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Abstract

The paper studies the steady state behavior of a batch arrival single service channel queue in
which the first service with general service time is essential and the second service with
general service time is optional. We term such a two-phase service as generalized Coxian-2
service. It is further assumed that the service channel is subject to random failures occurring
only while the server is proving service. As soon as there is a breakdown, the service of a
customer is suspended and unlike most of other papers which assume that the server
immediately undergoes a repair process we assume that the repair process does not start
immediately after a breakdown occurs but there is a delay in starting the repairs. This delay
time follows an exponential distribution with mean delay time 1/y, y > 0. As soon as the
repair process of the service channel is complete, the server takes up the customer at the head
of the queue and resumes providing the first essential service to the customer at the head of
the queue. We obtain steady state probability generating functions for the queue size at a
random epoch of time. Some particular cases of interest have been discussed.

Index Terms— Generalized Coxian-2 service, random failures, delay time, steady state,
queue size.

1. Introduction
Service interruptions in queueing systems are a common phenomenon. These service
interruptions may be caused by random failures, stoppages for overhauling systems or
vacations taken by servers from time to time. Takine and Sengupta [12] and Nunez-Queija.
[11], Vinck and Bruneel [13] studied queues with service interruptions. Fadhil, R et al [1],
Hur and Ahn [3], Ke [5] and Madan and Abu Al-Rub [8] have studied queueing systems with
various types of vacations. Madan [7] and Madan et al [9] studied a single server as well a
two-server queues in which a service channel may fail any time, not only while it is working
but it may even fail also when it is idle. However, in the present paper we assume that the
server may undergo a random breakdown only when it is providing service. Federgruen and
So [2], Lofti et al [6], Madan et al [8], studied different queueing systems subject to
breakdowns. Jayewardene and Kella [4] studied M/G/co queues with altering renewal
breakdowns. In this paper, we study a queueing system in which a single server provides
generalized Coxian-2 service which involves first essential phase of service followed by the
second optional phase of service. As a result of a random failure, there is a delay in starting
the repairs. We assume that the delay time follows an exponential distribution with mean
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delay time 1/y, y > 0. For papers on queuing systems with breakdown and delay in starting
repairs, we refer the reader to Fadhil et al [1] and Madan [10]. The repair process follows a
general repair time distribution and the customer whose service is interrupted instantly goes
back to the head of the queue. As soon the repairs of the service channel are complete, the
server starts providing the first essential phase to customer at the head of the queue. In case,
on completion of repairs the server finds the queue empty, then it waits in the system for a
new batch of customers to arrive. all over again.

The Mathematical Model
The mathematical model of our study is briefly described by the following underlying
assumptions:

e Customers arrive at the system in batches of variable size in accordance with a

compound Poisson process. Let ﬂcidt(i =123, "**) be the first order probability

that a batch of | customers arrives at the system during a short interval of time

c =1
(tt+ dt], 0<¢ Sl, 2 | and 4> Ois the mean arrival rate of batches. The
arriving batches wait in the queue in the order of their arrival. It is further assumed that
customers with each batch are pre-ordered for the purpose of service.
e There is a single server who provides generalized Coxian-2 service which means
essential first phase of service followed by optional second phase of service. The first

phase of service is provided to all customers one by one on a first-come, first-served
basis. LetAl(X) and 2,(X) respectively be the distribution function and the density

function of the first phase service time and let #a (X)aX be the conditional probability
of completion of first phase service, given that the elapsed time is x , so that

a,(x)
1-A(x) (2.1)

and, therefore,

v

—I w4 (x)dx
a,(v) = (v)e ° . (2.2)
e After completion of the first phase of service, the server provides second phase of
service which is optional. A customer may take second phase of service with

(X)) =

probability @ or may leave the system with probability 1—a Let?2(V) ang@ (V)
respectively be the distribution function and the density function of the second phase

service time and let #2 (x)dx be the conditional probability of completion of second
phase service, given that the elapsed time is x , so that

a, (x
() =20
and, therefore,
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v

—.[ulz(xmx
a, (V) = u,(v)e ° _ (2.4)
e During the period when the server is providing the first or the second phase of service,
the server is subject to random breakdowns. We assume that a breakdown occurs only

while providing a service. Let Bt pe the probability that there will be breakdown
during the interval of time (t, dt]. As soon a breakdown occurs, the customer whose
service is interrupted goes back to the head of the queue and waits for the server to
return.

e On the occurrence of a breakdown, the repairs process does not start immediately.
There is delay in starting the repairs. We assume that the delay time D follows an
exponential distribution with mean delay time 1/y, y > 0 and therefore y dt is the
probability that the delay period is over during the period of time (t, dt]

o LetBM)angh(V) respectively be the distribution function and the density function of

the repair time and let S(X)UX pe the conditional probability of completion of the
repair process, given that the elapsed time is x , so that

5(x) = b(x)
and, therefore,
—V 5(x) dxx
b(v) =d(v)e ° _ (2.6)

e As soon as the repair process is complete, the server instantly takes up the customer, if
any, at the head of the queue and resumes providing service. If there is no customer
waiting for service, the server joins the queue and remains idle till a new batch of
customers arrives.

e Various stochastic processes involved in the system are independent of each other.

Definitions and Notations

W (x,t) j=1 2

We assume that is the probability that at time t, there are N = Ocustomers

in the queue excluding one customer in I th phase service with elapsed service time Xx.
WD (1) = jwn“’(x,t) dx

Accordingly, x=0 denotes the probability that at time t, there are N=0

customers in the queue excluding one customer in the I th phase service irrespective of the

value of x. Further, we define D,,(t) to be the probability that there are N = O customers in the

queue and the server is in the failed state, waiting for repairs to start. Next, we define

F(x1) to be the probability that at time t, the server is under repairs since the elapsed time x
F ()= j F.(X,t) dx
and there are " =0 customers in the queue. Accordingly, x=0 denotes the
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probability that at time t, there are " =0 customers in the queue and the service channel is
under repairs irrespective of the value of x. Further, let B,(t) = Z§=1 Wn(j)(t) + E,(t) +
D, (t) denote the probability that at time t there are n (=0) customers in the queue
irrespective of whether the server is providing service or waiting for repairs to start or is
under repairs. Finally, let Q(t) be the probability that at time t, there is no customer in the
system and the server is idle.

Steady State Equations Governing the System

Let
Lim W, (x,8) =W, (0 Limw, 9 (t) =w,

t—o0 , t—o0

Lim F, (x,t) =F, (X) tLim F.(t) =F,

t—ow
Lim D(t) = D,

LimP, (0) = Y2, LimW®(¢) + LimF, (0) + LimD(t) = B,, } =1 2
t—- oo n - ]=1 t—- oo n t—oo0 n t—- oo o

Lim Q(t) =Q
denote the corresponding steady state probabilities.
Then following usual probability reasoning based on the underlying assumptions of the
model, the system has the following set of integra differential-difference forward equations:

Steady State Queue Size at a Random Epoch
We define the following probability generating functions (PGFs):

WD(x,2) = T 2" Wy (%),
WO (z) = B0 2" W, (x), j=1,2
F(x,z)= iz”Fn(x)
F(z) = Xn=02"Fy n=0 :
D(z) = Xy=02" Dy
P(z) =37, WD (2) + F(2) + D(2)
C(@)=XZ7'c l2|<1. (5.1)
Multiplying equation (4.1) by 2", summing over n and adding the result to (4.2) and using
(5.1) we get

(4.1)

d

WD) + A+ + ()

—AC(2)WM(x,2) =0 (5.2)
Similar operation on equations (4.3) and (4.4), (4.5) and (4.6), and (4.7) and (4.8) yield

WD (x,2) + (A + f + 1 (x)

—AC(2)IWP(x,2) =0 (5.3
(A+y—2C(2))D(2) = Bz(WD (2) + WR(2)) (5.4)
:—xF(x, 2)+ (A +68(x)—AC(2))F(x,2) =0 (5.5)
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Next, we perform the similar operations on the boundary conditions (4.9), (4.10) and (4.11)
make use of equation (4.8). Thus, we get

zZWD(0,2) = (1 —a) fooW(l)(x, Z)uy (x)dx
0

+ fOOW(Z) (), (x)dx +
0

J, F(x,2)8(x)dx — (A — AC(2))Q (5.6)
W®0,2) =af WO Dy (x)dx  (5.7)

F(0,2) = yD(2) (5.8)
Now we integrate equations (5.2), (5.3) and (5.5) between the limits 0 and x and obtain
WD (x,z) = WD(0,2) exp|—kx — [, (D)dt] (5.9)
W®(x,z) = W(0,2) exp[—kx — [, u,(t)dt] (5.10)
F(x,z) = F(0,2) exp[—Ix — [ §(t)dt] (5.11)

Where K=(A+8-1C(0)) 1=(2-1C(2)) ,pg W@ (0,2) W#(0,2) 4 g F(0,2) gre given
above in equations (5.6) and (5.7) respectively.
Next, we again integrate equations (5.9) to (5.11) with respect to x by parts and obtain

A
Wwn(z) = wh(0,2) (=21 (5.12)
—A®
W®(2) = w®(0,z) (~2-1H) (5.13)
1-B[l
F(z) = F(0,2) (1) (5.14)
ADVIK] = [edAD(x)
Where 0 , 1=12 js the Laplace-Steiltjes transform of the jth phase
B[l]= j e dB(X)
service time and 0 is the Laplace-Steiltjes transform of the repair time.
[WOx2) i ()dx  [W (x,2) g, (x)lx
Now we shall determine the integrals °© , 0 and

j F (X, 2) 5(X)dx
0 appearing in the right sides of equations (5.6) and (5.7). For this purpose, we
multiply equations (5.9), (5.10) and (5.11) by /"1()(), Hz (X) and S(x) respectively and
integrate each with respect to x. Thus, we obtain

S, WO, 2)py () dx = WD (0, 2)AD k] (5.15)
J," W® (2, D)z (x)dx = WP (0,2)AP[k] (5.16)
J," F(x,2)8(x)dx = F(0,2)B[l] (5.17)

Utilizing equations (5.15) to (5.17) into equations (5.6) and (5.7), we get on simplifying
|z— (1 = AD[K]| W®(0,2)
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=W®(0,2)AP[k] +F(0,2z)B[l] — IQ
W®(0,2z) = aW®(0,2)AMD[k],
Further, using (5.4). equation (5.8) gives

F(0,7) = L] [Wa(2) + wP(2)],

Now, we use (5.19) into (5.18) and simplify. Thus, we obtain
[z— (1 — )AW[k] — aAD[k]AP [k

(A+y-1c(2))

Which gives

® =
W (0, z) oo
Next, utilizing (4.12) and (4.20) into (4.22), we obtain

F(0,2)B[l]-1Q
—) AW [Kk]-adW[k]A@)[K]]

12w+ w® ()] Bli-1o

w(z) _[a+y-1c@)

(1—A(1)[k]>_ [z—(1-a) AW [k]-a AV [K]AD [k]]
k

Which gives

W(l)(z)—

(A+y—-2C(2))

(1 Am[’”) Bz __I1y (24w @ ()] Bl1]-1

[z-(1- ) AD [K]-a AW [K]A@)[K]]

Now, from (5.19), using (5.12) and (5.13), we get

w®(z)

m = [k] [m‘ (525)

k

w®(z)

Which gives

W(Z)(Z): O(A(l) [k] [ W(l)(z))] (1—A(2)[k])

(1—A(1) (k]
k

k

Next, using (5.26) into (5.24), we obtain

1—

A(l) Bz
(1 )[(Myy /’lC(z))] u

<1 —aW[k

aA(l)[k](l AE{Z)[ ]ﬂ

‘)

[z—(1—a)A(1)[k]—aA(1) [k]A(Z)[k]]

—1Q

ww iz)

[z = (1 - )AW[k] — e A [K]AD[k]]
Which gives
WO (z) = 2

k]| w®(0,2) = F(0,2)B[l] -

aAM[K]

[2-(1-0)AD (K]~ ad D [K]AD)[K]]

1A()

(= el

(
|
g

( _A(l)[k]>
k

Now, we use (5.27) into (5.26), simplify and get
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(5.18)
(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.26)

(5.27)
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aaWik] ] i)
-1Q|"= (1-A@[k])
@ () — 1-AWk]
W@ [Z—(l—a)A(l)[k]_a/i(l)[k]/i(z)[k]] (5.28)
. 1-A@)[k]
_(1—A(1)[k])[ vBz ]B[l] ) aA(l)[k](#
k (A+y-2C(2)) (1_;15(1)[,(])
Then using (5.14), (5.26) and (4.27) into (5.20) we obtain
aa@® _ _B
F B [ VB2 —lQ{1+ 1_/;(1)[%] (1—A(2)[k])} (1 Ili[l]) 2
@)= (AH+y-21c(2)) [z_(l_a)g(l)[k]_ag(1)[k]g(z)[k]] (5.29)
5 1-A)[x]
_(1—A(1)[k])[ vBz ]E[l] . aA(D[k](ﬁ)
k (A+y-2C(2)) (1_;1(1)[,(])
=) 1

Finally, all the generating functions found in (5.27), (5.28) and (5.29) are completely
determined and the only unknown Q appearing in the numerators can be determined by the
normalizing condition

P() =Y, WD)+ FAO+D()+Q =1. (5.30)
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