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Abstract

The notion of nano ideal topological space was introduced by M. Parimala [8] et al. They studied its properties
and characterizations. Also they introduced the concept of nano ideal generalized closed sets in nano ideal
topological spaces and investigated some of its basic properties. The aim of this paper is to introduce and study
nlgsemi*-normal spaces and nlgsemi*-regular spaces by using nlgsemi*-closed sets and nlgsemi*-open
sets in nano ideal topological spaces. In addition, we define quasi n/gsemi*- normal spaces and examine its
basic properties and characterizations.
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1. Preliminary

Definition 1.1 [6] Let (U, 7z(X)) and (V, 7g, (X))
be nano topological spaces. A mapping
f:(U, (X)) = (V,7g,(X)) is said to be nano
continuous if the inverse image of every nano open
setin (V, g, (X)) is nano open set in (U, 7z (X)).

Definition1.2 A subset H of a nano topological

space (U, Tz (X)) is called

1. nano regular-open [7]if H = N int(Ncl(H))

2. nano m-open [9] is the finite union of nano
regular-open sets.

Definition 1.3 [5] A nano topological space
(U, r(X)) is said to be nano-normal space if
for any pair of disjoint nano closed sets A and B,
there exists disjoint nano open sets M and N such
that AcMand B cN .

Definition 1.4 [4] A nano topological space
(U, tr (X)) is said to be nano-regular space, if for
each nano closed set F and each point x  F , there
exists disjoint nano open sets G and H such that
xeGand FcH.

Definition 1.5 [6] A function f: (U, (X)) —
(V, 7r(Y)) is defined to be nano open (closed)
function if every nano open (closed) set A of U is
mapped to a nano open (closed) set in V.

Definition 1.6 [1] A subset A of a nano ideal
topological space (U, N, I) is said to be nano ideal
generalized semi*-closed (briefly, nigsemi*-
closed) if Ay, & V whenever ACV and V is
nano semi*-open. The family of all nigsemi*-
closed sets of U is denoted by

nlgsemi*C(U, N, I)(or simply nlgsemi*C (U).

Theorem 1.7. [1] Every nano closed set is
nlgsemi*-closed but not conversely

Definition 18. [2] A map f:(U,N,I) -
(V,M,]) is called mnlgsemi*-continuous
function, if f~1(4) of each n-open set A C
(V,M,]) isanlgsemi*-open setin (U,N,I).

Definition 1.9. [2] Consider two nano ideal
topological spaces (U,N,I) and (V,M,]) and
define a function f: (U,N,I) - (V,M,]). The
function £ is defined to be a nIgsemi*-irresolute
function, if the inverse image f~1(A4) is a
nlgsemi*-open set in (U,N,I) for every
nlgsemi*-openset A in (V,M,]).

Definition 1.10. [3] A map f:(U,N,I) —
(V,M,]) is said to be nIgsemi*-closed map if
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for every nano closed (n-closed) subset G of
(U,N, ), f(G) isnlgsemi*-closed in (V, M,]).

2. nlgsemi*-Normal Spaces

Definition 2.1 An nano ideal space (U, N, I) is said
to be nIgsemi*-normal space if for each pair of
disjoint nano closed sets A and B, there exist
disjoint nlgsemi*-open sets G and O in U such
that A c G and B c 0.

Theorem 2.2 Every nano normal space is
nlgsemi*-normal space.

Proof: Let (U, N, I) be nano normal space and 4, B
are two disjoint pair of nano closed sets. Since
(U, N, I) is nano normal, there exists disjoint nano
open sets M and N such that Ac M and B c N.
Since every nano open set is nlgsemi*-open, M
and N are nlgsemi*-open sets. Hence (U, N, 1) is
nlgsemi*-normal space.

Remark 2.3 The following example shows that the
converse of the above theorem need not be true.

Example 2.4 Consider the universal set U =
{a,b,c,d}, the approximation space U/ R =
{{a},{c},{b,d}}, X = {a, b} cU withthe ideal I =
{p,{a}}. The nano topology defined by U is
TR(X) =

{U,p,{a},{b,d},{a,b,d}} and nlgsemi*-open
sets are

{{a}, (b}, {d},{a, b}, {b, d},{a,d}, {b,c,d}, {a b,d}, U, p}.
Here U is nigsemi*-normal space but not nano
normal space.

Theorem 2.5 If nano ideal topological space U is
nlgsemi*-normal then for every pair of nano open
M and N whose union is U, there exist nlgsemi*-
closed sets A and B such that AcM ,B <N and
AUB=U.

Proof: Let M and N be a pair of nano open sets in
nlgsemi*-normal space U suchthat M UN =U .
Then U —M ,U —N are disjoint nano closed sets.
Since U is nlgsemi*-normal space, there exists
two nlgsemi*-open sets M; and N; such that U —
McM, and U—-N c N;. Let A=U — M;and
B =U—N; Then A and B are nlgsemi*-closed
setssuchthat A cM ,BcNand A UB =U

Theorem 2.6 If f:(U,N,I) = (V,M,]) is nano
continuous bijective, nlgsemi*-open function and
U is nano normal space then V is nigsemi*-
normal.
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Proof: Let E and F be disjoint nano closed set in
V. Since f is nano continuous bijective, f~1(E)
and f~1(F) are disjoint nano closed in U. Now U
is nano normal space, there exist disjoint nano open
sets G and Hsuch thatf~Y(E)c G and
fTY(F)c H .Thatis E c f(G)and F c f(H).
Since f is nlgsemi*-open function, f(G), f (H)
are nlgsemi*-open sets in V and f is injective,
fG)NfH)=f(GNH)=f(@)=0 . Therefore
V is nlgsemi*-normal space.

Remark: 2.7 If f:(U,N,I) = (V,M,]) is nano
continuous bijective, nano open function and U is
nano normal space then V is nlgsemi*-normal.

Theorem 28 If f:(UN, )= (V,M,]) is
nlgsemi*-continuous, nano closed bijection and V
is a nano normal space then U is nIgsemi*-
normal.

Proof: Let E and F be disjoint nano closed set in
U. Since f is nano closed injection, f(E) and f(F)
are disjoint nano closed in V. Now V is nano
normal space, there exist disjoint nano open sets G
and H such that f(E) € G and f(F) < H. That is
EcfX(6¢) andF c f~Y(H). Since f s
nlgsemi*-continuous function, f~1(G) and
f~Y(H) are nlgsemi*-open sets in U. Further
F~Y6G) n f~1(H) = ¢ Therefore U is nlgsemi*-
normal space.

Theorem 29 If f:(U,N,I)—> (V,M,]) is
nlgsemi*-irresolute, nano closed bijection and V
isanlgsemi*-normal then U is nlgsemi*-normal.

Proof: Let E and F be disjoint nano closed set in
U. Since f is nano closed injection, f(E) and f(F)
are disjoint nano closed in V. Now V is nlgsemi*-
normal space, there exist disjoint nlgsemi*-open
sets G and H such that f(E) c G and f(F) Cc H .
That is E ¢ f~1(G) and F < f~1(H). Since f is
nlgsemi*-irresolute, f~1(G) and f~1(H) are
nlgsemi*-open sets in U. Further f~1(G)nNn
f~Y(H) = ¢ . Therefore U is nlgsemi*-normal
space.

Remark 210 If f:(U/N,) - (V,M,]) is
nlgsemi™ irresolute, nano closed bijection and V
is a nano-normal then U is also nl gsemi*- normal.

3. Quasi nIgsemi*- Normal Spaces

Definition 3.1 A nano ideal topological (U, V', 1)
is said to be quasi nigsemi*-normal if for every
pair of disjoint nano m-closed subsets A and B of
U, there exist disjoint nano nl gsemi*-open subsets
Vand W of U suchthat A< Vand B S W.
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Theorem 3.2 For a nano ideal topological

(U, IV, 1), the following are equivalent.

1. U is quasi nlgsemi*- normal space.

2. For every pair of nano m-open subsets ¥V and W
of U whose union is U, there exist nano
nlgsemi*-closed subsets G and H of U such
thatGcVandH<ESWandGUH =U.

3. For any nano m-closed set A and each nano 7-
open set B such that A € B, there exists an
nlgsemi*- open set V such that ACV <
nlgsemi*cl(V) € B.

4. For every pair of disjoint nano m-closed subsets
A and B of U there exist nlgsemi*- open
subsets V.and W of U suchthat ACV,BC W
and nlgsemi*cl(V) nnlgsemi*cl(W) = Q.

Proof: (1)= (2): Let V and W be any nano -open
subsets of a quasi nlgsemi*- normal space U such
that V U W = U. Then, U\V and U\W are nano -
closed subsets of U. By quasi nl gsemi* -normality
of U, there exist disjoint nlgsemi*-open subsets
Vi and W, of U suchthat U\V € V; andU \W <
W;.LetG = U\V; and H = U\W;. Then G and H
are nlgsemi*-closed subsets of U such that G ©
VandH<S WandGUH =U.

(2)=(3): Let A be a nano m-closed set and B be an
nano m-open subset of U such that A € B. Then,
U\Aand B are nano m-open subsets of U and
whose union is U. Then by (2), there exist
nlgsemi*-closed sets G and H of U such that G <
U\Aand HS Band GUH = U. Then A € U\G,
U\B € U\H and (U\G) N (U\H) = @. Let V =
U\G and W = U\H. Then V and W are disjoint
nlgsemi*-open sets such that A € V and U\B <
W which implies U\W < B. Since U\W is
nlgsemi*-closed, we have nilgsemi*cl(V) <
U\W.Thus, A €V € nigsemi*cl(V) S B.

(3)= (4): Let A and B are any two disjoint nano -
closed sets of U. Then A € U\B where U\B is
nano m-open. Then, by (3), there exists a
nlgsemi*- open subset V of U suchthat A€V <
nlgsemi*cl(V) € U\B. This implies A € V and
B € U\nlgsemi*cl(V). Let W =U\
nlgsemi*cl(V). Then W is nlgsemi*-open
subset of U. Thus, we obtain, A€V, B € W and
nlgsemi*cl(V) N nigsemi*cl(W) = 0.
(4)=(1): Obvious.

Proposition 3.3 Let f: (U,N,I) = (V,M,]) be a

function then

1. The image of nl gsemi*-open subset under nano
open, nano continuous function is nlgsemi*-
open.
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2. The inverse image of nlgsemi*-open (resply.
nlgsemi*-closed) subset under nano open,
nano continuous function is n/gsemi*-open.

3. The image of nigsemi*-closed subset under
nano open and nano closed, nano continuous
bijective function is nlgsemi*-open.

Theorem 3.4 The image of quasi nigsemi*-
normal space under nano open and nano
continuous bijective function is quasi nlgsemi*-
normal.

Proof: Let U be a quasi nlgsemi*-normal space
and let f: (U,N,I) » (V,M,]) be an nano open
and nano continuous bijective function. We need
to show that f(U) is quasi nlgsemi*-normal. Let
Aand B be two disjoint nano n-closed sets in
f(U). Since the inverse image of an nano n-closed
set under nano open, nano continuous function is
nano n-closed, we have f ~1(4) and f ~1(B) are
disjoint nano r-closed subsets in U. Since U is a
quasi nlgsemi*-normal, there exists nigsemi*-
open subsets V and W of U such that f ~1(4) ¢
V,f "Y(B)S W and V n W = ¢. Since f is nano
open and nano continuous bijective function, we
have Ac f(V),B<S f(W)and f(V)nf(W) =
@. Hence f(V) and f(W) are disjoint nlgsemi*-
open sets in f(U) such that A € f(V) and B <
f(W). Hence, f(U) is quasi nlgsemi*-open
normal space.

4. nlgsemi*-Regular Spaces

Definition 4.1. A nano ideal topological space
(U,N, 1) is said to be nIgsemi*- regular space,
if for each nano closed set F and each point x & F
, there exists disjoint nlgsemi*- open sets G and H
suchthatx e Gand F c H .

Theorem 4.2. Every nano regular space is
nlgsemi”- regular space.

Proof: Let F be a nano closed set and x ¢ F be a
point of a nano regular space (U, N, I). Since U is
nano regular space there exist two disjoint nano
open sets G and H such that x € G and F c H.
Since every nano open set is nlgsemi*- open Set,
G and H are nlgsemi*-open sets such that x € G
and F c H . Hence (U, N, 1) is nlgsemi*-regular
space.

Remark 4.3. Every nlgsemi*-regular space need
not be nano regular as given in the following
example.

Example 4.4 LetU = {a,b,c,d}, the
approximation space U/R =
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{{a},{b},{c,d}}, X = {b,d} € Uwith the ideal
I = {p,{c}}. The nano topology defined by U is
R(X) = {U, @, {b},{c,d},{b,c, d}} and
nlgsemi*-closed sets are
{U,¢,{a}, {c},{a, b}, {a, c},{a,d},{a, b, c},{a,b,d},{a,c,d}}.
Here U is nigsemi*-regular space but not nano
regular space.

Theorem 4.5. If f:(U,N,I) - (V,M,]) is nano
continuous bijective, nlgsemi* -open function and
U is a nano regular space then V is nigsemi*-
regular.

Proof: Let F be anano closed setinVand y & F.
Let y =f(x) for some x € U. Since f is nano
continuous, f~1(F) is nano closed in U such that
x & f~1(F). Now U is nano regular space, there
exist disjoint nano open sets G and H such that x €
Gand f~Y(F) c H.Thatisy = f(x) € f(G) and
F c f(H) . Since fis nlgsemi*-open function,
f(G) and f(H) are nlgsemi*-open sets in V.
fGOONfH)=f(GNH)=0 . Therefore V is
nlgsemi™- regular space.

Theorem 46 If f:(UN,I)-> (V,M,]) is
nlgsemi*- continuous, nano closed bijection and
V is a nano regular space then U is nigsemi*-
regular.

Proof: Let F be a nano closed setin U and xz F .
Since f is nano closed injection, f(F) is nano
closed set in V such that f(x) & f(F). NowV is
nano regular, there exist disjoint nano open sets
G and H such that f(x) € G and f(F) € H . Thus
x € f7YG) and Fc f~Y(H) . Since f is
nlgsemi* continuous function, f~1(G) and
f~Y(H) are nlgsemi*-open sets in U. Also
Y nf1(H) = ¢. Hence U is nlgsemi*-
regular space.

Remark 4.7 If f:(U,N,I) = (V,M,]) is nano
continuous, nano closed bijection and V is a nano
regular space then U is nlgsemi*-regular.

Theorem 48 If f:(UN,)—- (V,M,]) is
nlgsemi*-irresolute, nano closed bijection and V
is a nlgsemi*-regular then U is also nlgsemi*-
regular.

Proof: Let F be a nano closed setin U and x & F.
Since f is nano closed, f(F) is nano closed set in
V. But V is nlgsemi*- regular, hence there exist
disjoint nIgsemi* -open sets G and H in V such
that f(x) € G and f(F) c H. This implies x €
f~Y(6) and F c f~1(H), where f~1(G) and
fY(H) nlgsemi*-open sets in U since f is
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nlgsemi* irresolute. Also f~1(G) and f~1(H)
are disjoint sets. Hence U is nlgsemi*-regular
space.

Remark 4.9 |If f:(UN,I)—- (V,M,]) is
nlgsemi*-irresolute, nano closed bijection and V
is a nano-regular then U is also nlgsemi*-regular.
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