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Abstract: The disease COVID-19 is caused by the acute severe respiratory syndrome coronavirus 2 (SARS-
CoV-2) and first diagnosed in Wuhan China, has whipped the entire world in its grip and threatened the
mankind to the biggest ever extent. A within-host reaction-diffusion mathematical model describing the
dynamics of SARS-CoV-2 in cancer patients has been considered in this research paper. Numerical simulation
techniques based on the cubic B-splines collocation are proposed to the approximate the solutions of reaction-
diffusion model taken into the consideration. The reduced collocation forms of the partial differential equations
in the model are first being solved by the method of lines by reducing to the systems of first order ordinary
differential equations which in turn are solved by the two methods viz. first by the well-known Runge-Kutta
method of order 4 and secondly by the hybrid block method. The simulated results obtained by the two
techniques are being analyzed and compared. It is found that Runge-Kutta method exhibits stability problem.
However, hybrid block method produces good results but takes more computation time. The computed results
are depicted for four different cases.
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1. Introduction

SARS-CoV-2 also known as severe acute respiratory syndrome is a member of a big family of viruses that cause
a respiratory disease called coronavirus (COVID-19). SARS-Cov-2 is highly contagious and transmit rapidly [1]
in humans and some animals. COVID-19 has been declared as global health emergency pandemic [2] by World
Health Organization (WHO). The outbreak [3-5] of novel coronavirus (2019-nCoV) has triggered the reiteration
of SARS-CoV from almost two decades ago. The virus has now become the biggest ever challenge to the whole
mankind. The proclaimed global pandemic of COVID-19 has left no aspect of human life unaffected. The
pandemic has adversely impacted [6-13] on emotional, economic, social and educational aspects globally. The
dynamics of this infectious disease could not be controlled so far. Recently [14-16] some clinical observations
and the genetic features of this infectious disease have been reported. The COVID-19 is more vulnerable in the
patients with some pre [17] diseases like diabetes, hypertension, chronic cardiovascular or kidney disease,
suppressed immune system and cancer. The cancer patients [18-20] are comparatively at a higher risk of
severity of COVID-19 due to their weak immunity. Lymphopenia [21] is one of the associated severe infections
in SARS-CoV-2/cancer patients. Mathematical modelling [22-28] of the dynamics of the transmission of
COVID-19 has the potential to put forward better and effective strategies for the early detection, control and the
treatment of this deadly infectious disease. Such mathematical models describing the dynamics of this infection
have the ability to predict the future interaction of the disease and the precautionary measures to be taken to
slow down its pace of destroying our lives and peace. Mathematical modeling and their suitable analysis [29]
can explore many observed and non-observed aspects that can be taken care of accordingly to overcome this
pandemic situation. Developing the mathematical models considering the least assumptions and to evolve the
simulation techniques with greatest precision are the two major challenges to the researchers working in this
field. Shahid [30] et al. proposed and analyzed a spatio-temporal advection-reaction-diffusion COVID-19
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epidemic model. COVID-19 are mainly categorized in epidemiological models and within-host models. The
within-host models mainly concern with the dynamics of the interplaying between SARS-CoV-2 and the
infected host cells [31-32]. Very less attention has been paid on the within-host models. There is large potential
to explore with spatial variations and the mobility of cells and viruses in the within-host models. Elaiw et al.
[33] proposed a within-host SARS-CoV-2/cancer model with immunity and diffusion.

The reaction-diffusion mathematical models [34-39] are the semi-linear parabolic partial differential equations
that correspond to numerous dynamical, physical, chemical and biological phenomena associated with to our
daily life. These equations describe the behaviors and variation of density distributed concentrations under the
supremacy of the two processes of local interactions of species and the diffusion which causes the spread of
species in space. The solutions of reaction-diffusion models account to a huge range of self-dissipating spatial
pattern [40] formations. These models assist in the better understanding of complex biological structures. Many
researchers [41-46] have successfully performed the structure-preserving descriptive analysis for many similar
infectious diseases.

In the present paper, a within-host [33] reaction-diffusion SARS-CoV-2/cancer model is being solved
numerically by the cubic B-splines collocation methods. The reduced systems are solved by the well known
Runge-Kutta method of order 4 and by the hybrid block method [55]. The results are then compared and
analyzed for different setting of influential parameters. The splines [47] comprise of an ingenious framework to
deal with the discretization and the interpolation problems. B-splines or the basis splines [54] are the piecewise
continuous spline functions that has minimal support with respect to the given degree, smoothness and the
domain partition. The scheme of collocation [48-53] of cubic B-splines have been successfully implemented for
many non-linear partial differential equation models like coupled Burger’s equations, convection-diffusion
equations, etc. The achieved results are found to be in pretty agreement with those already available in the
literature and whence the proposed collocation methods are emerged as a burning alternative over the traditional
numerical simulation techniques to deal with the reaction-diffusion models mainly concerning with the
dynamics of alike infectious diseases.

2. The Reaction-Diffusion Within-Host SARS-CoV-2/Cancer Mathematical Model

The within-host SARS-CoV-2/Cancer reaction-diffusion mathematical model with CTL and antibody
immunity proposed under some standard assumptions by Elaiw et al. [33] describing the interactions of the
nutrients, healthy nutrient cells, cancer cells, free SARS-Cov-2 particles, CTLs and antibodies responses is
taken into consideration. The model takes the following form:

aA((;;’ 28 D4AA(x, ) + & — yA(x, £) — 1y ACx, DN (x, £) — 0, ACx, )C(x, £)

aN;’,f’ 0 DyAN(x,t) + ayn; A(x, )N (x, £) — 3N (x, )V (x, t) — (¥ + y,)N(x, t)
“2’2’ D DoBCCo ) + 0y AC DG, ) — 1 CO0 OW e, ) — (F + 1)C(x 1)
avgaz, t) _ DyAV(x,t) + a3n3N(x, OV (x,t) — nsV(x, ) Z(x,t) — (¥ + ¥3)V (x, £)
% = Dy AW (x, t) + 0414 (1 — p)C06, OW (x, 1) — (v + )W (x, t)

GZ((;;' 28 D;AZ(x, ) + 0515 (1 — p)V(x, )Z(x, ) — (¥ +¥5)Z(x, 1)

2.1)

where A(x,t),N(x,t),C(x,t),V(x,t),W(x,t),Z(x,t) respectively denote the concentrations of nutrients,
healthy epithelial cells, cancer cells, free SARS-CoV-2 particles, cancer specific CTLs and SARS-CoV-2
specific antibodies at time t > 0 and position x € Q, Q being the connected and bounded domain with smooth
boundary 9Q. The diffusion coefficients of the compartments are denoted by D,,Dy,Dc,Dy,Dy, Dy
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respectively. A denotes the one-dimensional Laplacian operator. ¢ and yA are respectively the rates of
production and that of decay of the nutrient. The nutrient is consumed by the healthy epithelial cells and the
cancer cells at the rates of n, AN and n,AC respectively. After consuming nutrient, the healthy epithelial cells
and the cancer cells grow at the rates of o,1n7,AN and a,n,AC, die at the rates of y; N and y,C. The healthy
epithelial cells get infected with SARS-Cov-2 at the rate of n; NV while the cancer cells are attacked by CTLs at
the rate of n,CW. The infected epithelial cells produce the free SARS-CoV-2 particles at the rate of g;n;NV
while the neutralization by the antibodies and the death decreases these particles at the rates of n;VZ and y;V.
Cancer cells stimulate CTLs at the rate of g,n,(1 — p;)CW while CTLs die at the rate of y,W. Antibodies are
produced to clear the free particles at the rate of o;n(1 — p,)VZ and die at the rate of ysZ. The impact of
lymphopenia on the potency of cancer specific CTLs, and SARS-CoV-2 specific antibody immune responses
are respectively measured in parameters p; and p,. The parameters used in the model are assumed to be positive
and are described in Table 1 [33].

The biologically compatible initial conditions for the system (2.1) are given by:

A(x,0) = Ay(x), N(x,0) = Ny(x), C(x,0) = Cy(x)

V(x,0) =Vy(x), W(x,0) =Wy(x), Z(x,0)=2Z,(x) (2.2)
The functions A, (x), Ny (x), Co(x), Vo (x), Wy (x), Z,(x) are non-negative and continuous in Q.

The given model (2.1) is also associated with the following homogeneous Neumann boundary conditions.

0A oON ac v ow 0z
% a5 ﬁ—ﬁ—g—a—ﬁ—o, t>0, x € 0Q) (2.3)

3. Cubic B-spline interpolation

Let the one-dimensional domain of interest [a, b] be partitioned uniformly by the knots x; as: a = x, <
X1 ... < X, = b and h is the uniform step size of the mesh given by:

b—a._
n

The solutions are approximated as A™(x,t), N"(x, t), C™(x, t), V™ (x, t), W™ (x, t), Z"(x, t), respectively in the
form given below:

h=xi—x4 =

n+1
A® (x, 1) = Z a,() By(x), a<x<b, t>0 (3.1)
yes
N (x,£) = Z n() B(x), a<x<b, t>0 (3.2)
v
CM(x,t) = Z 6O B(x), a<x<b t>0 (3.3)
i=-1
n+1
VO (x, 1) = Z v B(x), a<x<b, t>0 (3.4)
i=—1
n+1
W (x, t) = Z wi(©) B,(x), a<x<b, t>0 (3.5)
i=-1
ZM(x,t) = XML z,(t) B;(x), a<x<b, t>0 (3.6)

where a;,n;, ¢; , v; , w; and z; are the time dependent coefficients of the approximated solutions to be
determined from the boundary conditions and the collocation scheme.
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Parameters Description Value
& Recruitment rate of nutrient 0.02
i Uptake rate of nutrient by healthy epithelial cells Varied
1, Uptake rate of nutrient by cancer cells Varied
N3 Infection rate of epithelial cells by virus 0.55
N4 Killing rate of cancer cells by CTLs Varied
s Removal rate of viruses by antibodies Varied
o, Growth rate of epithelial cells 0.8
o, Growth cells of cancer cells 0.8
03 Production rate of virus 0.24
o, Stimulation rate of CTLs 0.1
o5 Stimulation rate of antibodies 0.2
% Decay rate of nutrient 0.02
" Decay rate of epithelial cells Varied
¥ Decay rate of cancer cells Varied
Vs Decay rate of virus Varied
Va Decay rate of CTLs Varied
Vs Decay rate of antibodies Varied
1 Effect of lymphopenia on CTL immune responses [0,1]
0, Effect of lymphopenia on antibody immune responses [0,1]
D, Diffusion coefficient of nutrient 0.1
D Diffusion coefficient of healthy epithelial cells 0.1
DN Diffusion coefficient of cancer cells 0.1
DC Diffusion coefficient of free SARS-CoV-2 particles 0.1
DV Diffusion coefficient of CTLs 01
DVZV Diffusion coefficient of antibodies 01

The cubic B-spline basis functions B;(x) at the knots are defined by the following piecewise continuous

polynomials:

B;(x) =

where the set of the functions B_;,By, By, - ...

( (x —x;_,)° X € [X;_2,%;-1)
L] G =4 =X x € D)
F{ (Kpyp — %) = 4(xi44 — %) x € [x;,%41)

Ik (Xi42 — X)? X € [xi+1'xiJ'r2)

0 otherwise

... ... By, B, 41 form a basis of cubic splines over the given domain

a < x < b. The values of these basis functions B;(x) and their first two successive derivatives B;(x), B;'(x)
over the defined set of knots are summarized in Table 2.

Table 2: Values of B-spline Basis functions and their derivatives

Xi-2 Xi-1 Xi Xi+1 Xi+2
B;(x) 0 1 4 1 0
B/ (x) 0 -3/h 0 3/h 0
B/’ (x) 0 6/h? -12/h? 6/h? 0

The approximate values of A™(x,t) and its derivatives at any time t and at a particular knot x; can be
expressed in terms of the quantities a; (¢) as given below.

Aj=a; 4 +4a; + a4,
hA; = 3(aj41 — a;—1)
h2A} = 6(a;-; — 2a; + ai41)
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Similar treatment is to be performed for other variables. Here we denote 4; is the value of A™(x, t) at the i-th
node x; and so on.

4. Dealing Boundary Conditions

Given that the model is associated with the homogeneous Neumann boundary conditions:

(6A> . d (8A> _ 0
0x/ x=q B an 0x/ x=p B

Then the proposed numerical scheme of collocation of cubic B-splines assumes boundary approximations of A
that can be expressed as:

a,—a_,=0

Apyp — Ap-q =0
4.1
so that, the values of the extrapolated coefficients a_, and a,, are found.
a,=a

n+1 = Ap-1
Thus, the two extrapolated time dependent coefficients a_, and a,, falling outside the prescribed knots are
determined. The other variables can also be dealt in the similar fashion at the boundary.

5. Estimation of Initial VVector

The initial vector can be estimated by using the given initial conditions and the boundary values of their
derivatives.

A (a,0) =A4,(x,0)=0
A(xj, 0) = Ao(xj)’ ] = 1,2 ...... ,n— 1
A,(b,0) = A,(x,,0) =0

Similar expressions will be obtained for the other variables. Equation (3.1) yields a (n + 1) x (n + 1) following
system.

Add = ¢?
where
[ af ] [ Ap(x) 1
[4 2 ] a? Ao(xy)
EES |
A= | | a0 = {) —
| --------- | e .
l 14 1J a?l—l Ag(xp-1)
2 4 nx(n+1) [ 0 | [ Ay(x,) |

and so on. This reduced tri-diagonal system can thus be solved by Thomas algorithm [56-57] to achieve the
initial time dependent coefficients.

6. Methods of Implementation

The proposed system (2.1) is being solved by collocation of cubic B-splines followed by the method of
lines and the finite difference scheme respectively. The one-dimensional spatial domain of interest [a, b] be
partitioned uniformly by the knots x; as: a = x4 < x; ... < x, = b and h is the uniform step size of the mesh
given by:

b—a._
n

h=x—x;1=

The one-dimensional spatial domain is portioned uniformly as performed in Section 3. Let the time period [0, T]
be uniformly discretized as 0 = ¢, < t; ... < t,, =T with k =% norm. Let A7, N, CH, VY, W™, Z* denote the
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approximated values of A(x,t), N(x,t), C(x,t),V(x,t), W(x,t),Z(x,t) respectively at the spatial node x; and
time t, = nk.

This technique is basically used to solve partial differential equations using discretization in a dimension that
results in the system of ordinary differential equations. The reaction-diffusion equation in system (2.1) for
A(x, t) can be expressed in the standard form as:

dA(x, t) _ b 924
at A ox?

+¢1(AlNlCIVIWIZ)

where D, is the diffusion coefficient and the corresponding term is the diffusion term and ¢, represents the
reaction term for the variable A(x, t).

Using (3.1) and (3.7) for the approximate solution A™(x, t), the above equation reduces to the following system
of ordinary differential equations in the time dependent quantities a;:

6D,
“hz
The dots represent the respective derivatives with respect to time t. Upon eliminating the extrapolated
coefficients a_;, a1, a_1, a,41, the following system of ordinary differential equations is obtained.

di_l + 4al + di+1 = (a,-_l - Zai + ai+1) + ¢1i ) 0<i<n

Pa=M,a + ¢,

where M, = 6:—2“3
[4 2 ] [—2 2 ]
|1 41 I I 1 -2 1 I
p=1 B=!
L | o |
|l 1 4 1J| |l 1 -2 1J|
2 4 (n+1)x(n+1) 2 =2 (n+1)x(n+1)
and
[ Qg ] [ b10
a, 11
a: , (75\1 =
1 b1n-1)
- An - L Pin “(n+1)x1

Here, P and M, are tri-diagonal matrices of order (n + 1) and ¢; is the column vector of order (n + 1).

Now, Considering the complete simultaneous system (2.1) for approximating solutions, the following system is
obtained:

dX
U—=LX+F
dt

where W and V are the corresponding block diagonal matrices each of order 6(n + 1).

<

I
QAT
QO wWO
QAW
QWO OO
QU OO
QO ST

6(n+1)x6(n+1)
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[Mi 0 0 0 0 0]
|0 My 0 0 0 o]
|0 0 M. 0 0 o]
“lo o0 0 M, 0 ol

OOOOMWOJ
0000 0 M,

6(n+1)x6(n+1)

Here X and F are the column vectors of time dependent numbers and the right-hand side quantities respectively.

- b1

[¢] -

|7 %2

y=|¢l F=|®s

[ 5| o

e
'¢5'6(n+1)x1

The parameter vector X in the above system of ordinary differential equations is determined at a specified initial
time level using Thomas algorithm. The system is then separately solved by Runge-Kutta method of order 4 and
Hybrid Block method respectively.

7. Hybrid Block Method

The foundations of the one-step hybrid block method derived by Ramos et al. [55] has been described in this
section. Consider the equation of the form:

y' =fty), yty) =y where t € [to,t,] (6.1)

Consider the uniform partition t, < t, < -+ <t, with fixed step size of k. Let the polynomial p(t) gives an
approximate solution of (1) with m; € R are the unknowns to be determined.

y(@) = p®) = Xjom; t/ (6.2)
y'(@®)=p'(t) =Xjjm; /! (6.3)

Two intra-step points t;,, =t; +rk and t;,; = t; + sk, 0 <r < s < 1 are introduced to interpolate (6.2) at t;
and collocate (6.3) at ¢;, t;,,, t;+s and t;,, that result into the following matrix form of the system of equations:

3 4

l[l t; t2 tiz ti3 ]I[mo [yi 1

|0 1 2 34 A7 my | | fi |

| 8 1 2y, 3th, 4t ”mz I = Ij;m i
2t 3tA, AP 3 i+

|l0 1 2;+S 12+S l3+SJ|lm4J fl SJ
13ty Aty 1

where f; = f(t;,y;) forj=i,i+r,i+s,i+1

The system is thus solved to get the values of the unknown coefficients m;’s. In order to ensure the fourth order
convergence, it can be shown that

k
Yiv1 = Vi +E(fl + 5fi4r + 5fis + fir1)

withr = (=) ands = (1 +2).

This one-step proposed hybrid block method is used to solve the system of first order ordinary differential
equations obtained by the current collocation scheme of the given partial differential equations in (2.1).

8. Numerical Simulations

Depending upon the concerns of the biological aspects, the global existential stability of the proposed model and
the equilibrium existence observations as available in the literature, numerical simulations are being performed
for the four different cases. The following set [33] of the initial values have been considered:
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A(x,0) = 0.5(1 + 0.3 cos?(mx))
N(x,0) = 0.1(1 + 0.3 cos?(mx))
C(x,0) = 0.05(1 + 0.3 cos?(mx))
V(x,0) = 0.02(1 + 0.3 cos?(mx))
W(x,0) = 0.004(1 + 0.3 cos?(mx))
Z(x,0) = 0.002(1 + 0.3 cos?(mx)) x €[0,2]

The values of p; and p, are fixed to be zero. Depending upon the equilibrium points [33] with reference to their

global stabilities, four different cases [33] have been discussed. The parameter values taken in these cases are
given in Table 3.

Table 3: Parameter Values

M M2 N4 Ns )41 Y2 V3 Ya Vs
Case | 0.1 0.1 0.9 0.3 0.01 0.0005 0.5 0.0005 0.07
Case Il 0.3 0.2 0.03 0.3 0.02 0.02  0.0005 0.9 0.07
Case I11 0.2 0.3 1.2 0.3 0.01 0.008 0.0005 0.0001 0.07
Case IV 0.9 0.5 1.7 1.7 0.0001 0.0003 0.0003 0.0001 0.0001

The simulations are being performed for the collocation schemes of cubic B-splines followed by the method of
lines which when reduced to a system of ordinary differential equations are solved by the Runge-Kutta method
of order 4 and the hybrid block method respectively. To discuss the stability and the accuracy of the proposed
methods, results are visualised for different values of the time step size k. The consistency of the solutions for
the proposed model is also established by varying parameters. All the simulations have been performed on
Intel(R) Core (TM) i3-1005G1 CPU @ 1.20GHz 1.19 GHz 10-th Generation Processor with Visual Studio
Code.

9. Results and Discussions

The numerical simulations have been performed and visualized for the different arrangements of the time step
size k =0.01 and 0.001 with n =21, 51 and 101. The consistency and the accuracy of the solutions,
obtained by solving the resulted systems by Runge-Kutta method and hybrid block method, have been
discussed.

It is observed that for smaller value of n, the value of time step should be large. For n = 21, k = 0.01 results are
quite good and satisfactory. The experiments are being performed and the results are being evaluated for
n = 51and 101 with time step k = 0.001.

It is found that for n = 101, k = 0.001, RK method fails to converge. However, for n = 51, k = 0.001, it gives
results for some cases. Therefore, RK method is not suitable for numerical simulations implying the instability
of the method for the given model. Therefore, simulations for n = 51 and n = 101 with k = 0.001 are being
performed with the hybrid block method which gives quite good results for both. Further, the simulated results
are in well reach with those available in [33]. The hybrid block method significantly provided accurate solutions
with less computational efforts. The consistency of the simulated results is also established by varying
parameters of the model.
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Figure 1: Numerical Simulations for Case-1 by Hybrid Block method at k=0.001, n=101
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Figure 2: Numerical Simulations for Case-11 by Hybrid Block method at k=0.001, n=101
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Figure 3: Numerical Simulations for Case-111 by Hybrid Block method at k=0.001, n=101

A(x) 05 N(xt)
06 0.18
0.2
0.55
0.16
05
015 0.14
045
z
0.4 04 0.12
0.35 01
03 0.05
g 0.08
0.25 20
1500 0.06
02
1000
. 05 i
Distance (x) 0 0 Time () Distance (x) 00 Time (t)
Eur. Chem. Bull. 2022,11(3), 146 - 162 156




Efficient B-splines Collocation Simulations of the SARS-CoV-2/Cancer within-host Model with Diffusion and Immunity
Section A-Research paper

Cx,t) Vixt)
0025
0.25 0.03
002
0.025
02 0.02
0015
S 0015
0.01
0415
0.005 0.01
0
04 ;
) 20008 0.005
1500
05 1000
005 : -
Distance (x) 0 0 Time () ‘ Distance (x) 00 Time (1)
W(x,t) Z(xt) 10
0.025 e
x10%
0.03
2
0.025 i :
0.02
15
2 0015 :
0015
0.01 ‘
1
0.005 :
0 001
2 05
15 200 :
1 1500
05 - 1000 0.005 [
Distance (x) 00 Time (1) Distance (x) 0 0 Time (t)

Figure 4: Numerical Simulations for Case-VI by Hybrid Block method at k=0.001, n=101
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Figure 5: Numerical Simulations for Case-I by Hybrid Block method at k=0.001, n=51
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10. Conclusions

The given mathematical model describing the dynamics of the prevailing global pandemic coronavirus 2
(SARS-CoV-2) in cancer patients has been successfully numerically simulated by the proposed scheme of the
collocation of the cubic B-splines followed by the hybrid block method. The key features of the proposed
scheme are the well aptness of the cubic B-splines for such complex mathematical models. Moreover, the
proposed technique is being implemented without using any of the linearising techniques to handle the non-
linearity of the model. Achieving accurate solutions with higher order accuracy with less computational efforts
and CPU time are the key benefits of the proposed methods. Such efficient approaches to simulate mathematical
models describing the dynamics of like diseases can be of great importance for the biologists. The results of the
proposed model can be well described biologically that can help the medical authorities to deal with such life-
threatening diseases. Numerical simulation techniques to handle such mathematical models have always been a
matter of concern and interest for the mathematician and the biological researchers of the field. Both the
methods are therefore emerged as an alternative to deal with similar reaction-diffusion mathematical models
[58, 59] emerging out from any practical real-world problem.
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