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ABSTRACT 

Thel middlel graphl ofl al graphl G,l denotedl byl  ( )  isl al graphl whosel vertexl setl isl  ( )   ( )l l 

andl twol verticesl arel adjacentl ifl theyl arel adjacentl edgesl ofl Gl orl onel isl al vertexl andl otherl isl anl 

edgel incidentl withl it.l Al dominatingl set   l ofl  ( )l isl calledl al restrainedl dominatingl setl ofl  ( )l 

ifl everyl vertexl notl inl  l isl adjacentl tol al vertexl inl  l andl tol al vertexl inl  [ ( )]    l Thel 

minimuml cardinalityl ofl l  l isl calledl thel restrainedl dominationl numberl ofl  ( )l andl l isl denotedl 

byl     [ ( )]. 

l l l l l Inl thisl paper,l wel establishl thel upperl andl lowerl boundsl onl     [ ( )]l andl comparel withl 

otherl dominatingl l parametersl ofl Gl andl elementsl ofl Gl werel obtained. 

KEYWORDS:_l Graph,l Middlel graph,l Restrainedl Dominationl number. 

SUBJECTl CLASSIFICATIONl NUMBER:l AMSl 05C69,l O5C70. 

INTRODUCTION: 

l l l l l l Byl al graphl   (   )l bel meanl ofl finitel undirectedl graphsl withoutl loopsl andl multiplel 

edges.l Termsl notl herel arel usedl inl thel sensel ofl Harary[2]. 

l l l Asl usuall thel maximuml degreel ofl al vertexl inl  ( )l isl denotedl byl  ( )l andl maximuml edgel 

degreel ofl edgel inl  ( )l isl denotedl byl   ( )  

l l l Thel notationl     ( )(  ( ))l isl thel minimuml numberl ofl vertices(edges)l inl al vertex(edge)l 

coverl ofl G.l Thel notationl l   ( )(  ( ))l isl thel minimuml numberl ofl vertices(edges)l inl al 

maximall independentl setl ofl al vertex(edge)l ofl G.l  

l l l l Al subsetl  l ofl  ( )l isl al dominatingl set,l ifl everyl vertexl notl inl  l idl adjacentl tol somel vertexl 

inl  .l Thel dominationl numberl  l ofl  l isl thel minimuml cardinalityl takenl overl alll thel minimall 

dominatingl setsl ofl l  l .l Thel studyl ofl dominationl inl graphsl wasl begunl byl Ore[8]l andl Berge[1]. 

l l l Al setl    ( )l isl anl edgel dominatingl set,l ifl everyl edgel notl inl  l isl adjacentl tol atleastl onel 

edgel inl  .Thel edgel dominationl numberl ofl  ,l isl denotedl byl   ( )l andl isl minimuml cardinalityl ofl 
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anl edgel dominatingl set.l Edgel dominationl numberl wasl studiedl byl S.L.Mitchelll andl Hedetniemil inl 

[6]. 

l l l Forl anyl reall numberl  ,l ⌊   l ⌋l denotesl thel greaterl integerl notl greaterl thenl  . 

l l Inl [4]l definedl thel strongl dominationl isl denotedl byl    ( ).l Al dominatingl setl  ,l ifl forl everyl 

vertexl    ( )   l therel existl al vertexl    l withl     ( )      ( )l andl l  l isl adjacentl tol    

l l l l Letl  l isl al weakl dominatingl setl isl denotedl byl   ( ) l ifl forl everyl vertexl    ( )   l therel 

existl al vertexl    l withl     ( )      ( )l andl l  l isl adjacentl tol  l see[4]. 

l l l l Thel conceptl Romanl dominationl functionl (RDF)l inl al graphl l   (   )l isl al functionl   — 
       l ofl satisfyingl thel conditionl thatl everyl vertexl ul forl whichl f(u)=0l isl adjacentl tol atleastl onel 

vertexl ofl vl forl whichl f(v)=2l inl G.l Thel weightl ofl al l Romanl dominatingl l functionl isl thel valuel 

f(v)=∑  ( )   .l Thel minimuml weightl ofl al Romanl dominationl functionl ofl al graphl Gl isl calledl al 

Romanl dominationl numberl andl isl denotedl byl   ( ). 

l l l Al dominatingl setl  l isl al dominatingl setl whosel inducesl subgraphl    l isl connected.l Thel 

connectedl dominationl numberl ofl al graphl Gl denotedl byl   ( )l ,l isl thel minimuml cardinalityl ofl al 

dominatingl setl ofl G.l Similarlyl ,l thel connectedl edgel dominationl numberl   
 ( )l isl thel minimuml 

cardinalityl ofl al connectedl edgel dominatingl setl ofl G. 

l l l Al totall dominatingl setl  l ofl Gl isl al coregularl totall dominatingl setl ifl thel inducedl subgraphl l 

     l isl regular.l Thel coregularl totall dominationl numberl     ( )l ofl Gl isl thel minimall 

cardinalityl ofl al coregularl totall dominatingl setl see[7]. 

RESULTS: 

Thel followingl theoreml relatesl thel upperl boundl forl   [ ( )]l inl termsl ofl l   ( )l andl strongl 

dominationl numberl ofl Gl    ( ). 

Theoreml 1:l Forl anyl connectedl (p,q)l graphl G,l  

l l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )     ( )l andl     . 

Proof:l Supposel     .l Thenl   [ ( )]      ( )     ( ).Hencel     .l Letl    ( )  

       andl partitionl thel vertexl setl  ( )l intol (        )l inducedl byl fl withl        l forl 

dominatesl i=0,1,2.l Supposel thel setl   l dominatedl thel setl   .l Thenl        l formsl al minimall 

Romanl dominatingl setl ofl G. 

l l l l Supposel      ,                   ( )l bel thel minimuml setl ofl verticesl withl maximall 

degreel inl  l suchl thatl     (  )      (  )l wherel      l andl      ( )   l andl   l isl adjacentl 

tol   .l Further,l ifl  [ ]   ( ),l thenl  l isl al    l ofl G. 

l l l Further,l sincel  [ ( )]   ( )   ( ),l letl therel existl al setl      ,                 l whichl 

dividesl eachl edgel ofl Gl withl      .l Supposel     l andl        l Thenl          coverl alll 

verticesl ofl  ( )l withl  [     ]   [ ( )]   Clearly,         l isl al minimall dominatingl setl 

ofl  ( ) l Ifl everyl vertexl ofl l  [ ( )]         l isl adjacentl tol atl leastl onel vertexl ofl     
   l andl al vertexl ofl  [ ( )]         .l Thenl        l isl al restrainedl dominatingl setl ofl l 

 ( ) l Itl isl clearl that, 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l                  l gives 

                                                                                                                              [ ( )]      ( )     ( ). 

l l Thel followingl theoreml relatesl   [ ( )]l withl l   ( )l andl weakl dominationl numberl ofl G. 
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Theoreml 2:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )    ( ). 

Proof:l Letl                        ( )bel thel maximall setl ofl edgesl withl  (  )   (  )  

  l forl everyl                        l andl    ( )    l Clearly,l Bl formsl al maximall 

independentl edgel setl inl G.l Supposel      ,                   ( )l bel thel setl ofl vertices.l Ifl 

everyl vertexl     ( )   l isl adjacentl withl              l andl     (  )      (  )     l isl 

adjacentl tol   .l Suchl thatl  [ ]   ( ) l Thenl  l isl al weakl dominatingl setl ofl G. 

l l l l Further,l  [ ( )]   ( )   ( ).l Letl      ,                 l bel thel setl ofl verticesl whichl 

arel dividingl eachl edgel ofl Gl suchl thatl       l Nowl wel considerl     l andl al setl   
   ,                 l thel setl ofl alll endl verticesl ofl  ( ).l Supposel       l bel thel minimall setl 

ofl verticesl whichl coversl alll thel verticesl ofl  ( )l andl everyl vertexl notl inl       l isl adjacentl 

withl atleastl onel vertexl ofl       l andl atleastl onel vertexl ofl  [ ( )]        .l Clearly,l 

      l isl al minimall restrainedl dominatingl setl ofl l  ( ) l l l  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Hence,l                 l gives 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )    ( ). 

l l l l Al dominatingl setl Dl ofl al graphl Gl isl al cototall dominatingl setl ifl thel inducedl subgraphl    
  l hasl nol isolatedl vertices.l Thel cototall dominationl numberl     ( )l isl thel minimuml cardinalityl 

ofl al cototall dominatingl setl ofl G. 

l Thel followingl theoreml relatesl thel dominationl number,l cototall dominationl numberl ofl Gl andl 

  [ ( )]. 

Theoreml 3:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l   [ ( )]        ( )     ( )   l andl    l ,                

Proof:l Supposel Gl isl eitherl             (   ).l Thenl   [ ( )]        ( )     ( )   .l Hencel 

    l andl                        

l l Letl      ,                   ( )l bel thel minimall setl ofl vertices,l suchl thatl everyl vertexl ofl 

 ( )   l isl adjacentl tol atl leastl onel vertexl ofl D.l Thenl Dl isl al l   setl ofl G. 

l l l l l l Supposel thel inducedl subgraphl   ( )    hasl nol isolatedl vertex,l thenl Dl formsl al cototall 

dominatingl setl ofl G.l Otherwise,l therel existsl atl leastl onel vertexl    [ ( )   ]l suchl thatl 

inducedl subgraphl  [ ( )   ]        hasl nol isolates.l Clearly,  [     ]  formsl al cototall 

dominatingl setl ofl G. 

l l l l l l Further,l letl             .............     l bel thel vertexl setl ofl  ( ).l Supposel therel existsl 

    l suchl thatl everyl vertexl notl inl   l isl adjacentl tol atl leastl onel vertexl ofl   l andl  [ ( )]  
   sol thatl  [  ]   [ ( )] l Hencel   isl al minimall restrainedl dominatingl setl ofl  ( )  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Clearly,  |  |  |[     ]| | |    

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Hence,l   [ ( )]        ( )     ( )     

l l l l l Al dominatingl setl    ( )l isl al doublel dominatingl setl ofl G,l ifl eachl vertexl inl Vl isl 

dominatedl byl atl leastl twol verticesl ofl D.l Al subsetl   ofl Gl isl al doublel dominatingl setl ifl forl 

everyl vertexl    ( ),  | ( )   
|    l thatl isl l vl isl inl   andl hasl atl leastl ol nel neighbourl inl   

l 
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orl vl isl inl  ( )    
l hasl atl leastl twol neighboursl inl    l Thel doublel dominationl numberl    ( )l 

ofl Gl isl thel minimuml cardinalityl ofl al doublel dominatingl setl ofl Gl see[3]. 

Theoreml 4:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l   [ ( )]       ( )   ( )  

Proof:l Letl       ,                   ( )l bel thel setl ofl alll non-endl verticesl inl G.l Thenl therel 

existsl atleastl onel vertexl l     l suchl thatl     ( )   ( ). 

l l l l Supposel      ,                   ( )l andl everyl vertexl ofl  ( )   l isl adjacentl tol atl 

leastl onel vertexl ofl  l suchl thatl  [ ]   ( ) l Thenl  l isl al minimall dominatingl setl ofl G.l Now,l 

considerl     ( )   l andl       ,                    ,thenl         l formsl al doublel 

dominatingl setl ofl G. 

l Further,l letl                .............       [ ( )].l Supposel     l sol thatl ifl everyl vertexl notl 

inl    l isl adjacentl withl atl leastl onel vertexl ofl    l andl atl leastl onel vertexl ofl  [ ( )]   l suchl 

thatl  [ ]   [ ( )] l l Thenl  l isl al minimall restrainedl dominatingl setl ofl  ( ).l Hence, 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l     |  |   ( ) l gives 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]       ( )   ( ) l  

Theoreml 5:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]        ( )    
 ( )  

Proof:l Letl      ,                   ( )  suchl thatl     Supposel        ,                  
 ( )l bel thel minimuml numberl ofl verticesl whichl coversl alll thel edgesl ofl G.l Thenl         ( ) l 
Let,l nowl      ,                l bel thel minimall edgel dominatingl setl ofl Gl andl thel subgraphl 

   l doesl notl containl morel thenl onel component.l Thenl  l itselfl isl al connectedl edgel dominatingl 

setl ofl G.l Otherwise,l ifl thel inducedl subgraphl    l hasl morel thanl onel componentl ,l thenl attachl 

thel minimuml numberl ofl edgesl       ( )   l suchl thatl          l formsl exactlyl onel 

component.l Clearly,l     isl al l l   
  setl ofl G.l l  

l Supposel    [ ( )],l ifl everyl vertexl notl inl {A l isl adjacentl withl atl leastl onel vertexl ofl l    l l 

andl atl leastl onel vertexl ofl l  [ ( )     ]l andl  [ ]   [ ( )] Thenl  l isl al minimall    setl ofl 

l  ( ) l Sincel               l andl  [ ( )]   ( )   ( )  

l l l l l Thenl itl followsl that,l l                 l whichl gives 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]        ( )    
 ( )  

l l Inl thel followingl theorem,l wel developl anl upperl boundl forl   [ ( )]l inl termsl verticesl ofl G,l 

   ( )l andl   ( )  

l l l l l l l l Al dominatingl setl Dl ofl al graphl Gl isl al strongl splitl dominatingl setl ifl thel inducedl subgraphl 

     l isl totallyl disconnectedl withl atleastl twol vertices.l Thel strongl splitl dominationl numberl 

   ( )l ofl al graphl Gl isl thel minimuml cardinalityl ofl al strongl splitl dominatingl setl ofl G.l See[5]. 

Theoreml 6:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l   [ ( )]        ( )     ( )                        

Proof:l Supposel l       l .Thenl l   [ ( )]        ( )     ( )      Letl 

     ,                 l bel thel setl ofl alll endl verticesl inl G.l Considerl      ,                  
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 ( )l bel thel maximuml setl ofl verticesl withl     (   )   l andl  ( )   ( )           
   and     ( )   Clearly,      ( ) l Now,l letl      ,                   ( )suchl thatl 

everyl vertexl ofl  ( )   l isl adjacentl tol atl leastl onel vertexl ofl l  l andl  [ ]   ( )   Ifl thel 

inducedl subgraph   l l isl totallyl disconnected,l thenl  l isl al l     setl ofl G. 

l l l Further,l supposel               .............     l bel thel setl ofl verticesl andl eachl vertexl ofl  l isl 

dividingl eachl edgel ofl Gl inl  ( ) l Assumel therel existsl al setl     l andl formsSl       l isl al 

dominatingl setl ofl  ( ) l Ifl everyl vertexl notl inl l       l isl adjacentl withl atl leastl onel vertexl ofl l 

      l andl al vertexl ofl  [ ( )]         l Thus,  {    }l isl thel minimall restrainedl 

dominatingl setl ofl l  ( )  

l l l l l l l l l l l l l l l l l l l l l l l l Hence,l                   l impliesl that 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]        ( )     ( )     

l Againl inl thel followingl theoreml wel establishl anl upperl boundl forl   [ ( )]l inl termsl ofl 

connectedl dominationl ofl Gl andl maximuml edgel degreel ofl G. 

Theoreml 7:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l l     [ ( )]    ( )  
 
( )  

Proof:l Letl       ,                 l bel thel setl ofl alll endl verticesl inl G.l Suppose      ( )  
    l bel thel minimall setl ofl verticesl suchl thatl  [  ]   ( )          l Thenl     l forml al minimall 

dominatingl setl ofl G. 

l l Further,l ifl     l hasl exactlyl onel componentl thenl     l itselfl isl al connectedl dominatingl setl ofl G.l 

Supposel     l hasl morel thanl onel component.l Thenl attachl thel minimuml setl ofl verticesl        suchl 

thatl                   whichl arel inl every     l pathl inl  ( )     l Hencel     l isl al minimall 

connectedl dominatingl setl ofl G.l Letl el bel anl edgel inl Gl withl maximuml degreel     

l l Now,l letl      ,                   ( )      l Supposel       l andl          l isl minimall 

dominatingl setl ofl  ( ).l Ifl everyl vertexl notl inl          l isl adjacentl withl atl leastl onel vertexl ofl l 

         l andl al vertexl ofl  [ ( )]            l Itl followsl thatl          l isl thel    setl ofl 

 ( )  

l l l l l l l l Hence,  |       |  |    |  
 
( )l gives 

l l l l l l l l l l l l l l l l l l l l   [ ( )]    ( )    ( )  

Followingl theoreml givesl anl upperl boundl forl ourl concept. 

Theoreml 8:l Forl anyl connectedl (p,q)l graphl G, 

l l l l l l l l l l l l l l l l l l l l l   [ ( )]    ( )    ( )  

Proof:l Letl                        ( )l bel thel setl ofl alll endl edgesl inl G.l Thenl    l wherel 

     ( )     bel thel minimall setl ofl edgesl whichl coversl alll thel verticesl ofl G,l suchl thatl    
     ( ) l Supposel                        ( )l suchl thatl forl each           
              [ ]    .l Thenl         ( )  

l l l Further,l letl      ,                 bel thel vertexl setl ofl  ( ) l Supposel therel existsl    l 

andl                .............     beingl thel setl ofl verticesl subl dividingl eachl edgel            
    inl  ( ) l Supposel therel existsl        suchl thatl           [ ( )] l Nowl assumel thatl 
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everyl vertexl notl inl         l isl adjacentl tol atl leastl onel vertexl         l andl atl leastl onel vertexl 

ofl  [ ( )]           l Thenl         l isl al minimall restrainedl dominatingl setl ofl  ( )  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Thus,  |      |    |   | | |l gives 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]    ( )    ( )  

l l Nowl wel establishedl thel lowerl boundl forl   [ ( )]l inl termsl ofl co-regularl totall domination. 

Theoreml 9:l Forl anyl connectedl (p,q)l graphl G,l  

l l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )     

Proof:l Letl  l bel al minimall dominatingl setl ofl G.l Ifl thel inducedl subgraphl    l hasl nol isolates,l 

thenl  l bel al totall dominatingl setl ofl G.l Supposel inl thel inducedl subgraph  ( )    ,eachl 

vertexl hasl samel degree.l Thenl  l bel al co-regularl totall dominatingl setl ofl G. 

l l l l Supposel         ,                 l bel thel vertexl setl ofl l  ( ).l Thenl therel existsl al setl 

       l ifl everyl vertexl notl inl    l isl adjacentl withl atl leastl onel vertexl ofl    l andl al vertexl ofl 

 [ ( )]   l sol thatl  [ ]   [ ( )] l Itl showsl thatl    l isl al restrainedl dominatingl setl ofl 

 ( ) l Whichl gives, 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l            

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Hencel   [ ( )]      ( )     

l l Al dominatingl setl    ( )l isl splitl dominatingl setl ifl thel inducedl subgraphl   ( )    l hasl 

morel thanl onel component.l Thel splitl dominationl numberl   l ofl Gl isl thel minimuml cardinalityl ofl al 

minimall splitl dominatingl set.l Forl detailsl see[5]. 

Inl thel followingl theoreml ourl conceptl hasl beenl relatedl withl thel verticesl andl splitl dominationl ofl 

G. 

Theoreml 10:l Forl anyl connectedl (p,q)l graphl G,l l l l l l l l l l l l l l l l l l l l l  

l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )     

Proof:l Supposel      ,                   ( )l bel thel setl ofl alll endl verticesl inl G.l Letl    
 ( )     andl considerl thel setl l     

l suchl thatl   ( )    l isl disconnectedl andl  [ ]  
 ( ) l Hencel  l isl al    setl ofl G. 

l Further,      [ ( )]   ( )  ( ).l Now,l letl        l andl forl thel setl       ,l ifl everyl 

vertexl notl inl       l isl adjacentl withl al vertexl ofl       l andl al vertexl ofl  [ ( )]  
       l thenl       l isl thel minimall restrainedl dominatingl setl ofl  ( )  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Hence,l                 

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l   [ ( )]      ( )     

Theoreml 11:l Forl anyl connectedl (p,q)l graphl G,l l l  

l l l l l l l l l l l l l l l l l l l l l l l     [ ( )]  ⌊
  

 
⌋   l andl             

Proof:Suppose       Then      [ ( )]≱⌊
  

 
⌋      Hence          .l 

Let                     l bel thel edgel setl ofl Gl withl       l Further,l ifl   
            .............     l bel thel vertexl setl ofl  ( ) l Supposel therel existsl    ,l ifl everyl vertexl 
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notl inl    l isl adjacentl tol atl leastl onel vertexl ofl    l andl al vertexl ofl  [ ( )]   l suchl thatl 

 [ ]   [ ( )] l Hencel  l isl thel minimall restrainedl dominatingl setl ofl  ( )  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l Clearly,l l       ⌊
  

 
⌋   l Whichl givesl  

l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l     [ ( )]  ⌊
  

 
⌋     

 

CONCLUSIONS 

l l l l l Inl thisl paperl wel surveyedl selectedl resultsl onl restrainedl dominationl inl middlel graph.l Thesel 

resultsl establishl optimall upperl boundsl andl lowerl boundsl onl thel restrainedl middlel dominationl 

numberl inl termsl ofl thel vertexl covering,l linel covering,l thel independencel dominationl number,l 

splitl dominationl number,l doublel dominationl numberl andl differentl dominationl parametersl ofl al 

graphl G.l  
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