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1 INTRODUCTION

Throughout this paper (X, 1) (or X ) represent topological spaces on which no
separation axioms are assumed unless otherwise mentioned. The concept of &-closure was
introduced and studied by Velicko [9] in the year 1968. A point x is in the &-closure of A if

every regular open nbd of x intersects A. ClsA denotes the -closure of A.

A subset A of X is -closed [9] if A = CIsA. The complement of a 3-closed set is -
open. The collection of all 3-open sets is a topology denoted by °. This 1° is called the semi -

regularization of t.

Let IntsA and ClsA denote the d-interior and d-closure of A respectively. Velicko
established that the operators CI(.) and Cls(.) have the same effect on the class of open sets

and the operators Int(.) and Ints(.) coincide on the class of closed sets.

Q) For any open set A, ClsA= CIA,
(i) For any closd set B, IntsB= IntB.

Let H be a subset of a space (X, t), a point p in X is called a condensation point of H [1] if for

each open set U containing p, U N H is uncountable. A subset H of a space (X, 1) is called »-
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closed [1] if it contains all its condensation points. The complement of an w-closed set is
called w-open. The family of all w-closed sets is denoted by wC(X, 7). The family of all ®-
open sets is denoted by wO(X ). It is well known that a subset W of a space (X, 1) is ®-0pen
[1] if and only if for each x € W, there exists U € t such that x € U and U — W is countable.
The family of all w-open sets, denoted by 1o, is a topology on X, which is finer than t. The

interior and closure operator in (X, t,,) are denoted by Int, and Cl,, respectively.

In this paper, the mixed and ordinary operators are characterized in the classes of o
-set, rmd -set, r*m-setand 7*wd-set. More over the behavior of F& -set, rod -set, r*o-set

and 7r*wo-set in spaces are investigated.

2. PRELIMINARIES

Proposition 2.1 [8]
Q) ClyIntsAcClIntsA=Cl;sIntsAcClsIntA=ClIntAcClint,AcCl;sInt, A,
(i)  CloIntsAcCl,IntACCl, Int, AcClint,AcClsInt, A,
(i) Int;Cl,AcIntCl,AcIntCIA= Int;CIAcInt;ClsA=IntClsAcInt,ClA,
(iv)  IntsCloAcIntCloAcintaCloAc InteCIA < IntoCIsA.
Proposition 2.2 [8] A subset A of a space (X,1) is
Q) an re-set <IntCl,A = Int;CIA,
(i)  an r*e-set <Clint,A =ClsIntA .
Corollary 2.3 [8]
Q) The set Ais an ro-set < IntCl,A = IntCIA= Int;CIA.
(i)  The set A is an r*w-set <ClInt,A =ClIntA = ClsIntA.
Proposition 2.4 [8] For any subset A of a space (X,t), the following always hold.
Q) Cl,IntCl,Ac Cl,IntCIA cCl,Int,CIA Clint,CIA,
(i)  ClyIntCl,Ac Cl,Int,Cl,A cCl,Int,CIA cClInt,CIA,
(iii)  CleIntCl,Ac ClintCl,A cClint,Cl,A cClint,CIA,
(iv)  ClyIntCl,Ac ClIntCl,A cClIntCIA cClint,CIA.
Proposition 2.5 [8]
0] Cl,IntsCl,Ac ClintsCl,AcClIntCl,Ac ClIntCIA= ClintsCIACCIIntsCl:A,
(i)  ClintsClsA=ClIntClsAc Clint,CIlsA < CI5A Int,ClsA,
(iii)  CloIntsCloAcClInt;Cl,AClsIntsCl,A<ClsIntCl,Ac ClsIntCIA,
(iv)  ClsIntCIA= ClsIntsCIA <ClsIntsClsA=Cl;sIntClsAc ClsInt,ClsA,
(V) ClyInt;Cl,AcCl,IntCl,Ac Cl,IntCIA= Cl,IntsCIA cCl,Int;CI:A,
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(vi)

Cl,IntsClsA=Cl,, IntClI;Ac=Cl, Int,ClsAcClint,Cl;AcClsInt,CI;A.

Proposition 2.6 [8]

(i)
(i)
(i)
(iv)
(v)
(vi)

ClyInt;Cl,A < ClintsCl,A <ClIntCl,A ClInt,Cl,A,
Clint,Cl,A < Clint,CIA cClint,CIlsAcCl;sInt,CI;A,
Cl,IntsCl,A < ClIntsCl,A < ClsIntsCl,A < ClsIntCl,A,
ClsIntCl,A < ClsInt,Cl,A < ClsInt,CIA < Clsint,ClsA,
Cl,Int;Cl,A < Cl,IntCl,A < Cl,Int,Cl,A < Cl,Int,CIA,
CleInt,CIA < Cl,Int,CI;A < Clint,ClsAc Clsint,CIA.

Proposition 2.7 [8] For any subset A of a space (X,t), the following always hold.

(i)

(i)
(iii)
(iv)

IntCl,IntA <IntCl,Int,A <IntCl Int,A cInt,Cl Int,A,
IntCl,IntAcIntClIntA cIntClint,A cInt,Clint,A,
IntCl,IntAcint,Cl,IntA clInt,ClIntA cInt,Clint,A,
IntCl,IntAclInt,Cl,IntA clInt,Cl,Int,A cInt,Clint,A.

Proposition 2.8 [8]

(i)
(i)
(iii)
(iv)
v)
(vi)

IntsClo IntsAcIntClo IntsAcIntClintsA=IntClsIntsAcIntClsIntA,
IntClsIntA=IntClIintAcIntClInt,A cIntClsint,A cInt,Clsint A,
IntsCl,IntsAcIntsClintsA=Int;ClsIntsA cIntsClsIntA=IntsClIntA,
IntsClIntAclIntsClint,AclIntsClsInt,AcIntClsInt,AciInt,ClsInt, A,
IntsCl, IntsAcIntCl, IntsAcint,Cl, IntsAcint, ClintsA=Int, ClsIntsA,
Int,ClsInt;A <Int,ClsIntA=Int,ClIntAclInt,Clint,AcInt,ClsInt,A.

Proposition 2.9 [8]

(1)
(i1)
(iii)
(iv)
(v)
(vi)

IntsCloIntsA cIntCloIntsA < IntCloIntA < IntCloInteA,
IntCloIntoA < IntClintoAc IntClsintoA < IntClsintoA,
IntsCloIntsA < IntsClolIntA < IntsCloIntoAc IntsClintoA,
IntsClintoA < IntsClsintoA < IntClsintoAc IntoClsinteA,
IntsCloIntsA < IntCloIntsA < IntoClolntsA < IntoCloIntA,
IntoCloIntAc IntoCloInteAc IntoClintoAc InteClsinteA.

Definition 2.10 [8] A subset A of a space (X, 1) is

()
(i)
(iii)

an r-set if IntClsA = IntCIA,
an r*-set if ClintsA =ClIntA and

an rr*-set if it is both an r-set and an r*-set.
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3. p-sets where pe{ro,ro}
Definition 3.1 A subset A of a space (X, 1) is
Q) an ro - set if IntoCIA = IntCIA,
(i)  an r*o -set if CloIntA =ClIintA and
(iii) anrr*wifitisbothan fo - setand an r*w - set.
Proposition 3.2 A subset A of a space (X, 1) is
(i) an ro-set & X\Alisan 7o -set
(i)  anrr*w-set & X\Ais an 77 o-set.
Proof. The set Aisan f® -set <IntoCIA = IntCIA
< X\ InteCIA = X\ IntCIA
&Clolnt ( X\A) = Clint( X\A)
<X\Aisan r*o-set. This proves (i).
Theset Aisan rr*m-set <> Alis an ro -setand an r*o -set.
<X\A isan r* -set and an o -set.
< X\A isan fo -setand an 7o -set.
< X\Alisan rr¥o-set.
Proposition 3.3 A subset A of a space (X, 1) is
Q) an ro - set <InteCIA = IntCIA= IntsCIA<Int,CIA = IntsCIA,
(i)  an r*o - set <CloIntA =ClIntA= ClsIntA<CloIntA = ClsIntA.

Proof. Theset Aisan o - set <Int,CIA = IntCIA. (1)
Theset Aisan 7o - set <CloIntA =ClIntA. 2)
By using Proposition 2.1 (i) & (iii), we have
ClsIntA= ClIntA ©)

IntCIA= IntsCIA (4)

Then the assertion (i) follows from (1) and (4). Then the assertion (ii) follows from (2) and
(3). This proves the proposition.

Proposition 3.4 If aset Aisan r® - set then the following chain holds.
IntsCloAcIntCloAcInt,CloAc IntoCIA=INtCIA=INtsCIACINtsClsA=IntClsAcIntoClsA.
Proof: Let A bean o -set. Then using Proposition 3.3(i), we have

IntoCIA = IntCIA= IntsCIA 5)

Using Proposition 2.1 (iii) & (iv), we have

IntsCloAcIntCloAc INtCIA= IntsCIAcIntsClsA=IntClsAc IntoClsA.
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IntsCloA cIntCloA cIntoCloA < IntoCIA < IntoClsA.
Using (5) in the above two expressions we have
IntsCloAcIntCloAcIntCIA = IntoCIA= IntsCIAcCINtsClsA=IntClsAc IntoClsA.
IntsCloA cIntCloA cIntoCloA < INtCIA = IntoCIA= IntsCIA < IntoClsA.
Combining the above two expressions we have
IntsCloAcIntCloAcintoCloAc IntoCIA=INtCIA=INtsCIACIntsClsA=IntClsAcIntoClsA.
This proves the proposition.
Proposition 3.5 Ifaset Aisanr* - set then the following chain holds.
CloIntsAcClintsA=ClsIntsAcClsIntA=ClIntA=ClINtAcCloIntoAcClIntoAc ClsintoA.
Proof. Let A be an r* set . Then CloIntA =ClIntA = ClsIntA. (6)
Using Proposition 2.1(i) & (ii), we have
CloIntsAcClIntsA=ClsIntsAc ClsintA= ClIntAc ClintocAcClsintoA.
CloIntsA < CloIntA < ClolntoAc ClintoAc ClsintoA.

Using (6) in the above two expressions, we get
CloIntsAcClintsA=ClsIntsAc ClsintA= ClyIntA = ClintAc ClintoAcClsIntoA.
CloIntsA < ClolIntA = ClsIntA=ClIntA < CloIntoAc ClintoA < ClsintoA.
Combining the above two expressions we have
CloIntsAcClIntsA=ClsIntsAc ClsintA= CloIntA = ClintAc CloIntoAc ClintoA < ClsintoA.
This proves the proposition.
Proposition 3.6 If aset A is both an r-set and an r® - set then the following chain holds.
IntsCloAcIntCloAcintoCloAc IntoCIA=INtCIA=INtsCIA=IntsClsA=IntClsAcInt,ClsA.
Proof. Let A be an r-set and an o -Set .
Ais an r-set =IntClsA = IntCIA. (7)
Since A is an fo -set using Proposition 3.4, we have
IntsCloAcIntCloAcintoCloAc IntoCIA=INtCIA=INtsCIACIntsClsA=IntClsAcIntClsA.
Using (7) in the above expression, we have
IntsCloAcIntCloAcintoCloAc IntoCIA=INtCIA=INtsCIA=IntsClsA=IntClsAcInt,ClsA.
This proves the proposition.
Proposition 3.7 If a set A is both an r*-set and an r*o -set then the following chain
holds.
CloIntsAcClintsA=ClsIntsA=ClsIntA=Cl,IntA=ClIntAcCloIntoAcClintoAcClsIntoA

Proof. Let A be an r*-set and an r*® -set. Then
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A is an r*-set =ClIntsA = ClIntA. (8)
Using Proposition 3.5, we have
CloIntsAcClIntsA=ClsIntsAcClsIntA=Cl,IntA=ClIntAcCloIntoAcClintoAc ClsintoA.
Using (8) in the above expression we have
CloIntsAcClIntsA=ClsIntsA=ClsIntA=CloINtA=ClIntAcCloIntoAcClIntoAc ClsintoA.

This proves the proposition.
Proposition 3.8
(i) The set A is an r-set and an fo-set < IntoCIA=INtCIA=IntsCIA=IntsClsA=IntCIsA.
(i) The set A is an r*-set and an 7*o -set<> ClintsA=ClsIntsA=ClsIntA=Cl,IntA=ClIntA.
(iii) The set A is an ro-set and an To-set<INtCloA=Int,CloA=IntoCIA=INtCIA=IntsCIA.
.(iv) The set A is an r*m-set and an r* -set<> ClsIntA=CloIntA=ClIntA=Cl,Int.A=ClInt,A.
Proof. The assertions (i) and (ii) follow respectively from Proposition 3.6 and
Proposition 3.7.
Let A be an rm-set and an ro-set. Then using Corollary 2.3(i) and Proposition 3.4 we have
IntCloA=IntCIA=IntsCIA and
IntsCloAcIntCloAcInteCloAc IntoCIA=INtCIA=INtsCIACINtsClsA=IntClsAcIntoCIsA.
Combining the above two expressions we have
IntCIA=IntCl,AcInt,CloAc INtoCIA=INtCIA=IntsCIA that implies
IntCIA=IntCloA=IntuCloA= IntoCIA=INtCIA=IntsCIA. This proves the necessary part of the
assertion (iii) . The sufficient part follows easily.
Now let A be an r*m-set and an r*m -set. Then using Corollary 2.3(ii) and
Proposition 3.5 we have Clinto,A = ClintA = ClsIntA  and
CloIntsAcClIntsA=ClsIntsAcClsIntA=CloINtA=ClIntAcClsInto AcClIntoAc ClsintoA.
Combining the above two expressions we have
ClsIntA=CloIntA=ClIntAcCloIntoAcClint,A= ClIntA that implies
ClsIntA=ClsIntA=ClIntA=ClwIntoA=ClInt,A= ClIntA. This proves the necessary part of the
assertion (iv) . The sufficient part follows easily. This proves the proposition.
Proposition 3.9 Let A be an r® -set. The following results hold.

(i)  Clint,CIA = ClIntCIA= ClintsCIA,

(i)  ClsIntoCIA = ClsIntCIA= ClsIntsCIA,

(iii)  CloIntoCIA = CloIntCIA= ClsIntsCIA.

Proof. Let A be an r® -set. Then using Proposition 3.3(i) we have
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IntoCIA = IntCIA= Int;CIA 9)
Applying the operations Cl ¢, ‘Cls ¢, ‘Clo ¢ on (9) we have
Clint,CIA = ClIntCIA= ClIntsCIA
ClsIntoCIA = ClsIntCIA= ClsIntsCIA
CloIntoCIA = CluIntCIA= CloIntsCIA
This proves the proposition.
Proposition 3.10 Let A be an r*w-set. The following results hold.
(i) IntCloIntA =IntClIntA=IntClsIntA,
(i) IntsCloIntA = IntsClIntA= IntsClsIntA,
(i)  InteCloIntA = IntoClINtA= IntoClsIntA.
Proof. Let A be an 7*w-set. Then using Proposition 3.3(ii) we have
CloIntA =ClIntA= ClsIntA. (10)
Applying the operations “Cl ¢, “Cls ¢, ‘Clo ¢ on (10) we have
IntCloIntA =IntClIintA=IntClsIntA.
IntsCloIntA = IntsClIntA= IntsClsIntA.
IntoCloIntA = Int,ClIntA= IntuClsIntA.
This proves the proposition.
Proposition 3.11 Let A be an fo -set. The following chains hold.
Q) ClyIntCl,Ac Cl,IntCIA cCl,Int,CIA cClint,CIA = ClIntCIA= ClInt;CIA,
(i)  Cl,IntCl,Ac ClIntCl,A cClint,CIA = ClIntCIA= Clint;CIA,
@iii)  ClyIntsCl,A<Clint;Cl,AcClIntCl,AcClInt,CIA=CIINtCIA=CIInt;CIACCIInt;CI;A,
(iv)  Clint,Cl,A < ClInt,CIA = ClintCIA= Clint;CIA <ClInt,CI;AcClsInt,CI:A,
(V) ClsInt,CIA=CIsIntCIA= Cl;sInt;CIA =ClsInt;ClsA=Cl;sIntClsAc ClsInt,ClsA,
(vi)  ClsIntCl,Ac ClsInt,Cl,A < Clsint,CIA = Cl;s IntCIA= ClsInt;CIA < Clsint,ClA,
(vii)  Cl,Int;Cl,AcCl,IntCl,AcCl, Int,CIA=CI,IntCIA=Cl,IntsCIACCl, Int;CI:A,
(vii)  ClelIntsCloAcCloIntCloAcCloIntoCloACCloIntoCIA=Clo INtCIA=CloIntsCIA,
(ix)  ClelInte,CIA = CloIntCIA=Cl,IntsCIA < CloIntoClsA < ClintoClsAc ClsIntoClsA.

Proof. Let A be an r® -set. Then using Proposition 3.9, we have

ClIntoCIA = ClIntCIA= ClintsCIA (11)
ClsIntoCIA = ClsIntCIA= ClsIntsCIA (12)
ClolIntoCIA = CloIntCIA= CloIntsCIA (13)

Using (11) in Proposition 2.4 (i) & (iv) we have
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CloIntCloAc CloIntCIA cCloInteCIA cClintoCIA = ClIntCIA= ClIntsCIA (14)
CloIntCloAc ClintCloA cClint,CIA = ClIntCIA= ClIntsCIA  (15)
Using (11) in Proposition 2.5(i), we have
CloIntsCloAcClIntsCloACClINtCloAcClInto CIA=CIINtCIA=ClIntsCIACCIIntsClsA (16)
Using (12) in Proposition 2.5(iv), we have
ClsIntCIA = ClsIntCIA= ClsIntsCIA cClsIntsClsA=ClsIntClsAc ClsIntoClsA.  (17)
Using (13) in Proposition 2.5(Vv), we have
CloIntsCloAcCloIntCloAcClolntoCIA = CloIntCIA=CloIntsCIACCloIntsClsA  (18)
Using (11) in Proposition 2.6 (ii) , we have
ClintoCloA < Clint,CIA = ClIntCIA= ClIntsCIA cClintoCIsAcClsIntoClsA.  (19)
Using (12) in Proposition 2.6 (iv) , we have
ClsIntCloA < ClsIntoCloA < ClsIntoCIA = ClsIntCIA= ClsIntsCIA < ClsIntoClsA.  (20)
Using (13) in Proposition 2.6 (v)&(vi), we have
CloIntsCloAcCloIntCloAcCloIntoCloAcCloIntoCIA=CloINtCIA=Cl,IntsCIA (21)
CloIntoCIA = CluIntCIA=ClsIntsCIA < CloIntoClsA < ClintoClsAc ClsIntoClsA.  (22)
Then the assertions (i) through (ix), follow from (14), (15), (16), (19), (17), (20), (18), (21)
and (22) respectively. This proves the proposition.
Proposition 3.12 Let A be an r*w-set. The following chains hold.
Q) IntCl,IntA =IntClIntA=IntClsIntAcIntCl,Int,A cIntCl Int,A cInt,Cl Int,A,
(i) IntCl,IntA =IntClIntA=IntCls;IntAcint,Cl,IntA cInt,ClIntA clInt,ClInt,A,
@iii)  IntCl,IntA=IntClintA=IntClsIntAcInt,Cl,IntA cInt,Cl,Int,A cInt,Clint,A,
(iv)  IntsCloIntsAcIntCloIntsAcIntClintsA=IntClsIntsAcIntClo IntA=IntClIntA=
IntClsIntA,
(V) IntCloIntA=IntClIntA=IntClsIntA cIntClintoA cIntClsintoA cIntoClsintoA,
(vi) IntsCl,IntsA cIntCl, IntsA < IntCl, IntA=IntClintA=IntClsIntA < IntCl,Int, A,
(vii)  IntsCloIntsAcIntsClintsA=IntsClsIntsAcIntsClo IntA=IntsClIntA= IntsClsIntA,
(viii)  IntsCloIntA=IntsClintA=IntsClsIntAcIntsClintoAcIntsClsIntoAcIntClsIntoAc
IntoClsinteA,
(ix)  IntsCloIntsA < IntsCloIntA=IntsClIntA= IntsClsIntAc IntsCloIntoAc IntsClintoA,
(x) Int,ClsIntsAcInt,ClsIntA=Int,ClintA=Int,Cl,IntAcInt,Clint,AcInt,ClsInt,A,
(xi)  Int,ClsIntA=Int,ClIntA= Int,Cl,IntA < Int,Cl,Int,Ac Int,Clint,Ac Int,ClsInt,A.

Proof. Let A be an r*w-set. Then using Proposition 3.10, we have
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IntCloIntA =IntClIintA=IntClsIntA. (23)
IntsCloIntA = IntsClIntA= IntsClsIntA. (24)
IntuCloIntA = Int,ClIntA= IntClsIntA. (25)

Using Proposition 2.7, we have

IntCloIntA cIntClolIntoA cIntCl IntoA cIntoCl IntoA.

IntCloIntAcIntClintA cIntClintoA cIntoClinteA

IntClosIntAcInt,CloIntA cIntoClINtA cIntoClintoA

IntCloIntAcintuCloIntA cInteCloInteA cInteClintoA

Using (23) in the above four expressions, we have

IntCloIntA =IntClintA=IntClsIntAcIntClsIntoA <IntCl IntoA <IntoCl IntoA,
IntCloIntA =IntClIntA=IntClsIntAcIntClintoA cIntoClintoA.

IntCloIntA =IntClintA=IntClsIntAcInt,CloIntA cIntoClintA cIntoClintoA
IntCloIntA =IntClintA=IntClsIntAcInt,CloIntA cIntoCloIntoA cInteClinteA

Combining the above four expressions we have

IntCloIntA =IntClIintA=IntClsIntAcIntCloIntoA cIntCl IntoA cIntuCl InteA (26)
IntCloIntA =IntClintA=IntClsIntAcInt,CloIntA cIntoClintA cIntoClintoA 27)
IntCloIntA =IntClIntA=IntClsIntAcIntoCloIntA cInt,CloIntoA cIntoClintoA (28)

Using (23) in Proposition 2.8 (i) & (ii), we have
IntsCloIntsAcIntCloIntsAcIntClintsA=IntClsIntsAcIntCle IntA=IntClIntA

=IntClsIntA (29)
IntCloIntA=IntClIntA=IntClsIntA cIntClintoA cIntClsintoA cIntoClsintoA. (30)
Using (24) in Proposition 2.8 (iii) & (iv), we have
IntsCloIntsAcIntsClintsA=IntsClsintsA < IntsCloIntA = IntsClIntA= IntsClsIntA.  (31)
IntsCloIntA=IntsClIntA= IntsClsIntAcIntsClintoAcIntsClsintoAcIntClsInte A
cIntoClsIntoA. (32)
Using (25) in Proposition 2.8 (vi) , we have
IntuClsIntsA cIntoClsIntA=Int,ClIntA= IntoClsIntA cIntuClintoAcIntoClsintoA.  (33)
Using (23) in Proposition 2.9 (i), , we have
IntsCloIntsA cIntCloIntsA < IntCloIntA=IntClintA=IntClsIntA < IntCloIntoA (34)
Using (24) in Proposition 2.9 (iii),, we have
IntsCloIntsA < IntsCloIntA=IntsClIntA= IntsClsIntAc IntsCloIntoAc IntsClintoA  (35)
Using (25) in Proposition 2.9 (vi), we have
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IntClsIntA=IntoClIntA= IntuCloIntA < IntuCloIntoAc InteClintoAc InteClsintoA. (36)
Then the assertions (i) through (xi), follow from (26), (27), (28), (29), (30), (34), (31), (32),
(35), (33), and (36) respectively. This proves the proposition.
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