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1. Introduction

It was M. Matsumoto who introduced the concept of (a, f)- metrics in 1972. Further study was done by M. Hashiguchi, Y.
Ichijyo, S. Kikuchi, C. Shibata and others ([2]-[5] and [7,8]).

Using Finsler metrics, we study locally dual flatness in information geometry. S.I. Amari and H. Nagaoka [1]
describe an approach to locally dually flat metrics. Later, when studying information geometry on Riemannian spaces, Z. Shen
[6] developed an idea of Idf to Finsler metrics. A study of Idf metrics and Idf metrics with curvature properties was conducted
by X Cheng, Z Shen, Y Zhou and Y Tian [9, 10, 11].

2. Preliminaries
2.1. Definition

We say a Finsler metric F as Idf if there exists a system of coordinates (x*) at every point, where the spray coefficients
look like

G'=—-gUH, 2.1)
In an adapted coordinate system, H = H(X, y) is a local scalar function on M's tangent bundle TM.

2.2. Definition
A Finsler metric on a manifold M is a smooth function L: TM\{0} — [0,00) with the subsequent conditions:

(@) L is smooth on TM\{0} (Regularity
(b) For A > 0, L(x, Ay) = AL(x, y) (Positive homogeneity)
(c) For all (x, y) € TM\{0}, fundamental tensor g'/ (x, y) is positive definite, where g/ = i[Lz]yiyJ(l’,}').

(Strong convexity)
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2.3. Definition

An (a, B)-metric L of a Finsler space F*= (M, D, L) is a positively homogeneous function of degree one in two

arguments @ = fai- s(0)ytyland = b;(x) y', where o is a Riemannian metric and p is a differential one form.

2.4. Lemma ([6])

The Finsler metric L = L(x, y) on an open subset O < R" is Idf if and only if it meets the following conditions:
[L2] 5,1 ¥" = 2[L2],my™ = 0 2.2)

In (2.1), H=H(x,y) isgiven by H = é [L2],my™.

3. Locally dually flatness of special (a, p)-metric

This section examines the dual flatness of the given special (a, f)-metric locally and proves the following
theorem.

3.1. Theorem
The special (a, B)-metric F on a manifold M satisfying F(a, ) = ca® + B + ¢B?, where ¢ € (0,1) ,
a= ’ai-j (x)y'yJis a Riemannian metric and g = b;(x)y" is a differential one form is locally dually flat if and

only if the following conditions are satisfied by o and B in an adapted coordinate system.

Gt =2p6™ —szmr—bm?bo+i(35}’f —8™m —1r") (3.1)

Too = BT —b76™ (28 + ) + - (357" — 13" (3.2)

where the scalar function is T=1 (x) and the one form on M 8™ = a™ g, is 6 = 6, y*.

Proof: Let the special (o, p)-metric F satisfy F(a, f) = ca® + B + ¢f8% where ¢ € (0,1), is locally dually flat on an

open subset U c R". We have the identities:

Vo, OGI
A = = —
a dy

G
and By = bmy Yo + by o (3.3)

where y" = jkyf. By direct computation, we obtain

[Flye = 525 (2 + by +26Bbn) + by, Y (1 + 2¢B) (34)
[F] ' = G (20 + 26y by )42 (2, + by + 26Bby) +

ayk

bk (14 2¢B) + 2chy1,, (3.5)
Substituting (3.4) and (3.5) into (2.2), we obtain
aGm
ayk

A1Gl = By 5% + Cy1p + Dy (bi) - Zb%) —0 36)
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where,
A, = (2ca,,;, + 2cb,b,,)
B, = (2cy,, + b,, + 2cfb,,)
C, = 2chy
D, =(1+ 2cB)
Multiplying (3.6) by o and rewriting as a polynomial in a, we have
o4, =0 (3.7)

where,

m

aG
A, = G (2ca,,y, + 2¢cb,b,,) — a—i(ZCym + b, + 2cBb,,) + 2cb,1,, +
y

(1+ 2¢B)(3Sko — Tio)
From (3.7), we have the coefficients of a zero. This results in obtaining the coefficients of o® as zero too. That is

aGcr
A, = G (2ca,y, + 2¢byb,,) — ﬁ(z;:ym + b,, + 2¢Bb,,) + 2ch,1,, +
(1+ 2¢B) (353 — Tio) = 0 (i.8, 4, =0) (3.8)
Note that

9Gg" _ 3(ymGa)

ym ay}( = ayk amkG:? (39)
9Gg" _ 9(byGy')

Contracting (3.8) bk with and by using (3.9) and (3.10), we get
m
6ch, G + 2cr,, + (1 + 2¢B)(3s, —1,) = 2c ¥, E;GT‘:, b, +

aGlt

m g yk

(1+ 2c8) b b, (3.11)

Multiplying (3.11) by 87 and reducing it into,

(0a®—2cB?)A; =(0a* — B?)B; (3.12)
where,

acMm acMm
A = ~(Vm 5o by + By~ 5 by = 3bpGl —Top — (35, —1,))

aglt
B; = _[: bm 8__71)& + (330 - To))

We know that (@ — 2¢8?) and (a® — B2) are irreducible polynomial of (¥*) and there is a function t = 1 (x) on M such

that

t(2¢f?) = b, ?a%’b’f +(3s,—1,) (3.13)
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2 3{?5” 8{?5" m - -
f(ﬁ ) = Vm gbk + Bbm gbk - Bmea — Yoo — 18(35‘0 - ?o) (3-14)
Then equation (3.14) can be written as

1 aG acm
men;n = E(Vm 3_1,:"bk + Bbm ﬁbk _1821—_ Too _ﬁ(?’so - To)) (3.15)
b,GI' =8 (3.16)
where 8 = ﬁk}'k is a 1-form on M. Then
ach
m o = Ok (3.17)

a6g" 2 i .

Ym Sk = 29;“84‘}9 bkf+bk?oo+ﬁ(3so _?O)bk (318)

By using (3.16), (3.17) and (3.18), the equations (3.8) become

2ca,,; G™ — 4c6, B — 2cB%b,T— 2ch,1,, — 6. + (35, —1,) =0 (3.19)
Contracting (3.19) with a'* yields

2cGL — 4cpol — 2cB?blt — 2¢cb'r,, + 35 — ™" — 1" (3.20)
Then, from (3.20), we obtain the necessary condition (3.1) of the theorem.

Substituting (3.1) into (3.16), we obtain final required condition (3.2) of the theorem.

By assuming that the three conditions (3.1) and (3.2) hold true, we can prove the sufficient condition by direct computation.

This completes the proof of the Theorem 3.1.

4. Conclusion

There is an important role for locally dually flat Finsler metrics in studying a flat Finsler information structure, for they

have a special geometric approach. The purpose of the paper is to identify the necessary and sufficient
conditions that allow a special metric to be locally dual.
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