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Abstract 

The notion of nano ideal topological space was introduced by M. Parimala [8] et al.  They studied its properties 

and characterizations. Also they introduced the concept of nano ideal generalized closed sets in nano ideal 

topological spaces and investigated some of its basic properties. The aim of this paper is to introduce and study 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal spaces and 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular spaces by using 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed sets and 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open 

sets in nano ideal topological spaces. In addition, we define quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- normal spaces and examine its 

basic properties and characterizations. 
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1. Preliminary 

Definition 1.1 [6] Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅0
(𝑋)) 

be nano topological spaces. A mapping 

𝑓: (𝑈, 𝜏𝑅(𝑋))  →  (𝑉, 𝜏𝑅0
(𝑋)) is said to be nano 

continuous if the inverse image of every nano open 

set in (𝑉, 𝜏𝑅0
(𝑋)) is nano open set in (𝑈, 𝜏𝑅(𝑋)).  

 

Definition1.2 A subset 𝐻 of a nano topological 

space (𝑈, 𝜏𝑅(𝑋)) is called 

1. nano regular-open [7] if 𝐻 =  𝑁 𝑖𝑛𝑡(𝑁𝑐𝑙(𝐻)) 

2. nano 𝝅-open [9] is the finite union of nano 

regular-open sets. 

 

Definition 1.3 [5] A nano topological space 

(𝑈 , 𝑅( 𝑋 ))  is said to be nano-normal space if 

for any pair of disjoint nano closed sets 𝐴 and 𝐵, 

there exists disjoint nano open sets 𝑀 and 𝑁 such 

that 𝐴  𝑀 and 𝐵  𝑁 .  

 

Definition 1.4 [4] A nano topological space 

(𝑈, 𝜏𝑅(𝑋)) is said to be nano-regular space, if for 

each nano closed set 𝐹 and each point 𝑥 𝐹 , there 

exists disjoint nano open sets 𝐺 and 𝐻 such that 

𝑥 𝐺 and 𝐹 𝐻 . 
 

Definition 1.5 [6] A function 𝑓: (𝑈, 𝑅(𝑋))  →
 (𝑉, 𝑅(𝑌)) is defined to be nano open (closed) 

function if every nano open (closed) set 𝐴 of 𝑈 is 

mapped to a nano open (closed) set in 𝑉. 

 

Definition 1.6 [1] A subset 𝐴 of a nano ideal 

topological space (𝑈, 𝑁, 𝐼) is said to be nano ideal 

generalized 𝒔𝒆𝒎𝒊∗-closed (briefly, 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

closed) if 𝐴 𝑛
∗ ⊆  𝑉 whenever 𝐴 ⊆ 𝑉 and 𝑉 is 

nano 𝑠𝑒𝑚𝑖∗-open. The family of all 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

closed sets of 𝑈 is denoted by  

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝐶(𝑈, 𝑁, 𝐼)(or simply 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝐶(𝑈). 

 

Theorem 1.7. [1] Every nano closed set is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed but not conversely 

 

Definition 1.8. [2] A map 𝑓 ∶ (𝑈, 𝑁, 𝐼)  →
 (𝑉, 𝑀, 𝐽) is called 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-continuous 

function, if 𝑓−1(𝐴 ) of each 𝑛-open set 𝐴 ⊆
(𝑉, 𝑀, 𝐽) is a 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open set in (𝑈, 𝑁, 𝐼). 

 

Definition 1.9. [2] Consider two nano ideal 

topological spaces (𝑈, 𝑁, 𝐼) and (𝑉, 𝑀, 𝐽)  and 

define a function 𝑓: (𝑈, 𝑁, 𝐼)  →  (𝑉, 𝑀, 𝐽). The 

function 𝑓 is defined to be a 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-irresolute 

function, if the inverse image 𝑓−1(𝐴) is a 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open set in (𝑈, 𝑁, 𝐼) for every 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open set 𝐴 in (𝑉, 𝑀, 𝐽).  

 

Definition 1.10. [3] A map 𝑓: (𝑈, 𝑁, 𝐼)  →
 (𝑉, 𝑀, 𝐽) is said to be 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-closed map if 

for every nano closed (𝑛-closed) subset 𝐺 of 

(𝑈, 𝑁, 𝐼), 𝑓(𝐺) is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed in (𝑉, 𝑀, 𝐽).  

 

2. 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-Normal Spaces  

Definition 2.1 An nano ideal space (𝑈, 𝑁, 𝐼) is said 

to be 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-normal space if for each pair of 

disjoint  nano closed sets 𝐴 and 𝐵, there exist 

disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets 𝐺 and 𝑂 in 𝑈 such 

that 𝐴 ⊂ 𝐺 and 𝐵 ⊂ 𝑂.  

 

Theorem 2.2 Every nano normal space is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space.  

 

Proof: Let (𝑈, 𝑁, 𝐼) be nano normal space and 𝐴, 𝐵 

are two disjoint pair of nano closed sets. Since 

(𝑈, 𝑁, 𝐼) is nano normal, there exists disjoint nano 

open sets 𝑀 and 𝑁 such that 𝐴 ⊂ 𝑀 and 𝐵 ⊂ 𝑁. 

Since every nano open set is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open, 𝑀 

and 𝑁 are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets. Hence (𝑈, 𝑁, 𝐼) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space.  

 

Remark 2.3 The following example shows that the 

converse of the above theorem need not be true. 

 

Example 2.4 Consider the universal set 𝑈 =
{𝑎, 𝑏, 𝑐, 𝑑}, the approximation space 𝑈/ ℛ =
{{𝑎}, {𝑐}, {𝑏, 𝑑}}, 𝑋 = {𝑎, 𝑏}  𝑈 with the ideal 𝐼 =
{𝜑, {𝑎}}. The nano topology defined by 𝑈 is 

𝜏𝑅(𝑋) =
 {𝑈, 𝜑, {𝑎}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}} and 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open 

sets are  
{{𝑎}, {𝑏}, {𝑑}, {𝑎, 𝑏}, {𝑏, 𝑑}, {𝑎, 𝑑}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑏, 𝑑}, 𝑈, 𝜑}. 

Here 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space but not nano 

normal space. 

 

Theorem 2.5 If  nano ideal topological space 𝑈 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal then for every pair of nano open 

𝑀 and 𝑁 whose union is 𝑈, there exist 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- 

closed sets 𝐴 and 𝐵 such that 𝐴  𝑀 , 𝐵  𝑁 and 

𝐴  𝐵 = 𝑈 .  

 

Proof: Let 𝑀 and 𝑁 be a pair of nano open sets in  

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space 𝑈 such that  𝑀 ∪ 𝑁 = 𝑈 . 

Then 𝑈 − 𝑀 , 𝑈 − 𝑁 are disjoint nano closed sets. 

Since 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space, there exists 

two 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets 𝑀1 and 𝑁1 such that 𝑈 −
𝑀 ⊂ 𝑀1 and 𝑈 − 𝑁 ⊂ 𝑁1. Let 𝐴 = 𝑈 − 𝑀1and 

𝐵 = 𝑈 − 𝑁1 Then 𝐴 and 𝐵 are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed 

sets such that 𝐴  𝑀 , 𝐵  𝑁 and 𝐴  𝐵 = 𝑈 

 

Theorem 2.6 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is nano 

continuous bijective, 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open function and 

𝑈 is nano normal space then 𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal.  
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Proof: Let 𝐸 and 𝐹 be disjoint nano closed set in 

𝑉. Since 𝑓 is nano continuous bijective, 𝑓−1(𝐸) 

and 𝑓−1(𝐹) are disjoint nano closed in 𝑈. Now 𝑈 

is nano normal space, there exist disjoint nano open 

sets 𝐺 and 𝐻 such that 𝑓−1(𝐸) ⊂ 𝐺  and 

  𝑓−1(𝐹) ⊂ 𝐻 . That is 𝐸 ⊂ 𝑓(𝐺 ) and 𝐹 ⊂ 𝑓(𝐻). 

Since 𝑓 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open function, 𝑓(𝐺), 𝑓 (𝐻) 

are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑉 and 𝑓 is injective, 

𝑓(𝐺) ∩ 𝑓(𝐻 ) = 𝑓 (𝐺 ∩ 𝐻) = 𝑓(∅) = ∅ . Therefore 

𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space. 

 

Remark: 2.7 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is nano 

continuous bijective, nano open function and 𝑈 is 

nano normal space then 𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal. 

 

Theorem 2.8 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-continuous, nano closed bijection and 𝑉 

is a nano normal space then 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal.  

 

Proof: Let 𝐸 and 𝐹 be disjoint nano closed set in 

𝑈. Since 𝑓 is nano closed injection, 𝑓(𝐸) and 𝑓(𝐹) 

are disjoint nano closed in 𝑉. Now 𝑉 is nano 

normal space, there exist disjoint nano open sets 𝐺 

and 𝐻 such that 𝑓(𝐸) ⊂ 𝐺 and 𝑓(𝐹) ⊂ 𝐻. That is 

𝐸 ⊂ 𝑓−1(𝐺) and 𝐹 ⊂ 𝑓−1(𝐻). Since 𝑓 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-continuous function, 𝑓−1(𝐺) and 

𝑓−1(𝐻) are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑈. Further 

𝑓−1(𝐺) ∩ 𝑓−1(𝐻) = 𝜑 Therefore 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal space.  

 

Theorem 2.9 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-irresolute, nano closed bijection and 𝑉 

is a 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal then 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal. 

 

Proof: Let 𝐸 and 𝐹 be disjoint nano closed set in 

𝑈. Since 𝑓 is nano closed injection, 𝑓(𝐸) and 𝑓(𝐹) 

are disjoint nano closed in 𝑉. Now 𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal space, there exist disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open 

sets 𝐺 and 𝐻 such that 𝑓(𝐸) ⊂ 𝐺 and 𝑓(𝐹) ⊂ 𝐻 . 

That is 𝐸 ⊂ 𝑓−1(𝐺) and 𝐹 ⊂ 𝑓−1(𝐻). Since 𝑓 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-irresolute, 𝑓−1(𝐺) and 𝑓−1(𝐻) are 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑈. Further 𝑓−1(𝐺) ∩
𝑓−1(𝐻) = 𝜑 . Therefore 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal 

space.  

 

Remark 2.10 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ irresolute, nano closed bijection and 𝑉 

is a nano-normal then 𝑈 is also 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- normal. 

 

3. Quasi 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗- Normal Spaces  

Definition 3.1 A nano ideal topological (𝑈, 𝒩, 𝐼) 

is said to be quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal if for every 

pair of disjoint nano 𝜋-closed subsets 𝐴 and 𝐵 of 

𝑈, there exist disjoint nano 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open subsets 

𝑉 and 𝑊 of 𝑈 such that 𝐴 ⊆ 𝑉 and 𝐵 ⊆ 𝑊.  

Theorem 3.2 For a nano ideal topological 

(𝑈, 𝒩, 𝐼), the following are equivalent.  

1. 𝑈 is quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- normal space.  

2. For every pair of nano 𝜋-open subsets 𝑉 and 𝑊 

of 𝑈 whose union is 𝑈, there exist nano 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed subsets 𝐺 and 𝐻 of 𝑈 such 

that 𝐺 ⊆ 𝑉 and 𝐻 ⊆ 𝑊 and 𝐺 ∪ 𝐻 = 𝑈. 

3. For any nano 𝜋-closed set 𝐴 and each nano 𝜋-

open set 𝐵 such that 𝐴 ⊆ 𝐵, there exists an 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- open set 𝑉 such that 𝐴 ⊆ 𝑉 ⊆
𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ⊆ 𝐵.  

4. For every pair of disjoint nano 𝜋-closed subsets 

𝐴 and 𝐵 of 𝑈 there exist 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- open 

subsets 𝑉 and 𝑊 of 𝑈 such that 𝐴 ⊆ 𝑉, 𝐵 ⊆ 𝑊 

and 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ∩ 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑊) = ∅.  
 

Proof: (1) (2): Let 𝑉 and 𝑊 be any nano 𝜋-open 

subsets of a quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- normal space 𝑈 such 

that 𝑉 ∪ 𝑊 = 𝑈. Then, 𝑈\𝑉 and 𝑈\𝑊 are nano 𝜋-

closed subsets of 𝑈. By quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ -normality 

of 𝑈, there exist disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open subsets 

𝑉1 and 𝑊1 of 𝑈 such that 𝑈\𝑉 ⊆ 𝑉1  and 𝑈 \𝑊 ⊆
𝑊1. Let 𝐺 = 𝑈\𝑉1 and 𝐻 = 𝑈\𝑊1. Then 𝐺 and 𝐻 

are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed subsets of 𝑈 such that 𝐺 ⊆
𝑉 and 𝐻 ⊆ 𝑊 and 𝐺 ∪ 𝐻 = 𝑈.  
 

(2)(3): Let 𝐴 be a nano 𝜋-closed set and 𝐵 be an 

nano 𝜋-open subset of 𝑈 such that 𝐴 ⊆ 𝐵. Then, 

𝑈 \𝐴 and 𝐵 are nano 𝜋-open subsets of 𝑈 and 

whose union is 𝑈. Then by (2), there exist 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed sets 𝐺 and 𝐻 of 𝑈 such that 𝐺 ⊆
𝑈\𝐴 and 𝐻 ⊆ 𝐵 and 𝐺 ∪ 𝐻 = 𝑈. Then 𝐴 ⊆ 𝑈\𝐺,
𝑈\𝐵 ⊆ 𝑈\𝐻 and (𝑈\𝐺) ∩ (𝑈\𝐻) = ∅. Let 𝑉 =
𝑈\𝐺 and 𝑊 = 𝑈\𝐻. Then 𝑉 and 𝑊 are disjoint 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets such that 𝐴 ⊆ 𝑉 and 𝑈\𝐵 ⊆
𝑊 which implies 𝑈\𝑊 ⊆ 𝐵. Since 𝑈\𝑊 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed, we have 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ⊆
𝑈\𝑊. Thus, 𝐴 ⊆ 𝑉 ⊆ 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ⊆ 𝐵.  

 

(3) (4): Let 𝐴 and 𝐵 are any two disjoint nano 𝜋-

closed sets of 𝑈. Then 𝐴 ⊆ 𝑈\𝐵 where 𝑈\𝐵 is 

nano 𝜋-open. Then, by (3), there exists a 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- open subset 𝑉 of 𝑈 such that 𝐴 ⊆ 𝑉 ⊆
𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ⊆ 𝑈\𝐵. This implies 𝐴 ⊆ 𝑉 and 

𝐵 ⊆ 𝑈\𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉). Let 𝑊 = 𝑈\
𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉). Then 𝑊 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open 

subset of 𝑈. Thus, we obtain, 𝐴 ⊆ 𝑉, 𝐵 ⊆ 𝑊 and 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑉) ∩  𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗𝑐𝑙(𝑊) = ∅ .  

(4)(1): Obvious. 

 

Proposition 3.3 Let 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) be a 

function then  

1. The image of 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open subset under nano 

open, nano continuous function is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

open.  
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2. The inverse image of 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open (resply. 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed) subset under nano open, 

nano continuous function is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open. 

3. The image of 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed subset under 

nano open and nano closed, nano continuous 

bijective function is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open. 

 

Theorem 3.4 The image of quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal space under nano open and nano 

continuous bijective function is quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

normal.  

 

Proof: Let 𝑈 be a quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal space 

and let 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) be an nano open 

and nano continuous bijective function. We need 

to show that 𝑓(𝑈) is quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal. Let 

𝐴 and 𝐵 be two disjoint nano π-closed sets in 

𝑓(𝑈). Since the inverse image of an nano π-closed 

set under nano open, nano continuous function is 

nano π-closed, we have 𝑓 −1(𝐴) and 𝑓 −1(𝐵) are 

disjoint nano 𝜋-closed subsets in 𝑈. Since 𝑈 is a 

quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-normal, there exists 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

open subsets 𝑉 and 𝑊 of 𝑈 such that 𝑓 −1(𝐴) ⊆
𝑉, 𝑓 −1(𝐵) ⊆ 𝑊 and 𝑉 ∩ 𝑊 = . Since 𝑓 is nano 

open and nano continuous bijective function, we 

have 𝐴 ⊆ 𝑓(𝑉), 𝐵 ⊆ 𝑓(𝑊) and 𝑓(𝑉) ∩ 𝑓(𝑊) =
∅. Hence 𝑓(𝑉) and 𝑓(𝑊) are disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

open sets in 𝑓(𝑈) such that 𝐴 ⊆ 𝑓(𝑉) and 𝐵 ⊆
𝑓(𝑊 ). Hence, 𝑓(𝑈) is quasi 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open 

normal space. 

 

4. 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗-Regular Spaces 

Definition 4.1. A nano ideal topological space 

(𝑈, 𝑁, 𝐼) is said to be 𝒏𝑰𝒈𝒔𝒆𝒎𝒊∗- regular space, 

if for each nano closed set 𝐹 and each point 𝑥 ∉ 𝐹 

, there exists disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- open sets 𝐺 and 𝐻 

such that 𝑥 ∈ 𝐺 and 𝐹 ⊂ 𝐻 .  

 

Theorem 4.2. Every nano regular space is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- regular space. 

 

Proof: Let 𝐹 be a nano closed set and 𝑥 ∉ 𝐹 be a 

point of a nano regular space (𝑈, 𝑁, 𝐼). Since 𝑈 is 

nano regular space there exist two disjoint nano 

open sets 𝐺 and 𝐻 such that 𝑥 ∈ 𝐺 and 𝐹 ⊂ 𝐻. 

Since every nano open set is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- open set, 

𝐺 and 𝐻 are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets such that 𝑥  𝐺 

and 𝐹 ⊂ 𝐻 . Hence (𝑈, 𝑁, 𝐼) is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular 

space.  

 

Remark 4.3. Every 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular space need 

not be nano regular as given in the following 

example.  

 

Example 4.4 Let 𝑈 =  {𝑎, 𝑏, 𝑐, 𝑑}, the 

approximation space 𝑈/ ℛ =

 {{𝑎}, {𝑏}, {𝑐, 𝑑}}, 𝑋 = {𝑏, 𝑑} ⊆ 𝑈 with the ideal 

𝐼 = {𝜑, {𝑐}}. The nano topology defined by 𝑈 is 

𝜏𝑅(𝑋) = {𝑈, 𝜑, {𝑏}, {𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}} and 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-closed sets are 
{𝑈, 𝜑, {𝑎}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}}.

Here 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular space but not nano 

regular space. 

 

Theorem 4.5. If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is nano 

continuous bijective, 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ -open function and 

𝑈 is a nano regular space then 𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- 

regular.  

 

Proof: Let 𝐹 be a nano closed set in 𝑉 and 𝑦 ∉ 𝐹. 
Let 𝑦 = 𝑓(𝑥) for some 𝑥 ∈ 𝑈. Since 𝑓 is nano 

continuous, 𝑓−1(𝐹) is nano closed in 𝑈 such that 

𝑥 ∉ 𝑓−1(𝐹). Now 𝑈 is nano regular space, there 

exist disjoint nano open sets 𝐺 and 𝐻 such that 𝑥 ∈
𝐺 and 𝑓−1(𝐹) ⊂ 𝐻 . That is 𝑦 = 𝑓(𝑥) ∈ 𝑓(𝐺 ) and 

𝐹 ⊂ 𝑓(𝐻 ) . Since 𝑓 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open function, 

𝑓(𝐺) and 𝑓(𝐻) are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑉. 

𝑓(𝐺) ∩ 𝑓(𝐻 ) = 𝑓(𝐺 ∩ 𝐻 ) = ∅ . Therefore 𝑉 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- regular space.  

 

Theorem 4.6 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- continuous, nano closed bijection and 

𝑉 is a nano regular space then 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- 

regular.  

 

Proof: Let 𝐹 be a nano closed set in 𝑈 and 𝑥 𝐹 . 

Since 𝑓 is nano closed injection, 𝑓(𝐹) is nano 

closed set in 𝑉 such that 𝑓(𝑥)  𝑓(𝐹). Now 𝑉 is 

nano regular, there exist disjoint nano open sets 

𝐺 and 𝐻 such that 𝑓(𝑥) ∈ 𝐺 and 𝑓(𝐹) ⊂ 𝐻 . Thus 

𝑥 ∈ 𝑓−1(𝐺) and 𝐹 ⊂ 𝑓−1(𝐻) . Since 𝑓 is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ continuous function, 𝑓−1(𝐺) and 

𝑓−1(𝐻) are 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑈. Also  

𝑓−1(𝐺) ∩ 𝑓−1(𝐻) = 𝜑. Hence 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- 

regular space.  

 

Remark 4.7 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is nano 

continuous, nano closed bijection and 𝑉 is a nano 

regular space then 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular.  

 

Theorem 4.8 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-irresolute, nano closed bijection and 𝑉 

is a 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular then 𝑈 is also 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-

regular.  

 

Proof: Let 𝐹 be a nano closed set in 𝑈 and 𝑥 ∉ 𝐹. 
Since 𝑓 is nano closed, 𝑓(𝐹) is nano closed set in 

𝑉. But 𝑉 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗- regular, hence there exist 

disjoint 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ -open sets 𝐺 and 𝐻 in 𝑉 such 

that 𝑓(𝑥) ∈ 𝐺 and 𝑓(𝐹) ⊂ 𝐻 . This implies 𝑥 ∈
𝑓−1(𝐺)   and 𝐹 ⊂ 𝑓−1(𝐻), where 𝑓−1(𝐺)  and 

𝑓−1(𝐻) 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-open sets in 𝑈 since 𝑓 is 
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𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗ irresolute. Also 𝑓−1(𝐺)  and 𝑓−1(𝐻) 

are disjoint sets. Hence 𝑈 is 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular 

space.  

 

Remark 4.9 If 𝑓: (𝑈, 𝑁, 𝐼) → (𝑉, 𝑀, 𝐽) is 

𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-irresolute, nano closed bijection and 𝑉 

is a nano-regular then 𝑈 is also 𝑛𝐼𝑔𝑠𝑒𝑚𝑖∗-regular. 
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