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1. INTRODUCTION:
Suppose 4 is the class which contains functions having the format:
{(z)= :+Za}:',
=2 (1.1)
and are also analytic in the open unit disk A = < {z: |Z| 1. }. Let S be the subclass of 4 containing univalent

functions. Also, if § € S then € # 0 inside A . In this work, for £ € S, the class N( y) of Bazilevi¢ functions
of type y; 0<y < lis considered, such that,

27(D,¢) (=) i
[¢(=)]”

N

where D, is the g-derivative, which is given by:

(D,¢)(z)=1+ Z[z’]q az",
= (1.2)

where

[, =1L (a#).

Many researches (see [3], [4], [5], [6]) have studied different subfamilies of Bazilevi¢ functions of type [ and
investigated many properties including their initial coefficient bounds. Toeplitz matrices are well studied in
recent years. These matrices arise in almost all the branches of statistics and probability, image processing,
pure as well as applied mathematics, queueing networks, quantum mechanics, time series analysis and signal
processing, (see [7]). Toeplitz matrices have computational properties and are used in large range of
determinant computations and disparate algorithms.

The Toeplitz determinant (symmetric) is given by:

a. a

i i+1

a:'+p—l

ar’—l

7,(i)=

Aipy  woe e :
Here we gain the upper bounds for the above determinant? ,(i); p = 2,3;i =1,2,3.These elements of 7 ,(i) are
the coefficients of functions C (given by equation (1.1))belonging to the class of

Bazilevi¢ functions N(%). To attain our main results, there will be use of the Lemma which is as follows:

Lemma 1.1 : [8] Let the function 77(z) =1+ Z n,z" € P.Hence, for any complex valued y and

n=1

& along with the conditions; y‘ <las well as ‘.5‘ <1,we have,

2n, = 7?12 + y(4'_3712 ):
4y, =1 +2(4=n )y —n, (4= ) > +2(4 =7 )(1=Dpf )

2. COEFFICIENT BOUNDS FOR TOEPLITZ DETERNINANTS:
In the following theorems, we find upper bounds for the coefficient bodies 7>(2) , 7>(3), 73(1) and 73(2).

Theorem 2.1: Let C be the function which is given by equation (1.1) belongs tothe class
N()- Then,
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2 2 4
E(Z)l:la;—a;‘éma‘x. P E—
(z+q+4%)
4[—;:4—23(4q+2q2)—zz(q4+6q3+6q2—1)—z(2q5+6q‘+4q3—2q2—4q)—q"’—2q5+4q3+4q2]}
(+9) ' (x+q+4°) '
2.1)
Proof: If £ is in the class N (y ) , then we have,
zl—z(qu:)(_‘) =r}(')
-7 =’
[¢(2)]
By correlating the coefficients in equation given above, we get:
a=—0__ (2.2)
(x+9)
7 —D(y+2
a - 7, - x 2)(;t 9) s 2.3)
(z+9+4°) 2(x+q) (x+q+9")
Using equations (2.2) and (2.3), we obtain:
2 2
., 2 -1 +2q) 1! 1) (x+2q)n} 2
iogie— ) (xr2)m (2=l (x*2a)mim o (2.4)

(z+a+a*) 4(z+9) (z+a+a*) (z+a) (z+a+a) (x+a)

By using lemma 1.1, it may be written that 2n=n’*+ — y(4-n2) , hence with a constraining assumption we let
Oni £=n< 2. Using this inequation (2.4), the quadratic equation in term of y is obtained.
22 2\, 2 2
22 (4_” ) 2 (z+2q+q )‘7 (4_” )
a; —a, = R > N2
4x+q+q’)  2x+q) (x+a+4)

(2 +2(24° +49)+44° +4¢° +4* 7" ~4(x+q) (r+a+7°) | |

5 n. (2.5)
4(x+q) (z+q+4")
Now applying the triangle inequality in above equation, we get:
(4-7) | (z+2q+q')(4-7")
|al‘2 — az2 < + 3 rf +

4z+q+a’) 2(x+a) (z+a+d)
[+ 2(24* +49)+4¢7 +44° +¢* | - 4(x+q) (2+q+4*) | |
4(z+q) (2+q+7°)

=¢(m. %)
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Now differentiating ¢ (1 , y ) with respect to 1 , we get:
o(¢(n2) _ ~(4=n")n_ 2(2-7")(x+24+q")

m  (g+q+q)  (z+q) (r+a+d)

[,1/2 +;{(2q.f2 +4q)+4q2 +4q° +q4]1}2 +2(;{+q)2 (,‘,5+qr+q,f2)2

n.
(z+q) (z+a+4*)
Or,
n’ [;g“ +7 (44.f;—2)+,1/2(4q2 —8q+1)+ Z(4q—8q2)+4q2]—2,}f4 +
(4(}2 ~8g+4)+ 1’ (2q“ +12¢° -8¢° +16¢)+ 7 (4¢° +12¢" +204°)
6(¢(??=Z)) . +8¢° +2q* +4q° +24¢°
on (z+a) (z+a+a*)
Setting M =0 gives either =0 or
n

, |27 -2 (44° -8q+4)- 17 (29" +12¢° -8¢” +16q)- x(4¢’ +12¢" +20°) 8¢’ 24" —4¢" - 2¢" )
7 ={ 2+ (4g-2)+ 1 (4(;2—8(;'+l)+,1f(4q—&q{z)+4q2

But,

(24— 2 (44" —8¢+4)— 2 (24" +124° =8> +16q ) — 2(4q" +12¢* +204°) ~84* —2q" —4¢° —24° ) <0
for 0< y <1.Consequently, the highest value of ‘a.f -a;

n =n<[0,2].

is gained at the terminal points,

For n, =0, we have n, =2y . Therefore, from equation (2.4),

”

|a32—a5 = 4|y‘2 < 4 .
(x+q+q°) (x+q+q°)

For n, =2, we have azzi and @, = 2 — 2(,’(—21)(){+2q)2
(x+9q) (x+q+q) (x+9) (x+q+q")

which gives,
|a32 —azz‘ <
|4[—;{4 —;{3(4q +2q2)—);2 (q4 +6q° +6q° —l)—z(qu +6q* +4q’ 24" —4~q)—q6 -2¢° +44° +4q1

| (z+0)' (z+a+a) |

This in equality is sharp for the functions,
24(DE)E) 14z
. = .
[ 1=

Hence the theorem is proved.
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Remark 2.2: For ¢ =1, theorem 2.1 yields the bound for the class B ( Z) of Bazilevi¢ functions
of type (0 < y <1) given by Radhika et al. [1]. For g=1, y =0, theorem 2.1 gives the result

obtained by Thomas et al. [2] which is about S (class of starlike functions). For ¢ =1, =1, the

above theorem coincides with the result given by Sivasubramanian et al. [9] which is about. the
class of functions having bounded boundary rotation.

Theorem 2.3: Let ¢ be the function given by equation (1.1) belongs to the class
N(I),OS;(SI. Then,

R =l -aifsmax) L4

Nx+q9) (x+q9+q°) (x+a9+q° +4’) (x+9+4")
R(y)=47"+ 7 (8q” +32q)+ x°(4q" +56¢° +112¢* —20) +Z5(24q5 +168¢* +168¢° —1124* -160q)
+ 7" (24¢° +96g° 2964 —664¢° —4884° +16)

-

+7° (-724° -336q” —840¢° —1728¢° —15604" —7204* +32¢° +128¢)
+ 5’ (—36q'0 —-360g° —1188¢* —2232¢" —2868¢° —1752¢° —3564" +3204° +448q2)

+ 7(-72q" —684¢" —1368q° —20884" —1968¢" —792¢° +8164° +960q" +7684°)
+(=364¢"7 —2164q" —504¢" —5764q° —1444¢" +720q" +12964° +1152¢° +5764*).

Proof: On correlating the coefficients of equation,

Z"%(D
2204 ),
[¢(2)]
we get:
a2=i, (2.6)
Z+q
o_m (D29 ‘ 2.7)
Y(x+q+q)) 22+ (x+q+q°)
and
a,= s (= )(x+2a+4 ),
(x+a+a*+q') (x+)(x+9+a)(x+a+a" +4’)
22+ (2 481 (3" v’ 120} (ta 4430} 60
6(z+9) (z+9+q°)(x+q+q* +q*) a
(2.8)

By using (2.7) and (2.8) and then by the application of Lemma 1.1, denoting E =4 —7”and

F= (1—‘y|2)£, where ‘£| <1, we obtain:
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a; —a;

[ .8 7 2 6 4 3 2 5 5 4 3 2

v +x (2 +8q)+ (g  +14qg” +28q~ +4)+ y'(6q” +42q" +60g” +8q~ +32q) +

7' (15¢° +78¢° +1064" +684° +112¢° +4) + 7*(24q" +1144° +1804° +204¢" + 2164°

+8¢° +329)+ 1° (27" +126q" +2284° +300q° +280g" +80q" +112¢°) + x(18¢° +904"

+192¢" +252¢° +384¢° + 240" +192¢°) +9¢"° + 54¢° +153¢" + 288¢" +360¢° + 2884’ +1444" |

6 242 2 342 n

144(x+q) (x+q+q ) (x+q+q +q)

[zz +;((44:;!+2cf)+419f2 +4q3+q4] ‘. B F?
4(};+Qf)4(,15+q+cf)2 g x+q+q°+q')

nyEF (r+29+24° +q*)yE’n,F
Hz+q+rd+d’) 2(z+a)(z+a+d)(x+ra+d’+q’)

7+ 7 (4q+ q’ ) + 1 (3(}3 +6q° + 2)+Z(8q +2¢° +6q° +3¢" )+12q2 +12¢° +9¢" +3¢° I EF

- ,
12(z+q) (2 +9+0")(x+9+q +q°)

nEy - (Z+q3+2q2+2q)?yfy3E2
16(z+q+a*+q’) 4(z+a)(x+a+a*)(x+a+d*+4)

+ 2

yZEZ

[;{2 +}j(4q+4q2 +2q3)+4q2 +8q° +8¢* +4q° +q(’] ,
+
4(;(+q +q° )2

2 Th_Ezyz_

4(z+q) (x+a+d) (z+a+7 +4°)

7+ r (Ahgr+¢f)+;g2 (2+6qr2 +3q3)+;((8q+2q2 +64° +3q“)+12q2 +12¢° +9¢"* +34° g2
1y Ey
24(z+q) (2+9+@)z+a+a*+4°) 1

BT (69+3¢° +q*)+ 1 (2+14¢” +13¢* + 64" +¢° )+ 1 (129 +6¢° +204* +21g* +124° +3q6)7

+;{f(28q2 +32¢° +33¢" +23¢° +124° +?ws;f?]+244qf3 +48q" +54q° +36¢° +15¢ +34° PivE
2 1

12(z+q) (z+a+¢*) (z+9+7 +7°)

 (z+q’ +2q) By}
2(x+q) (2x+9+4)

3.
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Now, with a constraining assumption, it can be written that7, =77, here 0 <7 < 2. Therefore, by

applying triangle inequality, we obtain:

ol 2= G-n)

) (x+2q+2¢°+@ )’ =2n)4-n)’
N M6(r+g+at+q)

3
y
4(x+q)(;r+q+q2)(z+q+qz+q3)2l |
{ 7' (1-2)(4~1")R (%) . R’ (A=)’
42+ (x+q+ ) x+q+4"+q")  Mx+q)(X+9+4 ) (x+q+q"+q’)
n(4-n’) _(12+23(q+q2—q3)+q2+2q’—q4—2q5—qﬁ)(4—n2)2}|y‘z
Hr+q+q" +q') Hx+q+q" Y (x+q+q’ +q’)

4
T+

2
4

{ (2+29+24° +¢m@A-n") R(n* A=)

20+ (x+q9+4° N x+q9+9*+¢°)Y 12+ (x+9+¢° Y (x+9+4° +q¢)

+(z+qz+2q)(4-nz)n2

2x+9’(x+q+q°)
(4-n°) . R’ (4-n)

Uy+q+q +q) 12x+qY(x+9+@)x+q9+q" +q')

]\yl +|R,.Gom* - R, Gom'|

=y .|y,
where,

R ="+ (4q+q)+ 1’ (2+6q” +3¢°)+ x(8q+2q° +6q¢° +3q*)+12q° +12¢° +9¢" + 3¢,
R(x)=1"+x(4q+4q" +2q° )+ 44" +8¢” +8q" +4q" + 4",

R(x)=x +x1(6g+3¢" +q )+ (2+14q" +13¢° +6¢* + )+ 1’ (12g + 64" +20q° +21q* +12¢°

+3¢°)+ 7(28¢” +32¢° +33¢"* +23¢° +12¢° +3q") +24¢" + 484" + 544’ +364¢° +15¢ +34°
And

21207 +89)+ 2°(g" +14q° +28¢7 +4)+ (6" +424" +60g° |
+8¢% +329)+ ' (15¢° +78¢° +1064" +68¢° +112¢° +4)+
7' (24q" +114¢° +180q° +204q" +2164¢° +8¢” +32q) +
17274 +1264" +228¢° +300g° +280g" +80q° +112¢%) +
7(18¢° +904" +192q" +2524¢° +384¢° +2404" +192¢°)
+9¢" +54¢° +153¢"° +288¢" +3604° +2884° +1444")
4+ (2 +9+9°V(x+9+4* +q°)

R4(Z)= =

R(z)= ;(2 +,1’(4q+2q2)+4q‘2 +4f;r3 +q4 .
’ Yx+9) ' (x+q+q")
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For the maximum value of (7,

y|) on [0,2] x[0,1], firstly we suppose that the maximum is at an
interior point y/(17,.|y,|) of [0,2] X[0,1], then on differentiation of y/(17,|y|) w.r. t.|y|and then
making it equal to zero gives 17 =17, = 2, which contradicts our assumption. Therefore, we

consider only terminal points of [0,2] x[0,1] to get the maximum value of y/(ry,‘yl) .

For 7 =0,we get:

b - 4+ 2209 +9° - )+ > +2¢° —q* —24° —¢°)

w(0,[y) = -
(x+q9+¢ )V (x+q+q +q’)

b’

(x+q+q’ +q')
4

-+ .

(x+q+q° +q°)

Thus,

v (0,

s —
| (x+9+q°)

For 17 =2, we get:

v (2|y) =[64R, (1) ~16R(7)|-
For |y| =0, we get:

4-n’)’ R(m’(4-n°)
,0)=|(R °—R Y+ ( + .
v 1.0 =R’ =R o' Hx+q+q+q ) 12x+q(x+q+@ ) x+q+q°+q')’

<|R,(m" - Rs()m'| -
For |y| =1, we get:

Q-n)’@4-7) (x+2q+2¢° +q)n’ -2n)(4-n’)’
16(x+q+q°+q) 4 x+x+9+Nx+9+q +q)

w(n,1)=

{ 7' (n-24-1")R () . Ry’ (4=n")’

24 +q) (x+q+@ N x+9+q°+¢’) 4 x+q9) (x+q+q )V (x+q+q +q°)
nd-n'y X +2x4+q-q)+a*+2¢’ —q" 24" —¢°1(4-1°)’

Hr+q+q°+q') Yx+q+4 ) (x+q+q° +q°)

{ (£+2q+2¢° +¢ A=)’ | R\(n' (4-1")
2+ 2 +9+ @ x+q+q*+q) 12+ (x+q+¢ )Y (x+9+¢ +q’)
2 2 2 242
+(£‘f+q +2q)4-n")n }\R.«,(x)rf‘—Rs(z)rf'h 4-n)”
(x+q)y (x+q+q°) dx+q+q +q°)
. R (' (4-n")
R2(x+q) (x+q9+@Nx+q+q" +q°)’

4

which has maximum values |64R4 (x)—16R; (1)| forn=2and ————5
(x+q+q°)

for 7=0.
Also, after simple calculations we obtain:
R(2)|

6 242 2 342 °
Nx+q9) (x+q+q ) (x+q+q +q°)
Eur. Chem. Bull. 2023, 12(Special Issue 10), 4069 — 4082 4076
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Thus, the theorem is proved.
Remark 2.4 : For g=1, y =0, the above theorem coincides with the result |7;(3)|£7

obtained by Thomas et al. [2] and for ¢ =1, y =0, the above result gives the bounlez(3)| < %

which coincides with the results obtained by Sivasubramanian et al. [9].For g =1 .theorem 2.3
yields the bound confirmed by Radhika et al. [1].

Theorem 2.5: Let ¢ be the function given by equation (1.1) belongsto the class
N(x),(0< x <L ¥ # %,)- Then,

81X
a, a, a, max{|X,(Z)X2(Z)|,%};ifx #* %o
2= |a; a a|< >
8
a, d; a max{|x2(l)x3(/‘r)|’H};{fﬂf:Zﬂ

where g, is the positive root of the polynomial,
dx" + 1 (16g+10g" + 64° )+ 2* (69> +24q" +30g" +24q° —4)+
2(12¢° +30g° +30q" +12¢° —4g° —16q )+ 6q" +124¢° +6q° —12q* —24q° — 24" =0,

4x'+ 2 (169 +10g° +6q° )+ 2 (6g° + 24q" +30g° +24q> —4)+
;{(qu" +30g" +30g" +12¢° — 44" —l6q)+ 6q' +12q° + 6g° —124g° —24q° — 244"
3+ (x+9+Nx+q+q*+q")

and Xl(;t’)—{

447" + 1" (3¢° +11¢° +20q) + 1* (64° +22q" + 444’ +40q° —4)
+2° (3¢ +21¢° +48¢° + 66q" +36¢° —14g° —20q )+

x(64° +24q7 +42¢° +364° —10g" —384° — 284" )

+3¢° +9¢° +9q" —9¢° —30q° — 244" —124°]

<

X, ()= >
’ 3+ ) (x+q+aV (x+a+q° +q°)
82+ (64" +14q" +32q)+ ” (64 +24q" +42q° +48¢” +4)+
. 2(12¢° +30g° +42¢* +364° +4g> +16q) +6q" +12¢° +18q° +24¢" + 244> +24¢)
Xi(x)= .

3 x+qy(x+a+@ N x+q+q°+q°)

Proof: We can note,
IT.(2)|= ‘ai —2a,a; +2aja, — a2a4|
= ‘(a2 —a,)a; —2a; +a,a, )| .
By applying similar procedure used in Theorem 2.3, we can get:
|la, —a,|<| X, ()| for x # x,.
where,

47"+ 1 (16g+10q° +6q° )+ 1 (6q° +24¢" +30q° +24¢° —4)+
Z(quf’ +30q° +30g" +12¢° — 44> —l6q.*)+l6q7 +12¢° +6q° —12q° —244° - 244

El

X, = 3 3 2 3
(2) 3x+q)y (x+q+q N x+tq+q +q)

and y, is the positive root of the polynomial,

Eur. Chem. Bull. 2023, 12(Special Issue 10), 4069 — 4082 4077
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ax* + 72° (169 +10¢° +6q° )+ 1 (6¢° +24q" +30q" +24q° —4)+
x(12¢° +304° +30q* +12¢° —4q° —16q)+ 649" +12¢° +64° —12¢* — 244" —244” = 0.

Now, using equations (2.2), (2.3) and (2.8) we get:

T|(x+9” (x+q+7) 2x+D (x+q+q)

2 2 _ 132 2 .4
a2 20 +aya,| | 2, (=D'(x+29)°n,

[,1/3 +x°2¢° +3g-D)+x(3q¢* —q* +2¢9° —3q9)—-2q> —q° —3q4]7712772
X+ x+q+a Y (x+q+q" +q’)

4 77
X+ x+q+q°> +q°)

22+ (3489 +2¢°) + ¥ (1-12q+6¢° +3¢°) + x(4g —14¢° —3¢°) + 64 17|
6(x+) (x+q+a°Nx+q+q"+q")
By the application of Lemma 1.1 and then by triangle inequality, with the assumption of 7, =77,
where 0 <7 <2, we obtain:

2_2 2 )
a; —2a32+a2a3|<_i (77 77) 5 5o+ -7 )2 3 (4_?72)|J’|—
Hx+alx+a+q +q) 2Ax+q+q)
X+ 2Ca+q" +q)+2q" +24° +3q" +q° 1" (4—11")

Y
2x+ (x+q9+q )V (x+q+q +q°) o

22 (59+2q")— 1 (—4+10q° +8q" +q")
—2*(3q° +12g* +64° —14g* —20q9) — ¥(39° —25q* —38q° —284%)

n’ +12q° +24q* +33qg° +18g° +3q’ .
- n
(x+9) R+ (x+9+@ )V (x+a9+q +q°)
n(4—n’)
2x+9Xx+q+q° +q")

=Q(n.|y))
Now for the highest value of Q(z,|y|)on [0,2]x[0,1], we firstlysuppose that the maximum is at
an interior point €X(77,,y,) . Differentiation of Q(i],l y|) with respect to | y| and then equating it to

zero gives 1) =17, = 2, which contradicts our assumption. Therefore, the maximum is at terminal
points of [0,2]x[0,1].

If7 =0, then we get:

(0,

e a—
(x+q+q°)

yp= |¥

8
(x+a+q°)

For 7 =2, we get:

47+ 7' Bq* +11g° +209) + 7' (6g° +22q* +44g* +40g° —4)
+7°(3q" +21¢° +48q° + 664" +364° —14g* —20q) +

x2(6g" +24q" +42q° +36q° —10g* —38q° —28q") +

3¢° +94° +9q" —9¢° —30q° — 244" —124°

Q2,|yp=4
o 3+ (x+q9+@ Y (x+q+q>+q")

=X,(x)-
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For | yl =0, we get:

-2 = 2" (5q+2¢°)- 1 (—4+10q° +8¢° +¢q*)
-7°(3q° +12¢* +64° —14q> —20q) — x(3¢° —25q" —38q" —284")
2 +12¢° +24q* +33¢° +18¢° +3q’
Q(]y,{]): Z 2 4 22 2 3 U"
(x+q) 12(y+q) (x+q+q ) (x+q9+q +q)
n4-n’)

2x+9)x+q9+q° +q°)’

which has maximum value X,(¥) gained at the terminal point 177 =2.

If|y| =1, then
27— x*(5q+26>)— 1’ (10q° +8q" +q* —4)
—-7°(3q° +12g* + 6g° —14qg° —20q) — n*
D 7 7(3g° —25¢* —38¢° —28¢*) +12¢° + 24qg* +33¢° +18¢° +3q")
n.1)= -
(x+q)° R+ (x+9+¢Y (x+q9+q° +q°)
G-y n(4-n")

2x+q+q’)Y Mx+q)x+q9+q +q)

X+ xBa+q’ +a)+2q” +2q° +3q" +q’ I’ (4—1")
2x+9) ' (x+q+q’ Y (x+q+q° +q°)

H

which has its maximum €X(77, l):%at n7=0and Q(n.1)=X,(y)at n=2.
(x+q+q97)
2 2 8
Therefore, |a; —2a; +a2a4‘ < 1’1‘13.:h{{|/Y2 (;()|,—,2} .
(x+q9+q)
Hence,
> 8|X, (%))

,(2) =|(a2 _04)(%2 —2a; +aya, )|é max {|X| (Z)Xz(l’)l,m .
For y = y,, we calculate |c;!2 fa4| as follows,
la, ~a |=| o s B (z-1)(x+29+q")nm, .

P g \(rra+ @ +d) i+ +a+@Na+q+a’ +q)

N 27+ 272q" +8g-3)+ 1°3q" +6q° 12+ 1)+ y(-3q" —14q" +4q) +64°1n; ‘
6(x+9) ' (x+q+@ N x+q9+q*+q°)

Since, we know that each |?7‘| < 2 therefore by applying triangle inequality we get:

la, —a,|< |X3 (Z)‘ .
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Hence,

2 2 SXB
ITa(Z)‘ =|(az —a,)(a; —2a; +a2a4)‘ Sm{‘xz (Z)Xs(l’)‘:—l (Z)zl 3}-
(x+q+q’)

Hence the theorem is proved.

Remark 2.6 : For g =1, y =0, Theorem 2.5 gives the result |?;(2)‘ <8 obtained by Thomas et

al.[2] for the class of starlike functions S~ and for ¢ =1, y =1gives the bound |T3 (2)| < %
confirmed by Sivasubramanian et al. [9]. For ¢ =1,0 < y <1, Theorem 2.5 coincides with the
result obtained by Sivasubramanian et al. [1].

Theorem 2.7: Let ¢ given by equation (1.1), belongsto the class N(%),0< 7 <1.Then,

1 a, a

(D) = 1 < l+—mm,|X ,

|3( )l az az max{ (Z+q+qz)3 | 4(/?)}
a, a, 1

where,
6 5 2 4, 4 3 2 7
2+ x 2qg +69)+ y (¢" +10g° +15g~ —8)
+7°(4q° +20g" +20q° —16g° —32q)+ 1°(6¢° +20q° +7q" —48q°
—48(;2 +12)+ y(4q" + quﬁ —~10g° — 484" —32q3 +24q2 +32|:;()+qr8
+2q" —7¢° —16¢° +4q* +32q° +164°

X, (x)== =.

(x+9) (x+q+q°)
Proof: First of all, we write determinant as follows,

7,(1) = 1+ 242 (a, - 1) - &
Now by using equations (2.6) and (2.7) and with the use of Lemma 1.1, we get:

I)=1+ 2&{ o (z—lz)(wzq)zmz_l}
(x+q) \(x+q+q) 2(x+q)(x+q+q°)

B 7 (- D(x+29)° N (x-D(x +2q)nin,
4 3 1 *
(x+q9+¢) Hx+9'(x+q+q)Y " (x+9’(x+q+q’)

Or,

T()=1+ ml+Ey) (=D +29m' 2y
’ X+ (x+9+9) (7+q) (x+q+a") (x+q)

WY B | - (a2 =D+ 200 0+ E)
dy+q+q’) A(x+q) (x+q+3)?  2x+9’(x+q+q’)
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37+ x(69 +8q)+3q" +8¢° +4¢° |
=1+ 3 282 T
dx+q) (x+q+q)

(x+mEy  Ey
20+9)°(x+q9+9°Y Mx+q+9°)

By generalising, we take 0 <7, =7 <2, and substitute this in the equation written above and then

by the use of triangle inequality,

(x+q) &=’
L)< zl P+ ; =1
4( + +q) 20x+q) (x+q+q°)
H(3;:2 +;((6q2 +8(,;()+4cf+8q3+3q")r;z2 2 rf:|
+| 1+ - ,
4 x+q9) ' (x+q+q’)
or,
232 2. 24 2
Mx+q+q) 2x+q)y(x+q+q)
1 (327 + (64" +89)+40> +34" +3¢")0* -8z + @y (z+a + 4|7 |
+| 1+ -
4 x+q9) ' (x+q+q’)
=p(n, %) -

By differentiation of ¢(77, ¥) with respect to  we get:

nx'+ 2 (4g-2)+ 1" (4q° —4q+3)+ 2(4q° +8q)
n|+2q* +8q° +4¢* 1+ 1’ (8q* +4) + y*(4q" + 244" +4q* +8q)+
7(24g* +8q° +49*)+4¢° +8¢° + 44"

op(n, x) _
4 3
on (2+q) (x+q+q°)
By setting W =0 gives either 7=0 or

» 18 +4) 2 (4q" +24q° +4q° +8q)— ¥(24q" +8q° +4q7)—4q° 8¢ 4q
;g +y (4q 2)+;( (4q 4q+3)+;5(4q +8q)+2q +8q +4q

n =

But the above value is negative for 0< y <1, € N(g #1), so the highest is gained at the

terminal points 1, =1 €[0,2].
For n, =0, we get:

2

4ly| N 4

(x+q+a’y  (x+q+q)

M)=1+
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For 1, =2, we get:

37+ 269" +8q)+4q” +8¢° +3¢°] 8 |

)<+ 2 : i :
2+ (x+q+¢%) (x+9)|

<[X,(x)|-

Hence the theorem is proved.

Remark 2.8: For y=0,9=1,theorem2.7 yields |T3(l)‘ <8which coincides with the result
obtained by Thomas et al. [2], and for y =1,g =1, the above theorem yields ‘]’;(l)| < 139 which

coincides with that of Radhika et al. [9]. For ¢ =1, the above theorem becomes same as
confirmed by Radhika et. al. [1].
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