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Abstract: In this paper, the mixed and ordinary operators are characterized in the classes
of rmd-sets and r*ma-sets. Certain topological sets that are inherited from w-open set [2],
open set and &-open set [13] are characterized using rmd -sets and r*wd-sets. More over
the behavior of rmd-sets and r*mo-sets in spaces are investigated. The Inclusion chains
among the mixed and ordinary operators are refined in the domains of rd -sets and

r*md-sets.
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1 INTRODUCTION

In the year 1982, Hdeib [2] introduced the notion of a w-closed set. A
subset B of a topological space is called w-closed if it contains all its
condensation points. Recently general topologists introduced and studied new
types of topological sets by mixing interior, closure operators with &-interior,
o-closure operators. In this paper, our investigations on m-open sets and -
closed sets in the sense of Hdeib, lead to the development in the domains of

topology.

2 PRELIMINARIES
Throughout this paper (X, t) (or X ) represent topological spaces on

which no separation axioms are assumed unless otherwise mentioned. The
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concept of &-closure was introduced and studied by Velicko [13] in the year
1968. A point x is in the 3-closure of A if every regular open nbd of x intersects

A. CIsA denotes the d-closure of A.

Definition 2.1 A subset A of X is d-closed [13] if A = CIsA. The complement
of a 6-closed set is d-open. The collection of all d-open sets is a topology
denoted by t°. This ° is called the semi - regularization of .

Let IntsA and CIsA denote the &-interior and o&-closure of A
respectively. Velicko established that the operators CI(.) and Cls(.) have the
same effect on the class of open sets and the operators Int(.) and Ints(.) coincide
on the class of closed sets.

Lemma 2.2 [13]
() For any open set A, ClsA= CIA,
(i) For any closd set B, IntsB= IntB.
Definition 2.3
A subset M of a space X is called:
(i)  semi-open [4] if M < Cl(Int(M));
(i)  regular open [9] if M = Int(CI(M));
(iii)  preopen [5] if M < Int(CI(M)).
The complements of the above-mentioned open sets are called their
respective closed sets.
Definition 2.4
A subset A of a space X is called:
(i)  &-semi-open [7,11] if A < Cl(Int5(A));
(i)  o-pre-open [11] if A < Int(ClsA).
The complements of the above-mentioned open sets are called their

respective closed sets.
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Definition 2.5 [2] Let H be a subset of a space (X, 1), a point p in X is called a
condensation point of H if for each open set U containing p, U N H is
uncountable.

Definition 2.6 [2] A subset H of a space (X, 1) is called w-closed if it contains
all its condensation points.

The complement of an w-closed set is called w-open. The family of all ®-
closed sets is denoted by ®C(X, t). The family of all ®w-open sets is denoted by
®O(X). It is well known that a subset W of a space (X, 1) is ®-open [2] if and
only if for each x € W, there exists U € t such that x € U and U — W s
countable. The family of all m-open sets, denoted by t,, IS a topology on X,
which is finer than t. The interior and closure operator in (X, 1,,) are denoted by
Int, and Cl,, respectively.

Definition 2.7 The set A of a space X is called

(i)  regular w-open [6] if A= Int,CIA

(i)  semi-w-open [10] if AcCI Int,A

(ili))  pre-w-open [10,12] if Ac Int,Cl A

The complements of the above-mentioned open sets are called their

respective closed.

Definition 2.8 [3] A space (X,1) is said to be Anti Locally Countable (briefly
ALC) if every non empty open set is uncountable.

Proposition 2.9 [12] Let A be a subset of an ALC space. Then the following

chains hold.
(i) Cl.Int:A=Clint;A=Cl;Int;AcCl;IntA=ClIntA=Cl,IntAcCl.Int,A=ClInt
JAcClsInt,A.
(i)  Int,Cl:A=IntCl;A=Int;Cl;AxInt;CIA=IntCIA=Int,ClAzInt,Cl,A=IntClI
JAxInt;ClA.

3rmo-SETS AND r*ed-SETS
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we study r-sets and r*-sets that are defined using interior and closure

operators in topology and its associated delta topology. In this paper, the
notions of rwd-set and r*wd -set are introduced using mixed and ordinary two
level operators in topology. The applications of the above two types sets to Anti
Locally Countable Spaces are investigated.
Definition 3.1 A subset A of a space (X,7) is

(i) an ro-set if IntCl,A = IntCIA,

(i) an r*o-set if Clint,A =ClIntA,

(ili) anrr*m-set if it is both an re-set and an r*m-set,
It is noted that

(i) Theset Aisan ro-set <IntCIl,A = IntCIA= Int;CIA.

(i)  The set Ais an r*e-set <Clint,A =ClIntA = CLIntA.
Proposition 3.2 A subset A of a space (X,1) is

(i) an rod-set & X\Aisan r*mo-set,

(i) anrr*md-set < X\Ais an rr*ws-set.
Proof. The set Aisan rod-set <IntCl,A = IntCl:A,
< X\ IntCl,A = X\ IntClIA
<Clint,(X\A) = Clints(X\A)
<Alsan r*mo-set. This proves (i).
The set Ais an rr*md-set << Ais an rod-set and an r*mo-set.
<X\A s an r*od-set and an red-set.
< X\A isan rod-set and an r*ms-set.
< X\Aisan rr*md-set.
This proves (ii).
Proposition 3.3 Let A and B be an ro-set and rwd-set respectively in an ALC
space. Then the following chains hold.

1)  IntCl,AcIntCl,A=Int,Cl,A=Int,CIA=IntCIA=Int;CIAcInt;Cl;A=

IntCl;A=Int,CL;A.
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(ii)  Int;,Cl,BclIntCl,B=Int,Cl.B=Int,CIB=IntCIB=Int;CIB=Int;Cl;B=
IntCl;B=Int,CI;B.

Proof. Let A be an ro-set in an ALC space. Then using Proposition 2.9(ii), we
have
IntsClo,AcIntCl,A=Int,CloAcInt,CIA=INtCIA=Int;CIAcCInt;ClsA=IntClsA=
Int,ClsA.
Since A is an rm-set, using the result in Definition 3.1 (i) in the above
expression we have
IntsClo,AcIntCl,A=Int,CloA=Int,CIA=IntCIA=Ints CIAcCIntsClsA=IntClsA=
Int,Cl:A.
This proves (i).
Now let B be an rod-set in an ALC space. Therefore replacing A by B in
Proposition 2.9(ii) we have
IntsCl,B<IntCl,B=Int,Cl,BcInt,CIB=IntCIB=IntsCIB<IntsClsB=IntClsA=Int,
ClsB. Since B is an rwo-set, using the result in Definition (i) in the above
expression we have
IntsCl,B<IntCl,B=Int,Cl,B=Int,CIB=IntCIB=Int;CIB=IntsClsB=IntClsB=Int,
ClsB. This proves (ii).
Proposition 3.4 Let A be an rm-set in an ALC space. The followings are
equivalent.

(i)  Alsregular open

(i) A isregular o-open

(iii) A= IntCLLA

(iv) A isregular openin (X, 1)

(v) A=IntCIA
Proof. Let A be an ro-set in an ALC space. Then we have
IntCl,A=Int,Cl,A=Int,CIA=IntCIA=Int;CIA........ (1)
Therefore A is regular open < A= IntCIA < A= Int;CIA
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< A= Int,CIA= A'is regular w-open
< A= Int,CloA< A is regular open in (X, 1)
<A= IntCl,A . This proves the proposition.
Proposition 3.5 Let A be an rm-set in an ALC space. The followings are
equivalent.
(i)  Alspre-open
(i) A is pre-on-open
(iii)  AclIntCI,A
(iv) A is pre-openin (X, )
(v) Acint:,CIA
Proof. Let A be an ro-set in an ALC space. Then using (1) we have
A is pre-open < AcIntCIA < AciInt;CIA
< AclInt,CIA< A is pre- m-open
< AciInt,CloA< A is pre-open in (X, te)
<AcIntCl,A. This proves the proposition.
Proposition 3.6 Let A be an rm-set in an ALC space. The followings are
equivalent.
(i)  Aissemi-closed
(i) A issemi-o-closed
(iii) IntClLAC A
(iv) A issemi-closed in (X, t.)
(v) Int:CIAcCA
Proof. Let A be an rm-set in an ALC space. Then we have
A is semi-closed < IntCIA < A <IntsCIAC A
<Int,CIAc A< A is semi-o-closed
<Int,CloA c A= A is semi-closed in (X, 1)
<IntCl,Ac A. This proves the proposition.

Proposition 3.7 Let A be an r*m-set in an ALC space. The followings are
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equivalent.

(i)  Adisregular closed

(i) A isregular o-closed

(iii) A =ClInt,A

(iv) A isregular closed in (X, 1)

(v) A =ClIntA
Proof. Let A be an r*o-set in an ALC space. Then we have
ClsIntA=Cl,IntA=ClIntA=ClInt,A=Cl,Int,A.
Therefore A is regular closed < A = ClIntA < A= ClsIntA.
< A =ClyIntA < A is regular o-closed
< A =Clint,A

< A = ClyInt,A< Ais regular closed in (X,t0)

Proposition 3.8 Let A be an r*o-set in an ALC space. The followings are

equivalent.
(i)  Als pre-closed
(i) A is pre-o-closed
(i)  AxClInt,A
(iv) A ispre-closed in (X, 1)
(v) AxClintA
Proof. Let A be an r*m-set in an ALC space. Then we have
A is pre-closed < A oClIntA < AoClsIntA.
< A oClyIntA < A s pre-o-closed.
< AoClInt,A

< A oClyInt,A< Ais pre-closed in (X,to)

Proposition 3.9 Let A be an r*m-set in an ALC space. The followings are

equivalent.
(i)  Aissemi-open

(i)  A'is semi-o-0pen
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(i) A cCl,IntA

(iv) A issemi-openin (X, 1)

(v) AcCliIntA
Proof. Let A be an r*o-set in an ALC space. Then we have
A is semi-open < AcCIIntA < AcClsIntA.
< AcClInt,A < A is semi-m-open.
< A cClyIntA
< AcClylInt,A< Ais semi-open in (X,to) .
This proves the proposition.
Proposition 3.10 Let B be an rmd-set in an ALC space. The followings are
equivalent.

(i) B isregular open

(i) B isregular o-open

(iii) B =IntCl,B

(iv) B isregular openin (X, <)

(v) B isregularopenin (X, )

(vi) B =IntCl:A

(vii) B =Int;CIA

(viii) B =Int,Cl;B
Proof. Let B be an rod-set in an ALC space. Then we have
IntCl,B=Int,Cl,B=Int,CIB=IntCIB=Int;CIB=Int;ClsB=IntCl;B=Int,ClsB.
Therefore B is regular open < B = IntCIB< B = IntCl,B
< B = Int,Cl,B< B is regular open in (X,10)
< B = Int,CIB< B is regular o-open
< B = Int;CIB< B = IntCl;B < B = Int,ClsB
<> B = IntsClsB<>B is regular open in (X,t°)
This proves the proposition.

Proposition 3.11 Let B be an rmd-set in an ALC space. The followings are
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equivalent.

(i) Bispre-open

(i) B is pre-o-open

(iif) BcIntCl.B

(iv) B ispre-openin (X, 1)

(v) B ispre-openin (X, )

(vi) B is3-pre-open

(vii) B cInt;,CIB

(viii) B cInt,Cl:B
Proof. Let B be an rod-set in an ALC space. Then we have
B is pre-open < BclIntCIB< BclIntCl,B
< B clInt,Cl.B< B is pre-open in (X,10)
< BcInt,CIB< B is pre-m-open
< B cIntClsB < B is 6-pre-open
< B cInt;sCIB < B clInt,,ClsB
< B clIntsClsB<>B is pre-open in (X,t°)
This proves the proposition.
Proposition 3.12 Let B be an rod-set in an ALC space. The followings are
equivalent.

(i) B issemi-closed

(i) B is semi-o-closed

(iii) B xInt,CIB

(iv) B issemi-closed in (X, t.)

(v) B issemi-closed in (X, ©°)

(vi) B is s- semi-closed

(vii) B Int;,CIB

(viii) B 2Int,Cl:B

Proof. Let B be an rmd-set in an ALC space. Then we have
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B is semi-closed < B oIntCIB< B oInt,CIB
< B 2lInt,Cl.B< B is semi-closed in (X,10)
< B oIntCl,B< B is semi-m-closed
< B oIntClsB< B is 8- semi-closed
< B 2IntsCIB < B oInt,ClsB
< B oIntsClsB<>B is semi-closed in (X,1°)
This proves the proposition.
Proposition 3.13 Let B be an r*wd-set in an ALC space. The followings are
equivalent.
(i)  Bisregular closed
(i) B isregular o-closed
(ili) B isregular closed in (X, <)
(iv) B isregular closed in (X, <)
(v) B=ClInt:A
(vi) B =ClIntA
(vii) B =Cl,Int;B
Proof. Let B be an r*md-set in an ALC space. Then we have
CloIntsB=ClIntsB=Cl;sIntsB=ClsIntB=CIlIntB=Cl,IntB=Cl,Int,B=ClInt.B.
Therefore B is regular closed < B = ClIntB < B = Clint,B
< B =CloIntB <B is regular o-closed
<B =ClyInt,B< B is regular closed in (X,t)
<> B = ClsIntsB <B is regular closed in (X,t°)
< B =ClInt;B < B = ClsIntB << B = Cl,IntsB
Proposition 3.14 Let B be an r*mo-set in an ALC space. The followings are
equivalent.
(i) Bispre-closed
(i) B is pre-o- closed
(i) B Clint,B
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(iv) B ispre-closedin (X, 1)
(v) B ispre-closedin (X, %)
(vi) B is s-pre- closed
(vii) B =ClsIntB
(viii) B =Cl,Int;B
Proof. Let B be an r*md-set in an ALC space. Then we have
B is pre-closed < B o ClIntB < B o Clint,B
< B o ClyIntB <B is pre-m-closed
<B o ClylInt,B< B is pre-closed in (X,to)
< B o ClsIntsB <>B is pre-closed in (X,t°)
< B o ClIntsB <B is 6-pre-closed
<B oClsIntB < B oCly,IntsB
Proposition 3.15 Let B be an r*mo-set in an ALC space. The followings are
equivalent.
(i) B s semi-open
(i) B is semi-o-0pen
(iii) B<Cl,IntB
(iv) B issemi-openin (X, )
(v) B issemi-openin (X, )
(vi) B iss- semi-open
(vii) Bc ClsIntB
(viii) Bc Cl,Int;B
Proof. Let B be an r*md-set in an ALC space. Then we have
B is semi-open < Bc ClintB < B < Cl,IntB
< B c CliInt,B <B is semi-w-open
<Bc ClyIntu,B< B is semi-open in (X,10)
<> Bc ClsIntsB <>B is semi-open in (X,t°)

< B cClIntsB <B is 6-semi-open
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<B cClsIntB < B <Cl,IntsB
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