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Introduction 

In 1935, Von Neumann proposed the concept of regularity in rings and demonstrated that if the semigroup 

(𝑆, ∙ ) is regular, then the ring (𝑆, +, ∙) is likewise regular. In 1951,[2] Bourne demonstrated that a semiring 

(𝑆, +, ∙) is also regularif 𝑦 ∈  𝑆 ∃ 𝑎, 𝑏 ∈ 𝑆, such that 𝑦 +  𝑦𝑎𝑦 =  𝑦𝑏𝑦. Ideals are essential in the structure 

theory of semirings [3].In 2011, the term ”ordered semiring” was defined by [5] as a semiring with a partially 

ordered set (𝑆, ≤) such that ≤ is consistent partial order relation with the operations + and  ∙  of 𝑆.The idea of 

several left and right ordered ideals is defined in this essay. We have offered ordered ideals in a variety of 

ordered semirings including regular ordered semiring , h-regular ordered semiring, and ordered ℎ-regular 

semiring. ℎ-ideal theory was applied by Jianming Zhan and Xueling M A in [5].We expanded the idea of ℎ-

ideals in ordered semirings and their types and extended concept of ℎ-ideals to demonstrate related results in 

different cases. 

   

 

Preliminaries: 

 

Note: When we say 𝑆 is  semiring than it is understood  we are  talking  about  (𝑆, +, ∙  ). 

 

Definition:[3,7,15]  A semiring (𝑆, +, ∙)  is structure having two bilateral operations +  and  ∙  such that 

additive reduct (𝑆, +) and multiplicative reduct (𝑆, ∙) are semigroups and the distributive laws hold: 

that is  𝑢(𝑣 +  𝑧)  =  𝑢𝑣 +  𝑢𝑧  and   (𝑢 +  𝑣)𝑧 =  𝑢𝑧 +  𝑣𝑧  ∀ 𝑢, 𝑣, 𝑧 ∈  𝑆. 
 

Examples: (𝑁, +, ∙) and (𝑊, +, ∙) are both semirings. 

 

Definition: [3,15] Suppose 𝐼 ≠ 𝜑  and   𝐼  be  subset of   (𝑆, +, ∙)   than  𝐼  is left ideal 

or right ideal if following properties are satisfied. 

(1) 𝑎 +  𝑏 ∈  𝐼  ∀ 𝑎, 𝑏 ∈  𝐼. 
(2) 𝑆𝐼 ⊆  𝐼 or 𝐼𝑆 ⊆  𝐼. 

(3) If 𝐼 is left and right ideal than 𝐼 is an ideal of semiring  𝑆  or  two sided ideal of  𝑆. 

 

Ordered Semiring 

Note: Whenever  we say 𝑆 is an  ordered semiring that means  we are  talking  about  (𝑆, +, ∙  , ≤). 

 

Definition:[7,15] An ordered semiring is algebraic system (𝑆, +, ∙  , ≤) such that 

(𝑆, +, ∙ ) is a semiring , (𝑆, ≤) is a partially ordered set and the relation  ≤  is compatible to the operations  +  

and   ∙  on 𝑆. 

Note:- ≤  is  just a symbol  which represents  partial order relation on set. 

Example: Let us take the semiring (𝑁, +, ∙ ), where 𝑁 is the set of  +𝑣𝑒  integers. Defining the relation 𝑅 on 

𝑁 by 𝑝 𝑅 𝑞 ⇔  𝑞 ≤  𝑝 ∀ 𝑝, 𝑞 ∈  𝑁. 
Then (𝑁, 𝑅) is a poset (partially ordered set) so (𝑁, +, ∙ , 𝑅) is an ordered semiring. 

 

Ordered 𝒉-ideals in ordered semiring 

Definition : [15]  Let 𝐻 , 𝑀  be the non-void subsets of an ordered semiring 𝑆 

then (𝐻] is defined as (𝐻]  =  {𝑔 ∈ 𝑆 ∶ 𝑔 ≤  ℎ} for some ℎ ∈  𝐻 

and 𝐻𝑀 =  {ℎ𝑚 ∶  ℎ ∈  𝐻, 𝑚 ∈  𝑀}. 
 

Definition: [7]  Let 𝐻 ≠ 𝜑, 𝐻 ⊆  𝑆 where  𝑆 is ordered semiring, then the ℎ-closure of 𝐻  is denoted by 𝐻 

and is defined as 𝐻 = {𝑔 ∈ 𝑆, ∃ 𝑥1, 𝑥2 ∈ 𝐻 ∶ 𝑔 + 𝑥1 +  ℎ ≤ 𝑥2 +  ℎ, ℎ ∈  𝐻}. 

 

Definition : [7,15]  Suppose 𝑆 is ordered semiring, 𝐻 ≠  𝜑 and 𝐻 ⊆ 𝑆 satisfying the 

given conditions: 

(1) 𝐻 is left ideal or right ideal of 𝑆. 

(2) If 𝑠 ≤  𝑡 for some 𝑡 ∈  𝐻, then 𝑠 ∈  𝐻. 
Then 𝐻 is a left ordered ideal or right ordered ideal. If 𝐻 is both left  ordered ideal and right ordered ideal of 

𝑆  than 𝐻 is ordered ideal of  𝑆. 
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Example: Assume the an ordered semiring (𝑁, +, ∙), where 𝑁 is the set of counting numbers. Defining the 

relation 𝜌 on 𝑁 by 𝑠 𝜌 ℎ ⇔  𝑠 ≥ ℎ ∀ 𝑠, ℎ ∈  𝑁. 

Therefore  (𝑁, +, ∙  , 𝜌 ) is a poset (partially  ordered  set). So (𝑁, +, ∙  , 𝜌 ) is an ordered semiring and (2𝑁] 
is ordered ideal in   (𝑁, +, ∙  , 𝜌 ).  

 

Definition: [7,4]  Suppose 𝐻 is a non-empty subset of semiring  𝑆  then 𝐻 is a left ordered ℎ-ideal of  𝑆 if the 

below conditions are satisfied: 

(1) 𝐻 is a left ordered ideal of 𝑆. 
(2) If  𝑒 + 𝑎 + 𝑡 = 𝑏 + 𝑡 for some 𝑎, 𝑏 ∈  𝐻 , 𝑡 ∈  𝐻   then 𝑒 ∈  𝐻. 
In the same manner, right ordered ℎ-ideal is defined if 𝐻 is both a left ordered ℎ-ideal and a right ordered ℎ-

ideal of 𝑆 then 𝐻 is referred as ordered ℎ-ideal of 𝑆. 

Definition:[ 21]  Suppose 𝑆 is  an ordered semiring if ∀  𝑥 ∈  𝑆 ∃  some 𝑡 ∈  𝑆  such that  𝑥 ≤ 𝑥𝑡𝑥 than  𝑆 is 

said to be regular ordered semiring. 

 

Definition: [7, 21] Let 𝑆 be  an  ordered semiring then 𝑎 ∈  𝑆 is referred to be an ordered ℎ-regular if 

 𝑎 ∈ (𝑎𝑆𝑎]. If every member of 𝑆 is ordered ℎ-regular,then 𝑆 is an ordered ℎ-regular semiring.  

 

Example: Assume the an ordered semiring (𝑁, +, ∙), where 𝑁 is the set of counting numbers. Defining the 

relation 𝜌 on 𝑁 by 𝑠 𝜌 ℎ ⇔  𝑠 ≥ ℎ ∀ 𝑠, ℎ ∈  𝑁. 

Therefore  (𝑁, +, ∙  , 𝜌 ) is a poset (partially  ordered  set). So (𝑁, +, ∙  , 𝜌 )is an ordered semiring. Also 

having the property  

 𝑠 +  𝑠ℎ𝑠 +  𝑡 ≤  𝑠ℎ𝑠 +  𝑡   ∀ 𝑠, ℎ ∈  𝑁, 𝑡 ∈  𝑁  therefore (𝑁, +, ∙  , 𝜌 )  is an ordered ℎ -regular semiring. 

After the next definition example has been shown which is ordered ℎ-regular semiring but not ℎ-regular 

ordered semiring. 

 

Definition :[7 ] Suppose 𝑆  is an ordered semiring if  for every   𝑎 ∈  𝑆   ∃, 𝑒 , ℎ, 𝑐 ∈ 𝑆 such that  

𝑎 + 𝑎𝑒𝑎 + 𝑐 ≤ 𝑎ℎ𝑎 + 𝑐.Then 𝑆 is ℎ-regular ordered semiring. 

 

Example: Given below example shows that 𝐷 is ordered ℎ-regular but not  ℎ –𝑟egular ordered. 

Let 𝐷 =  {𝑑1, 𝑑2, 𝑑3} . Define binary operation + and   ∙  on 𝐷 as follow: 

 

 

+ 𝑑1 𝑑2 𝑑3 

𝑑1 𝑑1 𝑑1 𝑑1 

𝑑2 𝑑1 𝑑2 𝑑3 

𝑑3 𝑑1 𝑑3 𝑑3 

 

 

∙ 𝑑1 𝑑2 𝑑3 

𝑑1 𝑑2 𝑑2 𝑑2 

𝑑2 𝑑2 𝑑2 𝑑2 

𝑑3 𝑑2 𝑑2 𝑑2 

 

 

 
The relation  is as  ≤  = {(𝑑1, 𝑑1), (𝑑2, 𝑑2), (𝑑3, 𝑑3), (𝑑1, 𝑑2), (𝑑1, 𝑑3), (𝑑2, 𝑑3)} 

Than (𝐷, +, ∙ , ≤) is   an ordered semiring. 

Also  ∀ 𝑎 ∈ 𝐷  following properties hold. 

(1) 𝑎 + 𝑑1  +  𝑐 ≤ 𝑑2  +  𝑐, 𝑐 ∈ 𝐷 .Where 𝑎 and 𝑐 are arbitrarily choosen. 

(2) 𝑑1, 𝑑2  ∈ (𝑎𝐷𝑎]  i.e. 𝑑1  ≤ 𝑎𝑑𝑖𝑎  and 𝑑2 ≤  𝑎𝑑𝑖𝑎 , for some 𝑎𝑑𝑖𝑎 ∈ 𝑎𝐷𝑎.Therefore 𝐷  is an ordered ℎ-

regular semiring.Where 𝑑𝑖   is  some elements of  𝐷. 
On the other side 𝑑3  + 𝑑3𝑎𝑑3  + 𝑑2 ≤  𝑑3𝑐𝑑3  + 𝑑2 doesn't have solution so 𝐷  is not an 

ℎ-regular ordered semiring. 

 

Theorem :Assume 𝑆 is  ordered semiring  and let  𝐻 and 𝑀 are non-void subsets of 𝑆 then 
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(1) (𝐻̅]  ⊆ (𝐻]̅̅ ̅̅ ̅ 

(2) If 𝐻 ⊆  𝑀   then    𝐻̅  ⊆   𝑀̅  
(3) (𝐻]̅̅ ̅̅ ̅ 𝑀 ⊆  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅   and   𝐻(𝑀]̅̅ ̅̅ ̅   ⊆   (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅ 

 

Proof: (1) Let 𝑥 ∈  (𝐻̅]  .Then ∃  ℎ ∈ 𝐻̅ such that 𝑥 ≤  ℎ. Since ℎ ∈  𝐻̅,then  there exist 𝑎, 𝑏 ∈  𝐻 such that 

ℎ +  𝑎 +  𝑘 ≤ 𝑏 +  𝑘, 𝑘 ∈  𝐻. 
It follows that    𝑥 +  𝑎 +  𝑘 ≤ ℎ +  𝑎 +  𝑘 ≤ 𝑏 +  𝑘. 

Since  𝐻 ⊆ (𝐻], 𝑎, 𝑏 ∈  (𝐻], 𝑘 ∈ (𝐻] , 𝑥 ∈  (𝐻]  ̅̅ ̅̅ ̅̅   𝑖. 𝑒  (𝐻̅]  ⊆ (𝐻]̅̅ ̅̅ ̅ 

 

(2) Assume 𝐻 ⊆  𝑀 and let 𝑥 ∈  𝐻̅ than there exist   𝑎, 𝑏 ∈  𝐻 such that  𝑥 + 𝑎 + 𝑘 ≤ 𝑏 +  𝑘, 𝑘 ∈ 𝐻 

By the supposition, we get 𝑎, 𝑏 , 𝑘 ∈   𝑀  ⟹ 𝑥 ∈  𝑀̅ , so 𝐻̅  ⊆   𝑀̅ 

(3) Let 𝑥 ∈  (𝐻]̅̅ ̅̅ ̅  and  𝑤 ∈  𝑀. 
So, there exist 𝑢, 𝑣 ∈   (𝐻] such that 𝑥 + 𝑢 + 𝑠 ≤ 𝑣 + 𝑠, 𝑠 ∈  (𝐻]. 
So  𝑥𝑤 +  𝑢𝑤 +  𝑠𝑤 ≤ 𝑣𝑤 +  𝑠𝑤. Since 𝑢, 𝑣, 𝑠 ∈  (𝐻] ,𝑢 ≤ 𝑎 and 𝑣 ≤  𝑐 and 𝑠 ≤  𝑑 for some 𝑎, 𝑐, 𝑑 ∈ 𝐻. 
So 𝑢𝑤 ≤ 𝑎𝑤 ∈ 𝐻𝑀 and  𝑣𝑤 ≤ 𝑐𝑤  ∈ 𝐻𝑀 and 𝑠𝑤  ≤ 𝑑𝑤 ∈  𝐻𝑀. 

⟹ 𝑥𝑤 ∈  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅  . So (𝐻]̅̅ ̅̅ ̅ 𝑀 ⊆  (𝐻𝑀].̅̅ ̅̅ ̅̅ ̅̅  

In the same way we get 𝐻(𝑀]̅̅ ̅̅ ̅  ⊆  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅. 

 

Theorem: Suppose 𝐻 and  𝑀 are non-empty subsets of ordered semiring  𝑆 

with 𝐻 + 𝐻 ⊆  𝐻   and   𝑀 + 𝑀 ⊆  𝑀. 
(1)   𝐻 ⊆ (𝐻]  ⊆  𝐻̅ ⊆  (𝐻]̅̅ ̅̅ ̅ 

(2)   𝐻 + 𝑀 ⊆ 𝐻̅ + 𝑀̅  ⊆ 𝐻 + 𝑀̅̅ ̅̅ ̅̅ ̅̅ ̅ 

(3)  (𝐻]̅̅ ̅̅ ̅  +  (𝑀]̅̅ ̅̅ ̅  ⊆  (𝐻]̅̅ ̅̅ ̅ + (𝑀]̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   

(4)  (𝐻]̅̅ ̅̅ ̅ + (𝑀]̅̅ ̅̅ ̅ ⊆  (𝐻 + 𝑀]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 

Proof:  (1) Clearly 𝐻 ⊆  (𝐻] 
Let  𝑔 ∈ (𝐻] so by definition of  operator (   ]   ∃  𝑝 ∈  𝐻  such that 𝑔 ≤ 𝑝 

This implies  𝑔 + 𝑝 + 𝑝 ≤  𝑝 + 𝑝 + 𝑝 implies 𝑔 ∈ 𝐻̅ ⟹ (𝐻] ⊆  𝐻̅. 

Since  𝐻 ⊆ (𝐻] ⟹ 𝐻̅ ⊆  (𝐻]̅̅ ̅̅ ̅. 

(2)  From part (1) we have 𝐻 ⊆ 𝐻̅ and 𝑀 ⊆  𝑀̅  implies  𝐻 + 𝑀  ⊆  𝐻̅ + 𝑀̅ 

Now we  show that 𝐻̅ + 𝑀̅ ⊆ 𝐻 + 𝑀̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 

Suppose 𝑔 ∈ 𝐻̅ + 𝑀̅   so there exist ℎ ∈ 𝐻̅  and  𝑚 ∈ 𝑀̅  such that 𝑔 = ℎ + 𝑚. 

Since ℎ ∈ 𝐻̅ and 𝑚 ∈ 𝑀̅  so by definition of ℎ-closure ∃ 𝑝, 𝑞 ∈  𝐻 and 𝑟, 𝑠 ∈ 𝑀  such that ℎ + 𝑝 + 𝑡 ≤ 𝑞 + 𝑡 

where 𝑡 ∈ 𝐻 and  𝑚 + 𝑟 + 𝑢 ≤ 𝑠 + 𝑢  where  𝑢 ∈ 𝑀. 

 

Which implies  𝑔 +  𝑝 +  𝑡 +  𝑟 +  𝑢 =  ℎ +  𝑚 +  𝑝 +  𝑡 +  𝑟 +  𝑢  
Implies       𝑔 + (𝑝 +  𝑟)  + (𝑡 +  𝑢)  ≤  𝑞 +  𝑡 +  𝑠 +  𝑢 

      Implies  that                                       = 𝑞 +  𝑠 +  𝑡 +  𝑢 

Which means       𝑔 + (𝑝 + 𝑟) + (𝑡 +  𝑢)  ≤ (𝑞 +  𝑠)  + (𝑡 +  𝑢) 

As (𝑡 +  𝑢) ∈  𝐻 + 𝑀 then by definition of ℎ-closure, we get 𝑔 ∈ 𝐻 + 𝑀̅̅ ̅̅ ̅̅ ̅̅ ̅ 

Implies  𝐻̅ + 𝑀̅  ⊆ 𝐻 + 𝑀̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 

(3) Suppose 𝑔 ∈  (𝐻]̅̅ ̅̅ ̅  +   (𝑀]̅̅ ̅̅ ̅, then there exist  𝑝1  ∈   (𝐻]̅̅ ̅̅ ̅ , 𝑞1  ∈ (𝑀]̅̅ ̅̅ ̅, 

such that 𝑔 = 𝑝1  + 𝑞1 

Now   𝑔 +  (𝑝1  +  𝑞1)  +  ℎ =  (𝑝1  +  𝑞1)  + (𝑝1  + 𝑞1)  +  ℎ 

Implies     𝑔 +  (𝑝1  +  𝑞1)  +  ℎ =  (𝑝1  +  𝑝1)  +  (𝑞1  +  𝑞1)  +  ℎ 

Since 𝑝1 +  𝑝1  ∈ (𝐻]̅̅ ̅̅ ̅ and 𝑞1  + 𝑞1  ∈  (𝑀]̅̅ ̅̅ ̅, then by definition of ℎ-closure, 

we get  𝑔 ∈  (𝐻]̅̅ ̅̅ ̅ + (𝑀]̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  ⟹ (𝐻]̅̅ ̅̅ ̅  +   (𝑀]̅̅ ̅̅ ̅   ⊆    (𝐻]̅̅ ̅̅ ̅ + (𝑀]̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 

(4) Suppose 𝑔 ∈ (𝐻]̅̅ ̅̅ ̅  +  (𝑀] ̅̅ ̅̅ ̅̅ , so there exist   𝑝1  ∈  (𝐻]̅̅ ̅̅ ̅ ,  𝑞1  ∈  (𝐻]̅̅ ̅̅ ̅, such that 𝑔 =  𝑝1  +  𝑞1. 

Since  𝑝1  ∈ (𝐻]̅̅ ̅̅ ̅ and   𝑞1  ∈  (𝐻]̅̅ ̅̅ ̅ 

So by using definition of ℎ-closure,  𝑝 , 𝑞 ∈  (𝐻] and  𝑟, 𝑠 ∈  (𝑀] such that 

𝑝1  +  𝑝 +  𝑡 ≤   𝑞 +  𝑡, 𝑡 ∈ (𝐻]  
and  𝑞1  + 𝑟 +  𝑢 ≤   𝑠 +  𝑢, 𝑢 ∈  (𝑀].   
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Now     𝑔 +  𝑝 +  𝑟 +  𝑡 +  𝑢 =  𝑝1  + 𝑞1  +  𝑝 +  𝑟 +  𝑡 +  𝑢. 
.    𝑔 +  𝑝 +  𝑟 +  𝑡 +  𝑢 ≤   𝑞 +  𝑠 +  𝑡 +  𝑢. 

Since (𝑝 +  𝑟) , (𝑞 +  𝑠)  ∈  (𝐻 + 𝑀]  , 
𝑔 +  (𝑝 +  𝑟)  +  (𝑡 +  𝑢)  ≤   𝑞 +  𝑠 +  (𝑡 +  𝑢). 

This implies 𝑔 ∈  (𝐻 + 𝑀]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   ⟹ (𝐻]̅̅ ̅̅ ̅ + (𝑀]̅̅ ̅̅ ̅ ⊆  (𝐻 + 𝑀]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 

 

Theorem: Let 𝑆  be  an ordered semiring, then: 

(1) Intersection of any family of left ordered ℎ-ideals of 𝑆 is a left ordered ℎ-ideal. 

(2) Intersection of any family of right ordered ℎ-ideals of 𝑆 is a right ordered ℎ-ideal. 

(3) Intersection of any family of ordered ℎ-ideals of 𝑆 is an ordered ℎ-ideal. 

 

Proof: (1) Let 𝐴𝑛 be left ordered ℎ-ideal of 𝑆 forall 𝑛 ∈  𝐼, as ⋂𝑛 ∈  𝐼𝐴𝑛 ≠ 𝜙 

Since 𝐴𝑛  is a left ordered ℎ-ideal, we get 𝐴𝑛 is a left ordered ideal for all 𝑛 ∈  𝐼. 

Then ⋂𝑛 ∈  𝐼𝐴𝑛 is left ordered ideal. 

Consider there exist  𝑔 ∈  𝑆 and 𝑟1, 𝑟2  ∈  ⋂𝑛 ∈  𝐼𝐴𝑛  , ℎ ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 

such that  𝑔 +  𝑟1  +  ℎ =  𝑟2  +  ℎ. 

Since   ⋂𝑛 ∈  𝐼𝐴𝑛    ⊆    𝐴𝑛    for all 𝑛 ∈  𝐼 we get, 𝑟1, 𝑟2, ℎ ∈  𝐴𝑛. 

Since  𝐴𝑛 is a left ordered ℎ-ideal and  𝑟1, 𝑟2  ∈ 𝐴𝑛 , 𝑔 + 𝑟1 + ℎ = 𝑟2 + ℎ , ℎ ∈ 𝐴𝑛  ∀ 𝑛 ∈  𝐼 

So by using definition of left ordered ℎ-ideal, we get 𝑔 ∈ 𝐴𝑛   ∀ 𝑛 ∈   𝐼 

implies  𝑔 ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 

Therefore 𝑟1, 𝑟2   ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 , 𝑔 +  𝑟1  +  ℎ =  𝑟2  +  ℎ , ℎ ∈  ⋂𝑛 ∈  𝐼 𝐴𝑛 

implies 𝑔 ∈  ⋂𝑛 ∈  𝐼𝐴𝑛. 

By definition of left ordered ℎ-ideal, we get  ⋂𝑛 ∈  𝐼𝐴𝑛  is a left ordered ℎ-ideal of 𝑆. 
(2) Let   𝐴𝑛  be right ordered ℎ-ideal of  𝑆 for all 𝑛 ∈  𝐼, as  ⋂𝑛 ∈  𝐼𝐴𝑛 ≠ 𝜙 

Since 𝐴𝑛 is a right ordered ℎ-ideal, we get 𝐴𝑛 is a right ordered ideal for all 𝑛 ∈ 𝐼. 

⟹ ⋂𝑛 ∈  𝐼𝐴𝑛   is right ordered ideal. 

Consider there exist  𝑔 ∈  𝑆 and 𝑟1, 𝑟2  ∈  ⋂𝑛 ∈  𝐼𝐴𝑛  , ℎ ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 

such that 𝑔 + 𝑟1  +  ℎ =  𝑟2  +  ℎ. 

Since ⋂𝑛 ∈  𝐼𝐴𝑛     ⊆    𝐴𝑛    for all 𝑛 ∈  𝐼 we have  𝑟1 , 𝑟2 , ℎ ∈  𝐴𝑛. 

As  𝐴𝑛 is a right ordered ℎ-ideal and 𝑟1  , 𝑟2  ∈  𝐴𝑛 , 𝑔 + 𝑟1 + ℎ =  𝑟2  + ℎ , ℎ ∈ 𝐴𝑛  ∀ 𝑛 ∈  𝐼 

So by using definition of right ordered ℎ-ideal , we get 𝑔 ∈ 𝐴𝑛   ∀ 𝑛 ∈   𝐼 

implies   𝑔 ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 

Therefore   𝑟1, 𝑟2  ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 , 𝑔 +  𝑟1  +  ℎ =  𝑟2  +  ℎ , ℎ ∈  ⋂𝑛 ∈  𝐼𝐴𝑛 

implies  𝑔 ∈  ⋂𝑛 ∈  𝐼𝐴𝑛. 

By definition of right ordered ℎ-ideal, we get  ⋂𝑛 ∈  𝐼𝐴𝑛  is a right ordered ℎ-ideal of 𝑆. 
 

(𝟑) From (1) and (2), we get ⋂𝑛 ∈  𝐼𝐴𝑛   is a left and right ordered ℎ-ideal of 𝑆.Therefore, ⋂𝑛 ∈  𝐼𝐴𝑛 is an 

ordered ℎ-ideal of 𝑆. Hence proved. 

 

Theorem:-Suppose 𝑆 be an ordered semiring  and  𝐻 be left ideal or right ideal or ideal, then 

following statements are equivalent: - 

(1) 𝐻 is left ordered ℎ-ideal or right ordered ℎ-ideal or ordered ℎ-ideal of 𝑆. 

(2) Assume x ∈  𝑆, 𝑥 +  𝑟1  +  ℎ ≤ 𝑟2  +  ℎ for some  𝑟1, 𝑟2  ∈  𝐻, ℎ ∈  𝐻 then  𝑥 ∈  𝐻. 

(3) 𝐻̅ = 𝐻 

Proof: (1) implies (2) Assume 𝐻 is a left ordered  ℎ-ideal. 

Let 𝑥 ∈  𝑆 such that  𝑥 + 𝑟1 + ℎ ≤ 𝑟2  +  ℎ for some 𝑟1 , 𝑟2  ∈  𝐻 , ℎ ∈  𝐻 so by definition of left ordered ℎ-

ideal, we obtain 𝑥 ∈ 𝐻. 

(2) ⟹) (3) 

Assume (2) is true. Let 𝑥 ∈    𝐻̅ then there exist  𝑟1 , 𝑟2  ∈ 𝐻 such that 

𝑥 + 𝑟1 + ℎ ≤ 𝑟2 + ℎ, ℎ ∈  𝐻. 
By (2), we obtain 𝑥 ∈ 𝐻. So 𝐻̅  ⊆ 𝐻.Since 𝐻 ⊆  𝐻̅, therefore 𝐻̅ = 𝐻. 
(3) implies (1) Assume that 𝐻̅ = 𝐻. Let 𝑥 ∈  𝑆 be such that  𝑥 +  𝑟1  +  ℎ ≤  𝑟2  +  ℎ  for 

Some  𝑟1 , 𝑟2  ∈  𝐻, ℎ ∈  𝐻   then 𝑥 ∈  𝐻̅. Since 𝐻̅ = 𝐻, so 𝑥 ∈ 𝐻̅ = 𝐻 .Then 𝑥 ∈  𝐻. 
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Since 𝑥 + 𝑟1  +  ℎ ≤ 𝑟2  +  ℎ for some 𝑟1 , 𝑟2  ∈  𝐻 , ℎ ∈  𝐻 then 𝑥 ∈  𝐻, so by definition of left ordered ℎ-

ideal or right ordered ℎ-ideal or ordered ℎ-ideal, we obtain 𝐻 is left ordered ℎ-ideal or right ordered  ℎ-ideal 

or ordered  ℎ-ideal of 𝑆. 
 

Theorem: Let 𝑆 be an ordered semiring and 𝐻 be a nonempty subset of 𝑆 . Then following conditions hold. 

(1) Assume 𝐻 a left ideal, then (𝐻]̅̅ ̅̅ ̅ will be smallest left ordered ℎ-ideal which contains 𝐻. 
(2) Assume 𝐻 a right ideal, then (𝐻]̅̅ ̅̅ ̅ will be smallest right ordered ℎ-ideal which contains 𝐻. 

(3) Assume 𝐻 is an ideal, then (𝐻]̅̅ ̅̅ ̅ will be smallest ordered ℎ-ideal which contains 𝐻. 

 

Proof: Let 𝐻 be a left ideal .We know (𝐻]̅̅ ̅̅ ̅ is closed under addition. 

Let 𝑥  ∈ (𝐻]̅̅ ̅̅ ̅ and 𝑙 ∈  𝐻, then by ℎ-closure,there exist 𝑟 , 𝑤 ∈  (𝐻] 
such that 𝑥 + 𝑟 + ℎ ≤ 𝑤 + ℎ , ℎ ∈ (𝐻] 
Hence      𝑙𝑥 +  𝑙𝑟 +  𝑙ℎ ≤ 𝑙𝑤 +  𝑙ℎ. 

So by using definition of (   ], we have  𝑙ℎ ∈  (𝐻]. 
Since (𝑙𝑟) , (𝑙𝑤) ∈  (𝐻] , 𝑙𝑥 + (𝑙𝑟) + (𝑙ℎ) ≤  (𝑙𝑤) +  (𝑙ℎ) , (𝑙ℎ)  ∈ (𝐻]: 
So by ℎ-clousre, we obtain 𝑙𝑥 ∈  (𝐻]̅̅ ̅̅ ̅ . Hence, (𝐻]̅̅ ̅̅ ̅  is a left ordered ℎ-ideal. 

It is known that (𝐻]̅̅ ̅̅ ̅  is a left ordered ℎ-ideal which contains 𝐻. 

Let 𝐽 is a left ordered ℎ-ideal which contains 𝐻. We will have (𝐻] ⊆ (𝐽]  = 𝐽 

then (𝐻]̅̅ ̅̅ ̅  ⊆ 𝐽 ̅ =  𝐽 

Hence, (𝐻]̅̅ ̅̅ ̅ will be smallest left ordered ℎ-ideal which contains 𝐻. 

(2)  It is same as we did in part (1). 

(3) with the help of   part  (1) and   part (2), we have shown that (𝐻]̅̅ ̅̅ ̅ will be smallest left and 

right ordered ℎ-ideal which contains 𝐻. 

Hence (𝐻]̅̅ ̅̅ ̅ will be smallest ordered ℎ-ideal which contains 𝐻. 

 

Theorem: Let 𝑆 be an ordered semiring. If 𝑆 is an ordered ℎ-regular than 

𝐻 ∩ 𝑀 = (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅ ∀ right ordered ℎ-ideals 𝐻, left ordered ℎ-ideals 𝑀 of 𝑆. 

Proof: Suppose 𝑆 is  an ordered ℎ-regular semiring and 𝐻 is right ordered ℎ-ideal , 𝑀 is left ordered ℎ-ideal 

of 𝑆.Then, we have 𝐻𝑀 ⊆ 𝐻 and 𝐻𝑀 ⊆ 𝑀.Thus (𝐻𝑀] ⊆ (𝐻] = 𝐻 and (𝐻𝑀]  ⊆  (𝑀] = 𝑀. 

⟹ (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅ ⊆ 𝐻̅  =  𝐻 and  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑀̅ = 𝑀.Thus 𝐻 ∩ 𝑀 ⊇ (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅        ...(A) 

Let 𝑎 ∈ 𝐻 ∩ 𝑀. As  𝑆  is an ordered ℎ-regular ∃ 𝑏 , 𝑐 ∈  (𝑎𝑆𝑎] . 
such that 𝑎 + 𝑏 + 𝑜 ≤ 𝑐 + 𝑜 , 𝑜 ∈  (𝑎𝑆𝑎]. 
Since 𝑏, 𝑐, 𝑜 ∈  (𝑎𝑆𝑎] then by definition of (   ], ∃  𝑗, 𝑘, 𝑙 ∈  𝑆 such that 𝑏 ≤ 𝑎𝑗𝑎 

𝑐 ≤ 𝑎𝑘𝑎  ,𝑜 ≤  𝑎𝑙𝑎. 

Since 𝐻 is a right ordered ℎ-ideal, 𝑀 is a left ordered ℎ-ideal, we have 𝑎𝑗𝑎 , 𝑎𝑘𝑎 , 𝑎𝑙𝑎 ∈  𝐻𝑀 

Since 𝑏 ≤ 𝑎𝑗𝑎 ∈  𝐻𝑀 ,  𝑐 ≤ 𝑎𝑘𝑎 ∈  𝐻𝑀, 𝑜 ≤  𝑎𝑙𝑎 ∈ 𝐻𝑀, so by using definition of (  ]. 
we have 𝑏 , 𝑐 , 𝑜  ∈ (𝐻𝑀] so 𝑎 ∈  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅  ⟹  𝐻 ∩ 𝑀 ⊆  (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅         …(B) 

From (A) and  (B)  𝐻 ∩ 𝑀 = (𝐻𝑀]̅̅ ̅̅ ̅̅ ̅ 

 

Definition: Let 𝑆 is an ordered semiring. Let 𝑎 ∈  𝑆  if  𝑎 ∈  (𝑆𝑎2]̅̅ ̅̅ ̅̅ ̅ then 𝑎 is said to be left ordered ℎ-regular 

and  if 𝑎 ∈ (𝑎2𝑆]̅̅ ̅̅ ̅̅ ̅ than 𝑎 is said to be right ordered ℎ-regular.If every element of 𝑆 is left ordered ℎ-regular 

(right ordered ℎ-regular) than 𝑆 is called left ordered ℎ-regular (right ordered ℎ-regular). 

 

Theorem: Let 𝑆 be left ordered ℎ-regular semiring then 

(1) for all left ordered ℎ-ideal 𝐻 of 𝑆 , (𝐻2]̅̅ ̅̅ ̅̅ = 𝐻 

(2) 𝐽 ∩  𝐻 =  (𝐽𝐻]̅̅ ̅̅ ̅̅  for all left ordered ℎ-ideal 𝐻 and for all ordered ℎ-ideal 𝐽 of 𝑆. 

Proof: (1) Let 𝐻 be left ordered ℎ-ideal of 𝑆.Then, we obtain (𝐻2]̅̅ ̅̅ ̅̅  ⊆  (𝐻]̅̅ ̅̅ ̅ = 𝐻 

Assume 𝑟 ∈  𝐻. Since 𝑆 is a left ordered ℎ-regular, so   𝑟 ∈ (𝑆𝑟2]̅̅ ̅̅ ̅̅ ̅ 

We have (𝑆𝑟2]̅̅ ̅̅ ̅̅ ̅ ⊆ (𝑆𝐻2]̅̅ ̅̅ ̅̅ ̅̅ ⊆   (𝐻2]̅̅ ̅̅ ̅̅  ⟹  𝑟 ∈  (𝐻2]̅̅ ̅̅ ̅̅  .Hence 𝐻 ⊆   (𝐻2]̅̅ ̅̅ ̅̅ ⟹  (𝐻2]̅̅ ̅̅ ̅̅ = 𝐻 . 
(2) Assume that 𝐻 is left ordered ℎ-ideal and 𝐽 is ordered  ℎ-ideal of 𝑆. 

So we get   (𝐽𝐻]̅̅ ̅̅ ̅̅  ⊆ (𝐽]̅̅̅̅  =  𝐽 and (𝐽𝐻]̅̅ ̅̅ ̅̅  ⊆ (𝐻]̅̅ ̅̅ ̅  =  𝐻 .Therefore, (𝐽𝐻]̅̅ ̅̅ ̅̅  ⊆ 𝐽 ∩ 𝐻.   …       ∗ 

Suppose 𝑎 ∈  𝐽 ∩  𝐻 since 𝑆 is left ordered ℎ-regular. 

Which implies 𝑎  ∈  (𝑆𝑎2] ̅̅ ̅̅ ̅̅ ̅̅ ⊆  (𝑆𝐽𝐻]̅̅ ̅̅ ̅̅ ̅̅  ⊆  (𝐽𝐻]̅̅ ̅̅ ̅̅   implies 𝑎 ∈  (𝐽𝐻]̅̅ ̅̅ ̅̅ . 

Hence, 𝐽 ∩  𝐻 ⊆  (𝐽𝐻]̅̅ ̅̅ ̅̅ . …      ∗∗    
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Combining   ∗∗ and  ∗  we get  

Thus 𝐽 ∩  𝐻 =  (𝐽𝐻]̅̅ ̅̅ ̅̅ . 

 

Conclusion 
 

The concepts of the ord. ℎ- ideals in semirings and their key characteristics were 

discussed. The ordered h-ideal features have been used to describe the classes of semirings like ordered ℎ-

regular. The concepts of the ordered ℎ-ideals can be applied to non-associative structures like those in (13 , 15 

, 20). Additionally, in semiring theory, ordered ℎ-ideals can be extended for fuzzifcation. 
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