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ABSTRACT

In the present paper, we define soft S-metric space and establish existence and uniqueness of soft fixed
point theorem satisfying contraction conditions in soft S-metric space, finally, in order to demonstrate the
relevance of our ideas and to bolster our findings. Our outcomes sum up a few late outcomes in the setting

of S-metric space. These established results improve and modify some existing results in the literature.

An illustrative example is provided.
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INTRODUCTION
Molodtsov [10] introduced the concept of soft

sets as a new mathematical tool for dealing with
uncertainties and has shown  several
applications of this theory in solving many
practical problems in various disciplines like as
economics, engineering, etc. Maji et al. [8, 9]

studied soft set theory in detail and presented an
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application of soft sets in decision making

problems. Chen et al. [1] worked on a new definition
of reduction and addition of parameters of soft sets,
Shabir and Naz [11] studied about soft topological
spaces and explained the concept of soft point by
various techniques. Das and Samanta introduced a

notion of soft real set and number [5], soft complex
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set and number [6], soft metric space [6, 7].
Sushma et al. [12] proved fixed soft point
theorem with soft contractive condition for self-
mapping by using implicit relation on complete
soft § —metric space.

In the present paper, we have proved
the unique soft fixed point theorem of a
contractions mapping in the context of soft
S —metric space. Before starting to prove main
result, some basic definitions are required.

2 Definitions and Preliminaries
Definition 2.1. ([10]) A pair (F,E) is called a
soft set over X, where F is a function given by
F:E - P(X) and E is a set of parameters. In
other words, a soft set over X is a parameterized
family of subsets of the universe X. For any
parameter x € E, F(x) may be considered as the
set of x —approximate elements of the soft set
(F,E).
Definition 2.2. [10] Let (F,E) and (G,D) be
two soft sets over X. We say that (F, E) is a sub
soft set of (G,D) and denote it by (F,E) c
(G, D) if:

1) E<D,and

2) F(e)cG(e),Ve€EE.

(F,E) Is said to be a super soft set for
(G, D), if (G,D) is a sub soft set of (F,E)
we denote it by (F,E) 2 (G,D)
Definition 2.3. [10] Let (F,E) be a soft set
over X.then
1) (F,E) is said to be a null soft denoted
by ¢ if for every e € E, F(e) = ¢.
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2) (F,E) is said to be an absolute soft set
denoted by X, if for every e € E,F(e) = X

Definition 2.4.[9] Let ACE be a set of
parameters. The ordered pair (a,r), where r € R and
a €A, is called a soft parametric scalar. The
parametric scalar (a,r) is called nonnegative if
r > 0. Let (a,7) and (b,r") be two soft parametric
scalar, then (a,r) is called no less than (b, ")
denoted by (a,r) = (b,r") ifr > r'.

3 Soft § —metric spaces

In order to get our main results, we introduce some

definitions and give one example to support our

results.
Definition 3.1[3] A soft S-metric on X is a
mapping  S:S:SP(X) x SP(X) x SP(X) - R(E)

which satisfies the following conditions:

S S, 7, W) 2 0;

(52) S(@q, U5, We) = 0; if and only if g =
vp = We

(S3)

S (W, U, We) < S(Ug, Ug, ta) + Sy, Vp, ta) +
S(we, We, ta)

For all i, 7y, Wg, t; € SP(X), then the soft set X
with a soft S-metric S is called soft S-metric space
and denoted by (X, S, E).

Definition 3.2 [3] A soft sequence {i,;, U, }n=1 © in
(X,SE) is called

convergent to @
if lim,_ o d(it,, @) = d(@, @0).

Definition 3. 3.[3] A soft sequence {ii,,, Uy, }n=1 @ in
(X,S,E) is called cauchy if limy, 10 d (T, Ty,) =
0.

Definition 3.4.[2] Let (X,S,E) is said to be
complete soft metric space over U. A Cauchy soft
sequence {iy,, Uy }n=1 % in (U,V), there exists an
fielU such that My ot o0 A (T, o) =

208



Soft Fixed Point Theorem for Contraction Conditions in Soft S-Metric Space

lim,,_, ;o d(&T5;, &) = d (&, @1).

Corollary 3.5.[2] Let (X,S,E) be a complete
soft metric space with s > 1 and the two soft
mappings f and § have a unique point of
coincidence in X. Moreover, if the two soft
maps f and § are weakly compatible, and then
f and g have a unique common fixed point.
Example 3.6. Let X = [0,+o) and a soft S-
metric space S: X x X — [0, +o0) defined by

S(U,%) = (U +)?

Then (X, S, E) is a complete soft S-metric space

S| Q

with s =2 a constant. Define FU =-= and

—_—

GU = (1 + g) are soft mappings f and g on X.
since k> (1+k) for each

k € [0,40),v U, € X, we have

o~ 2
>4 ((1 + %) + (1 + g)) = 4S(GU, G7),
Which means that S(FU, F7) = aS(GU,Gr),
where & = 4. Hence all the conditions of
corollary 3.5 are satisfied, hence the mappings
F and G have a unique point of coincidence
actually 0 is the unique point of coincidence.
Further by FGO = GFO0, we observe that 0 is
unique fixed point of F and G
Lemma 3.7.[3] Let (X,5 E) be a complete
soft metric space with s = 1. Then
1) If S, 7) = 0, then
d(@,7) =0

d(@,u) =

2) If {u,} is a sequence such that

lim,,_ ;00 S(i,;, Uns1) =0, then we
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have
limy, o0 S (U, Uy) =
limy, 0 S(Wnv1, Unt1) =0

3) Ifu, # v, thenS(@,v) >0

Definition 3.8. [3] The soft S —metric space
(X, S E) is called complete, if every cauchy sequence

in X convergence to some point of X.

Definition 3.9. [3] Let (X,S,E) be a soft § —metric
space. A function (f,¢):(X,S,E) - (X,5,E) is
called a soft contraction mapping if there is a soft
real number @ € R,0 < a < 1 such that for every

point Xz, y,, € SP(X), we have

S((F o@D, () (7)) < aS(%. 7).
Definition 3.10. [3] Let (f,¢):(X,S,E) —»
(¥,5",E") be a soft mapping from soft S —metric
space (X, S, E) to a soft S —metric space (¥, 5", E").
Then (f, ¢) is a soft continuous at a soft point
i, € SP(X) if and only if (f, ) ({#z}) —

(f, @) (@)
4. MAIN RESULTS

Theorem 4.1. Let (X,5,E) be a complete soft
S —metric space and let T:X - X be a mapping
satisfying the following condition.

S THSG,TY)

S&,9)
+y[S&TE) +S@, TN + 6[SX,Ty) + 57, T3]
~ = =~ 2
S@EM |1+ SENSETD)|

[1+3@&»]
for all x,7€X; a,B,v,n=0; a+B+y+n>1.

S$(Tx,Ty) < aS(X,5) + B

+7

Then T has a unique fixed point.

Proof: Define a sequence {X,, }as follows
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Let %, € X we define a sequence {%,} in X by
Xpi1=TxX, foralln=0,1,2,3,..., ..., e, e
Where S(%,_,,%,) # 0, it follows from (4.1)

and
S(Fn, %n) £ S(Xp-1, %) + S(Fn, Fng1)
Consider S(%,,%,4+1) = S(T%,_1,TX,)

§(£n—1v Tin—l)g(fnv Tfn)

g ag(fn—lifn) + ﬁ d~()7,' % )
n-1+n

+ V[s(fn—lr TXp_q1) + 5()?71, Tx,)]

+ 8[S(Fp_1, T%y) + S(&n, TX—1)]

) 3 _ S— _ 2
4 S(En-1,%n) [1 + \/S(xn—l:xn)S(xn—l:Txn—l)]
n

[1+S@En, %)

g(fn—li fn)g(iw J?n+1)

= ag(in—lan) + ﬁ 5:(f % )
n-1+n

+ Y[S(Rp—1,%n) + S(Zp, %ni1)]

+ 8[S (X1, Fny1) + S(Fn, %))

S s, B [1 + VS s, B)S Gonr, )|

+n ~
[1+S@En1,%0)]

< aS(Xn_1,%n) + BS(Fn, Xy 1)
+ V[g(fn—1'fn)
+ 8(xn, fn+1)]
+ 6[S(Fp—1, Fns1)
+ 8S(Fpo1, %n) + S(Ey, J7n+1)]
+ 1S (Fn-1, %n)

SFny Xps1) < (@+y + 28 +0)S(Xnoq, %)
+ (B +y +28)S(En, Fni1)

Hence we have
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a+y+25+n

§ (G Tnsr) 2
(xn'xn+1)—1_(ﬁ+y+26)

g(fn—lr Jzn)

g(fn' fn+1) g Lg(fn—lw JZn)

a+y+26+n ~

Where L =
Similarly, we have

S(En-1, %) £ LS(n—2) Xn_1)-
Continuing this process, we conclude that

§(%n, Zns1) < L"S(Xo, X1)
Now for n > m, using triangular inequality we have
S(&n, &) < S(Fn1,%n) + S(Fn—z, n—1)
oo+ SEp, B 1)
SV Y+ V24 V3
+ L™]S (%o, %1)

. mo
=75 Ge X))

For a natural number N; let ¢ <0 such that
"™ s, . -
ES(xO,xl) <c,Vvmz= N;.

Thus  §(Fn, &) E - 5(Fo %) <c for n>m.
Therefore {X,} is a Cauchy Sequence in a complete

soft S-metric space (X,S5), 3Z* € X such that

X,—>Z" a n—-oo. As T is continuous, so

Tlim, ., X, =TZ* implies lim, ,T%, =TZ"

implies  lim,,_o, X,_q1 = TZ* implies TZ* = Z".

Hence Z* is a fixed point T.

For uniqueness of fixed point Z*, let Z**(Z* # Z**)

be another fixed point of T. We have to prove that

210



Soft Fixed Point Theorem for Contraction Conditions in Soft S-Metric Space

Consider S(z2%,z*) = S(Tz*,Tz*), then by

(4.1) we have

Sz, 1298z, TZ")

+h S(z*, 2%

+y[Sz,T2") + 52", T2")]

+68[S(z",T2") + (2", T2")]

Sz, ) [1 +./5G Z*)§(Z*,TZ*)]2

+
1 [1+5G 29

(4.2)

S@,z)< (a+B+y+5+n)SEH2Y)
Which is a contradiction due to 0 S a + f +
2y+46+n<1. , Hence S§(z*z*) =0.
Similarly, we can show that $(2**,2**) = 0.
Now consider S(z*,2**) = S(Tz*,TZ**)

5@ 1293, T7)
S(z ,Z*)

ZaSz,2) + B

+y[SE",T27) + 5z, TZ™)]

+68[S(z*,Tz) + §(z*,T2")]

Sz, 7%) [1 n \/5"(2*,2**)5(2*12*)]2
[1+38@, 2]

+n

S(N* N*)S(N** ~**)
S~(Z*,Z**)

< aS("’* ~**) +B

+y[S(z,27) + 5@, 2]

+8[S(z*,2) + 5z, 2]

Sz, 7 [1 +J§(z*,2**)§(z*,z*)]2
[1+8@, 2]

+7

Since1 <1+ 8(2%,2"),
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So1<[1+S8(z, ~**)]

= §(z,2) 2 [1+ 5@, 2] 8@, 2)

S(~* ~**)
[1+8@ 2]

U
~
N
- *
—

Thus (4.3) becomes
Sz 7)) 2 (a+ 25 +n)S(z*,27)
This is contradiction thus $(z*,2**) = 0
Similarly we can show that $(z**,%2*) = 0 which

implies Z* = Z** is the unique soft fixed point of T.

Corollary 4.2. Let (X,5,E) be a complete soft

S —metric space and let T:X - X be a mapping

satisfying the following condition.

S THSG,TY)

S&,9)

+y[S(&,T%) + S, T9)]

+68[S(® T9) + 53, T)]

~ = =~ 2

S@E |1+ SENSE D)
[1+3&»]

S(Tx,Ty) < aS(X,7) + B

+7n
+{S(%,7)?
for all £L,y€X; a,B,y,0,{=0;a+L+y+n+
¢ > 1. Then T has a unique fixed point.
Example 4.3. Let ¥ = [0,1]. Define a complete soft

S —metric by S$(%,%)? = |y|,V %, € X and define a

continuous self-mapping T by Ty = 2v 7 € X.

1 1 1
S@tﬁ 1 ﬁ_—: :2_0’5:Zandn:5. Then

T satisfies all assumptions of Theorem 4.1 andn =0

is the unique fixed point of T in X.
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Conclusion
In this paper we have proved a fixed point

theorem for contraction mapping in soft

S —metric space. Established result improves
and modify results due Cigdem et., al [3] and
Sushma et., al [12].
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