitioned as v1 = {u :
lu| # 2} = {a1,a2, -+ ,an—1}, each of degree (2n-1) and 2 ={v : |v| = 2} =

{b1,ba, -+ ,buy1}, each of degree (n-1). Then the laplacian matrix is
ai as e ape by bs P
ax 2n —1 -1 -1 -1 = T |
a9 -1 2n—1 --- -1 -1 = R |
_ Qp—1 -1 -1 e 2n—1 -1 -1 - -1
L(M(D2n)) = by ~1 -1 -+ =1 n-1 0 - 0
ba -1 -1 e -1 0 n—1 --- 0
bnt1 -1 -1 -1 0 0 ceon=1/,
Corresponding characteristic polynomial is given by
O(L(M(D2n)), z)
r—(2n-1) 1 1 1 1
1 r—2n—-1) - 1 1 1
_ 1 1 x—(2n—1) 1 1
N 1 1 1 z—(n—1) 0
1 1 1 0 0
1 1 e 1 0 o x—(n—1)
Multiplying first row by (x-1) and then applying the row operations, R; =
Ri — Ry — ... — Ry, then the above determinant will be

LM (D). x) = " =2 (L, (31 (Ds)). ).

Again multiplying the ﬁrs_t row of ©(Le(M(G)),z) by (x-2) and then applying

the row operations Ry = R — Ro — ... — Rop—1 we get
r—1)(x —2n
O(Le(M (D)), 2) = T2 61, (h1(D3). ).
z(x —2n)" !

Proceeding in this way ©(L, , 2, qn-1(M(D2y)), ) = O(Lega2,. an—1p(M(D2y)), x).

x—(n—1)
Eur. Chem. Bull. 2023, 12(Special Issue 10), 4027 - 4039 4035
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Hence we get O(L(M(Day,)),r) = x(x — 2n)" (z — (n —
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x—(n—1) 0
0 z—(n—1)

0 0
n)”

z—(n—1)

Thus M (Da,) has laplacian eigenvalues 0, (n-1) and 2n of multiplicity 1, n and

n-1 respectively.

O

Theorem 5.2. The laplacian eigenvalues of M(Day,) where p is a prime number
are 0,p ,p+1 and 2p of multiplicity 1, (p-1),(p-2) and 2 respectively.

Proof. By using Theorem 3.2, Q1= {e}, Qo ={u: |u| = p} = {a,ad?,---
and Q3 = {v : |v| = 2} = {b,ab,--- ,aP~'b}. The laplacian matrix M (Dgp) is

;P 1}

given by
e a a=' b ab a’~ b
e 2p—1 -1 -1 -1 -1 -1
-1 p+1 0 -1 -1 -1
a1 -1 0 p+1 -1 -1 -1
LM(Dp)) = ~1 —1 -1 p 0 0
ab -1 -1 -1 0 p 0
a? b\ -1 -1 -1 0 © P/ apop
Corresponding characteristic polynomial is
O(L(M(Dap)), x)
x—(2p—1) 1 1 1 1
1 x—(p+1) 1 1
B 1 0 x—(p+1) 1 1
- 1 1 1 z—p 0 0
1 1 1 0 r—Dp 0
1 1 e 1 0 0 T—0p
Multiplying first row by (x-1) and then applying the row operations, Ry =
Ry — Ry — ... — Ry, then the above determinant will be
x(x — 2p)
O(L(M(Dzp)),z) = — —O(Le(M(D2p)), 2).
x—(p+1) 0 0 1 1
0 x—(p+1) 0 1 1
- 0 0 r—(p+1) 1 1
G(LB(M(sz))VT)_ 1 1 1 T —p 0
1 1 1 0 T—0p
1 1 1 0 0

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4027 - 4039
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=|A||D - BTA™'B] ... (1)
x—(p+1) 0 0
0 z—(p+1) --- 0
Where A = . 1) ‘
’ 0 ez =D Lk
11 1
11 1
B = .
L 1 (p—1)xp
r—p 0 0
r—0p 0
and D = ]
0 0 - z-p|
Now we get |[A|= (z — (p+ 1))~V
(—p)— — L1 -1 =1
z—(p+1) z—(p+1) z—(p+1)
=) oD =D
|D—BTA7IB|= z—=(p+1) r—(p+1) z—(p+1)
) ) (z—p) (p—1)
z—(p+1) z—(p+1) z—(p+1)
oy plp—1) (r—1)
=(z —p) x_(p+1)(w )
D), o

OL(M(Dyy)). ) = (& = (p-+ 1)V =D oo

~(@ — (p+ 1))z — 1)(z - 20)(z — ).
Hence O(L(M(Dgp)), ) = x(x — 2p)%(z — (p + 1))P=2) (z — p)P~1)
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