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Abstract                 

Quintic Spline interpolation is the process of interpolation using splines of degree five. 

This paper deals with the derivation of inverse quintic spline using Polynomial Iteration 

technique and its evaluation using a set of data points, then corresponding error is also 

calculated. 
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1. Introduction 

 

Spline interpolation is a form of interpolation using piecewise polynomial called splines. 

Spline interpolation is often preferred over polynomial interpolation because the interpolation 

error can be reduced considerably with different degree splines.  

Based on the first derivative spline conditions, splines can be classified into different types such 

as Natural Spline, Parabolic Runout Spline, Cubic Runout Spline, Periodic Spline, Extrapolated 
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Spline. This paper deals with Natural Quintic spline interpolation and the inverse quintic spline 

are derived using Polynomial Iteration method 

 

    

2. NATURAL QUINTIC SPLINE 

 Consider a set of data points (     )  where               of the function              

     ( ). Let   [       ] be a subinterval of [     ]. Let   ( ) denote the spline function of 

n functions and every spline work is characterized in the interval [       ]. On account of quintic 

spline, the functions   ( ) are the quintic spline polynomials coefficients has to be resolved.  

Definition: 

A spline polynomial  ( ) of degree n which is piecewise, having continuous derivative 

up to order     considering each subinterval   (  ) as polynomials of degree n.  

  ( )  

{
 
 

 
 

  ( )   [     ]

  ( )      [     ]  
 
 
 

   ( )       [       ]

 

A Formula for Natural Quintic spline has been derived, details of which can be had from [2] 

based on the following boundary conditions: 

Boundary conditions 

The limit conditions are, 

a)   (  )                 

b)   (    )                     

c)   (  )   
 (  )   

  (  )   
   (  )       

  ( ) are continuous. 

d)   
    (  )      

   (  )      
e)     

  (  )    

f)     
   (  )    

On applying these conditions, we get a set of equation with coefficients. Solving the 

coefficients of the functions which on substituting gives the derivation of the natural quintic 

spline functions   ( ).   

3. Derivation of Quintic Spline 

Since   ( ) is a quintic spline,   
  ( ) is linear.  

  
  ( )  

 

  
[(      )   (    )    ]                   (1) 
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where            

 

Integrating (1) four times,  

  ( )  
 

  
[
(      ) 

   
   

(    )
 

   
    ]    (      )(    )

    (      )(    )  

     (      )    (    )                                                        (2) 

 

Using the boundary conditions (a) and (b) in (1), 

   
  

  
 

  
 

   
            (3) 

   
    

  
  

  
 

   
                                (4) 

Differentiating (2), the first derivative of    ( ) can be obtained: 

  
 ( )   

 

  
[ 

(      ) 

  
   

(    )
 

  
    ]    (                          

 )   

                    (          )    (  )           (5) 

Then the following recurrence relation is obtained: 

[
  

 

  
 

    
 

  
]     

    
 

   
[         ]  

  
 

   
[       ] [        

      
 ]  

[             ]  =                 (6) 

Where    
        

  
 

Differentiating (5), we get   
  ( ):  

  
  ( )  

 

  
[
(      ) 

 
   

(    )
 

 
    ]    [            ]    [  ]    (7)      

On applying the continuity condition defined in (c) (ii), we get the next expression follows: 

        [
  

  
]      [             ]                      (8) 

Once again differentiating (7), the third derivative is obtained: 

  
   ( )  

 

  
[ 

(      ) 

 
   

(    )
 

 
    ]           (9) 

Again applying the condition defined in (c), (iii) the new expression is: 

        [
       

  
]                                       (10) 

Replacing equation (8) in (6) then the following relation is obtained: 

  
 [        ]      

 [          ]                
             [         

    ]     [       ]   where        
    

                                (11) 
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Using the Boundary Conditions (d), (e) and (f) in (8), (10) and (11) gives  
                                             (12) 

Finally on solving (6), (8) and (9) and replacing it into (2) along with (3), (4) and (12), the spline 

function   ( ) is obtained. 

 

4. Inverse By Polynomial Iteration Method 

Consider a fifth-degree polynomial 

            
     

     
     

  

             
     

     
     

  

             
     

     
     

   

  
    

  
 

  

  
   

  

  
   

  

  
   

  

  
                  (13) 

On neglecting the higher powers of   and using the first approximation for   is 

  ( )  
    

  
                    (14) 

Substituting (2) in (1) the second approximation is 

  ( )  
    

  
 

  

  
[
    

  
]
 
 

  

  
[
    

  
]
 
 

  

  
[
    

  
]
 
 

  

  
[
    

  
]
 

 

 ( )  
    

  
 

  

  
[
          

 

  
 ]  

  

  
[
       

     
     

 

  
 ]                     

 
  

  
[
       

     
       

     
 

  
 ]

 
  

  
 [
       

      
        

       
     

 

  
 ] 

  [
   

  
 ]    [

     

  
  

  

  
 ]    [

       
 

  
  

     

  
  

  

  
 ]   

 [
      

 

  
  

     
 

  
  

     

  
  

  

  
 ]   
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]  

 [
    

 

  
  

    
 

  
  

    
 

  
  

    
 

  
  

  

  
] 



Interpolation of Inverse Quintic Spline on Applying Polynomial Iteration Method 

 

Section A -Research paper 

 
ISSN 2063-5346 

 

2971 
Eur. Chem. Bull. 2023, 12(Special Issue 6), 2967-2977 
 

5. Derivation Of Inverse Quintic Spline Using Polynomial Iteration Method 

Consider the quintic spline interpolation formula 

  ( )  [
  

     

   
     ]  [

    
     

   
     

            ]   

 [
  

     

  
         ]   

  [   
      

  
]  

  [
    

  
]  

 

 [
       

     
]   

  

     ( )              
      

      
      

   be a fifth-degree polynomial 

Applying Polynomial Iteration Method in equation (5), so that we get an inverse equation for     

in terms of    where                         

Where     
  

     

   
      

    
    

     

   
      

             

    
  

     

  
          

       
      

  
 

     
    

  
 

     
       

     
 

 

               
      

      
      

    

                
      

      
      

  

    
     

  
 

  

  
  

  
  

  
  

  
  

  
  

  
  

  
  

       (15) 

The first approximation for      is obtained by neglecting the higher powers of     , Hence  

  
( )  

     

  
          (16) 

Now the second approximation is obtained by substituting (4) in (3) 

  
( )  

     

  
 

  

  
[
     

  
]
 

 
  

  
[
     

  
]
 

 
  

  
[
     

  
]
 

 
  

  
[
     

  
]
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𝑋𝑖
( )

 
𝑦𝑖  𝑃𝑖
𝑄𝑖

 
𝑅𝑖
𝑄𝑖

[
𝑦𝑖

   𝑦𝑖𝑃𝑖  𝑃𝑖
 

𝑄𝑖
 

]  
𝑆𝑖
𝑄𝑖

 
𝑦𝑖

   𝑦𝑖
 𝑃𝑖   𝑦𝑖𝑃𝑖

  𝑃𝑖
 

𝑄𝑖
 

 

 
𝑇𝑖
𝑄𝑖

 
𝑦𝑖

   𝑦𝑖
 𝑃𝑖   𝑦𝑖

 𝑃𝑖
   𝑦𝑖𝑃𝑖

  𝑃𝑖
 

𝑄𝑖
  

 
𝑊𝑖

𝑄𝑖
 
𝑦𝑖

   𝑦𝑖
 𝑃𝑖    𝑦𝑖

 𝑃𝑖
    𝑦𝑖

 𝑃𝑖
   𝑦𝑖𝑃𝑖

  𝑃𝑖
 

𝑄𝑖
 

  

  
( )  [ 

  

  
 ]   

  [
     

  
  

  

  
 ]   

  [
       

 

  
  

     

  
  

  

  
 ]   

 

   [
      

 

  
  

     
 

  
   

     

  
  

  

  
 ]   

 

   [
      

 

  
  

     
 

  
  

     
 

  
  

     

  
  

 

  
]   

  [
    

 

  
  

    
 

  
  

    
 

  
  

    
 

  
  

  

  
 ] 

Let   ( )   , and             ,           

Then the Inverse quintic spline is   
  (  )          , Hence  

  
  (  )       [

  

  
 ]   

  [
  

  
  

     

  
 ]   

  [
      

 

  
  

     

  
  

  

  
 ]   

  [ 
      

 

  
  

     
 

  
  

     

  
  

  

  
 ]   

  [
     

 

  
  

     
 

  
  

     
 

  
  

     

  
  

 

  
]   +[ 

    
 

  
  

    
 

  
  

    
 

  
  

    
 

  
  

  

  
 ]  

   
  (  )           

      
      

      
             (17) 

Hence   
  (  ) is the required  inverse equation of a fifth degree polynomial 

Where     
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6. Illustration 

An example was illustrated on the  inverse quintic spline using polynomial iteration method. 

x -1 -0.7 -0.6 -0.4 -0.3 -0.1 0.2 

y 1 0.2401 0.1296 0.0256 0.0081 0.0001 0.0016 

  
     Figure: 1 Quintic Spline  
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In Natural quintic spline,        ,  

               

               

                

                

                

        [
       

  
]              [

  
      

 

  
]     
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Hence the Inverse Quintic Spline using Polynomial Iteration  method is  

  
  ( )                                                      

                                       ,          [            ] 

  
  ( )  

                                                                            
                               [               ] 

  
  ( )                                                           

                                             ,       [               ] 

  
  ( )                                                             

                           ,       [             ] 
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  ( )                                                             

                                        ,                        [             ] 

  
  ( )                                                          

                                         ,     [               ] 
 
 
 

7. Error Calculation 
 

Error = Actual value – Computational value 

 
Value of y 

 
Interval 

 
Actual 

value of x 

Polynomial iteration method 

Calculated value of x Error 

 
0.522 

 
[            ] 

 
-0.85 

 
−0.857948 

 
0.007948 

 
0.1385 

 
[                ] 

 
-0.61 

 
-0.596525 

 
-0.013475 

 
0.041 

 
[                 ] 

 
-0.45 

 
−0.389951 

 
-0.060049 

 

0.021 
 

[                ] 
 

-0.38 

 
−0.340555 

 
-0.039445 

 
0.0041 

 
[             ] 

 
-0.266 

 
−0.127118 

 
-0.138882 

 
0.0015 

 
[                ] 

 
0.197 

 
0.202516 

 
-0.005516 

 

 

8. Conclusion 
In this paper we figure out the Inverse quintic Spline from the derivation of the Qunitic spline 

using Polynomial Iteration Method. Here an example was also illustrated and the error is 

calculated successfully.  
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