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ABSTRACT

Fractional differential equations have gained significant attention in recent years due to their ability
to model various physical phenomena involving memory and non-locality accurately. Time-
fractional heat-like and wave-like equations are significant as they describe critical processes in
diverse fields such as physics, engineering, and biology. This research article introduces a novel
Sumudu transform iterative method for calculating semi-analytic soluton of time-fractional heat-
like and wave-like equations. By harnessing the power of the Sumudu transform and iterative
techniques, this method offers a promising approach to solving such equations effectively,
enabling better understanding and analysis of complex dynamical systems.
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1.0 Introduction

The study of time-fractional differential equations has emerged as a compelling research
area, driven by the need to accurately describe and analyze dynamic systems exhibiting non-local
and memory-dependent behaviours. Fractional derivatives provide a convenient mathematical
framework for capturing these phenomena, enabling the modelling of processes that exhibit long-
range interactions and exhibit memory effects. In this context, the time-fractional heat-like and
wave-like equations have been of considerable interest due to their broad applicability and
fundamental nature.

There are plenty of analytical techniques for evaluating the differential, partial
differential, fractional partial differential equations and systems of functional equations such as
VIM, HPTM, HAM -That is, The variational iteration method homotopy, perturbation transform
method [17, 18, 24, 16], homotopy perturbation method respectively[1, 10, 25]. Iterative Laplace
transforms, Rahmat Darzi et al. Applied the Sumudu transform to solve fractional diffusion-wave
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and fractional differential equations. Kielbasa, A.A., and Srivastava, H.M.,[6, 12, 27, 28, 29, 23]
derived the formulae for Sumudu transform of R-L, Caputo, and Miller-ross sequential fractional
derivatives by using Laplace -Sumudu duality. Modified variational iterative method (MVIP)[7,
8] for solving Klein-Gordon equations. There are other popular tools of fractional calculus and
Integral transforms for solving the problems of applied science, mathematical physics,
mathematical biology, dynamics and etc.[5, 6, 11, 14, 15].

In 2001, a novel approach introduced by Khuri evaluated the problems of solving
nonlinear differential equations by Laplace Adomian Decomposition Method(LADM) [20, 26,
21]. LADM process has been used to find Volterra differential equations[19, 13], newton -
homotopy method for solving nonlinear euations”[16]. Many problems in fractional derivatives
[7], hydrodynamics [33], chemical diffusion [31], option pricing [30], computational fluid
dynamics [32], and control theory [34] can be modelled using partial differential equations (PDES).
Now a day, much attention has been devoted to studying nonlinear PDEs and methods for
numerical solutions to nonlinear problems.

This research article proposes a new Sumudu transform iterative method for efficiently
solving time-fractional heat-like and wave-like equations. The Sumudu transform has been
extensively used in solving ordinary differential equations due to its ability to convert them into
algebraic equations.M.Asiru studied the properties of the Sumudu transform([4, 10, 14, 22], which
is used to solve integral equations of convolution type. However, its application to fractional
differential equations, especially in the context of time-fractional heat-like and wave-like
equations, remains relatively unexplored. Our novel approach utilizes the Sumudu transform to
convert the time-fractional differential equations into fractional algebraic equations, thereby
reducing the problem to solving a set of algebraic equations. The iterative method is employed to
refine the solutions, improving accuracy and convergence. By integrating these techniques, we
aim to provide an effective numerical method that is New Sumudu Transform-Iterative method
(NSTIM) to handle the complexities of time-fractional heat-like and wave-like equations.
Definition 1.1 [35] Function y (&, u) has a caputo fractional derivative defined as,

1 —B—
DEYE) = o5 fy € =PI VYD, ~1<B <) €N (L1
d = dd—; andjf denote the R-L fractional integral operator of order f > 0 defined as d’ = dd—;]
and jf respectively.
1 —_ n
Sy w = ﬁff € - Vy,wdpp>0k-1<B<kkeN. (L2
Definition 1.2 [35] The order 8 € C,Re(B) > 0 Riemann Liouville fractional integral If+
is defined as,
- 1 f( ) n
(o237F)@ = (10.) @ = 15y iz de: (a > p.Re(®) > 0" (13)

Definition 1.3 [36] The Riemann Liouville fractional derivatives (,,ny)(x) of order g €
C,Re(B > 0) is defined by,
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(oir)@ =) ("))

1 d\" (¢ y(q@)dq _ ) "
= T (E) fp W,(n = Re(,[?) + 1,C > p) .

(1.4)

Definition 1.4 [36] The mittag-leffler function and its generalazation as

k
Ep(¥) = X0 ry (B € c.re(B) > 0), (1.5)
Ep g is Mittag-Leffler function in two parameters

Epp(v) = $fe0 72 B.8 € CR(E) > O,R(F) > 0" (L6)

Definition 1.5 [37] The sumudu transform of a function f(t),t > 0 is defined as

SIF®] = [ et f(wt)dt,v € (=Ty, Ty)andf (t) € A, (1.7)
(chaurasia and singh 2010) where
It
= {f(t)/EIM, T, T, > 0,|f ()] < Me™,if t € (—1)) x [0, oo)}. (1.8)

Definition 1.6 [37] The Sumudu transform of the Caputo fractional derivatie is defined as
(chaurasia and singh 2010)

SIDFEy (€, )] = v S[y(E, w)] — Zps vy ®0,w)n -1 <nf <n. (L9)

2.0 The New Sumudu transform Iterative Method(NSTIM)

To illustrate this new Sumudu Iterative Transform Method[38, 39, 41] we consider a
fractional non-linear ,non-homogenous partial differentail equationwith the initial conditions of
the form:

D"ﬂ +Ly(, w) + Ry w)+=g(¢ w), n—-1<nf <ny(0)=h(E) (21)
where D is the Caputo fractional derivative operator,D,, nh— L is a linear operator,R is

nonlinear operator,g (¢, w) is continuous function.
employing the Sumudu transform to the equation eq .(16) we have,

S[DiFy(&, )] + SILOY(E ) + RWE )] = S[g (€, w], (22)
using the property of sumudu transformation we obtian,

Sy (¢ w)] = v TiZ5 ¥*(§,0) + v S[Ly(§, @) + Ry(§, )] = [g(§, )] = 0. (2.3)
employing inverse Sumudu transform to the equation we get,

Y w) =S IR yH(E 0] - ST S[Ly(€, ) + Ry (€, w) — g, w)]].

wnB '’

(2.4)
Next assume that,
f& w) =S ¥Rzp v (& 0) + v S[g (&, w)]]; (2.5)
Ny w)) = =S ' [v"S[Ry(§, w)]]; (2.6)
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K[y w)] = =S [v"’S[Ly(§ w)]]- (2.7)
Thus,equation (10)can be written in the following form
Y w) =f(§ w)+ KyE, w) + Ny, ). (2.8)

Where f is a known function ,K and N are given linear and non linear operator of u respectively.
The solution of equation can be written in the series form ,
y(§ w) = Zm=0 ¥ w)),
wehave, (2.9)
KXm=0 Y, 0)) = Xm=0 K, w)).
The non-linear operator N is decomposed as (see Gejji and Jafari 2006)
NEm=o Ym ) =No) +{NELo y) — NEJ%' v} (2.10)
Therefore ,equation (11)can be represented in the following form , Defining the recurrence
relation

Yo = f'
yl = K(yo) +N(y0)’ (2.11)
Ym+1 = Km) + N(Yo+... +¥m).
we have,
(y1 +y,+...... +Vm+1) = Ko+ . +ym) + Nyo+. ... +Ym) (2.12)
namely,
Ym=0 = [ + KQm=0) + NQim=0)- (2.13)
The m-term allying solution of equation (11)is given by,
y=yi+y+...... +YVm—1. (2.14)

3.0 Stability and Error Analysis

Theorem 3.1 Let y, (¢, w) and y,,(§, w) be the members of Banach space H, and the exact
solution of (1.1) be y (¢, w) . The Series solution 7", ¥, (&, w) converges to y(§, w), if
V(€ ) < Ayp_1(§, w) for A € (0,1), thatis forany y > 0,3E such that ||y,,,(, w)|| <
y,Vp,n>E.

Proof. Let u,(§, w) = yo(§, w) + y1(§, w) + ¥,(§, w) + -+ y,(§, w) be the sequence
of pt" partial sum of series Yp=o Yp(& ). Now consider
[up+1(, @) —up(§ )l = [[yp+1(S, W)
< Mlyp (S, w)ll
< 2lyp-1 € )| 3.)
< 2llyp—2( )l

< 2P|y (€, w)]].
for vn,p € E
Consider,
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[lup(§, @) —un(§, W)l = [|yp+n (€ W)
= [ (up(§, w) — up-1(§, w))
+(Up-1(§, @) — up_2(§, w))
+(Up—2(§, w) —up_3(§, )
oot (Une1(§ 0) — up(§ )|
< [ (up(§, w) — up—1(&, w))|
H(Up-1(, w) — up—2 (&, w))|

H(Up—2(§, @) — up—3(S, w))| (3.2)
t ot (U1 (§ @) — un (8, w)|
< Plyo(§, W)

+AP7H1yo (§, @)

+AP72||yo (€, w)]|
+ o+ Py (€ w)|

= 170(6, @I + 277" + -+ AP+
1-2P™
= [170(&, )| (=A™
Since 0 < A< 1, and y, (¢, w) is bounded, so assume that,
1-AP 1
y = lyo & )| I()A,
we get the desired result. Also Y7, ¥, (&, w) is a cauchy sequence in H, which imples that there
exists yo (¢, w) € H such that limy, (¢, w) = y(§, w), Hence prove.
p—)OO

Theorem 3.2 Let ZZ:o ¥p (&, w) be the finite and allying solution of y(¢, w). If
Yp+1(E )| < A|yo (€, w)]| for 1 € (0,1), then the maximum absolute error is

1Y @) = Epeo Yo @)1 < % 1Yo (&, @)]I-

Proof.
1y @) = Zpo W)l =11 X520 ¥p (€ 0|
< Yp=q+1 ¥ (& 0)|
< B qe1 AU1YeE )| 3.3)

AT L+ 2+ 22 4 -)lyo(€ w)l

29+1
< 7711y @)l

hence prove
4.0 Numerical Examples:

Example 4.1 [40] We acknowlege the following one dimensional time fractional heat equation :
1,502
Dhy(§w) =3§73,0<p<1 4.1)
Subject to the initial condition
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y(§,0) = ¢ (4.2)
employing Sumudu transform on the equation (4.1) and using the initial condition of
equation (4.2) we get,
2 1 p209%y
Sy )] = & + 75§23 2] (43)
employing inverse Sumudu transform of the equation (4.3) we get,
_ _ _ 1 2%y
yEw)= ST+ ST S GE]
namely, (4.4)
_ _ 1 9%y
Y w)= &+ ST 5 SEE]
According to the NSTIM,we have,
Yo = &2,
— o-1p_1 g2¢r0%y
K[y(f, w)] - S [Zu_BE S[sz]]
By iteration ,the following results are obtained
yO (E' (D) = EZ)
_ 1 9?2
i w) = ST EE SR, (4.6)

B
_ 2 W
- ¢ r(f+1)"

(4.5)

_ 1 92 1
G e |
_g-1[_L_, 269
S [Zu—p S[afz ]]
B o w?P Wb L, WP
- ¢ [F(zﬁ+1) F(2[>’+1)] (¢ r(z,@+1))
— 2 _w?f
- ¢ r(2p+1)"
Therefore, solution of the problem is given by,
Yy w)= yo(§ )+ yi(§ w)+...
W L
yGw)= &1 T(B+1)  T(2f+1) ]
= §2Eg(wP).
Where - Eg(w?) is mittage leffer function defined by (1.5).
Setting f = 1,equation (4.1) becomes the following heat equation of 1-dimension,

1 502
y(§w) = %722,

with accurate solution

y(§ w) = §%e.

(4.7)

(4.8)

(4.9)
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(c) allying solution of equation (4.1) at 5" order for f = 0.8

150000
100000

50000

(e) accurate solution of equation (4.1) for g =1
Figure 1

Remark:1The linear fractional one-dimensional heat equation shown above. The allying solutions
of the linear fractional one-dimensional heat equation at different values for $=0.2,0.6,0.8,1 and
the accurate solution for f=1 are shown in Figures 1,2,3,4,5 respectively. The solution is straight
forward to discover that it is constantly dependent on the values of time-fractional derivatives.

Example 4.2 [40] We acknowlege the following two- dimensional time fractional heat equation :

02 92
Dy bw) =55+55.0<p<1 (4.10)

Subject to the initial condition
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y(€, ¢,0) = sin($)sin(¢). (4.11)
employing Sumudu transform on the equation (4.10) and using the initial condition of equation
(4.11) we get,
. . 2%y 02
Sy ¢, )] = sin(©)sin(e) + =5 S[55 + 53] (4.12)
employing inverse Sumudu transform of the equation (4.12) we get,
— g-1fg; ; —1p L ¢y | 9%y
(& b,0) = ST [sin(@sin(®)] + ST [Z5 S35 + 5511
namely, (4.13)

V(b 0) = sin(@)sin(d) + 5[5 S5 + 2211

According to the NSTIM,we have
Yo = sin(§)sin(),
_ gLy, 9%y
K[y(f, ¢; (A))] - S [u_ﬁs[afz + a¢2]]'
By iterative method ,the following result are obtained

Yo (E' (l): (1)) = y(f' ¢' 0) = SlTl(f)SlTl((f)),
16, b 0) = ST SISE + 5211, (4.15)

P2
. . wh
= —2sin(&)sin(¢) T

(4.14)

—1r 1 opP2o+y1) , 9*(Yo+y1) —1r 1 <p9%(o) , 9*(¥o)
2@ b 0)= ST GSEHa t e =S HSHa + 5

. . ~2)2w2P 2B . . B
- sin(@)sin(p)(& (Zz)ﬁfl) — o) + 2sin()sin() 7o
_ _ 2 . . wZB
= (=2)sin()sin(d) i 7mry-
Therefore, solution of the problem is given by,
yE )= yo(§ ¢ w) +y:i(S, ¢, w)+...
(—20F) (—20P)?

vy ¢, w) = sin(&)sin(dp)[1 + e T 1+ Tapel T N (4.17)

= sin(§)sin(p)Eg (—2wP).

(4.16)

Where - Eg(w?) is mittage leffer function defined by (1.5).

Setting B = 1,equation (4.10) become the heat equation of 2-dimensional,
_ %y 0%
y(f'(p'w) - 652 +a¢2

with accurate solution

(& ¢ w) = §%e®.

(4.18)
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(e) accurate solution of eqUation (4.20) for p =1
Figure 2

Remark:2 The linear fractional one-dimensional heat equation shown above. The allying
solutions of the linear fractional one-dimensional heat equation at different values for
$=0.2,0.6,0.8,1 and the accurate solution for =1 are shown in Figures 6,7,8,9,10 respectively.
TThe solution is straight forward to discover that it is constantly dependent on the values of time-
fractional derivatives.

Example 4.3 [40] We acknowlege the following Three- dimensional time fractional heat
equation :
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B _ 1 ,£%29%y = ¢%9%y 6 2%y
D(uy(f' ¢' 6' w) - E4¢464 + g( a2 + a2 952 ) 0< ﬁ <1 (419)

Subject to the initial condition

y(,¢,6,0) = 0. (4.20)
employing Sumudu transform on the equation (4.19) and using the initial conditions of equation
(4.20) we get,

SIY(E, §.6, )] = 5 SIE*D*6*] + £ S e0) + &S5 vp0) + 2S5 vs0)
(4 21)
employing inverse Sumudu transform of the equation (4.21) we get,
2

y(E $,8,0) = s—l[i [€4¢4641+§S(%y55>+§—6

5( 7Yoe) T 365( —7V55)]
namely,
]
£rh8t 2+ ST S (e
yEso)=| , Y (4.22)
3eSCE Yee) T gS(uT,;Y&S)]
According to the NSTIM,we have

— 4pt g4 wf
Yo = $H ™6 TB+D)’
- 92 1 92 92
Ky© ¢.0,w)] =S 1[36(u ﬁ)fzs[agzo] 36(u‘ﬁ)¢25[6<;’;] + 36(u -3)625[663}20]]
(4.23)

By iterative method ,the following result are obtained

Vo€, ¢,6,0) = §'Ppr8t——

F(ﬁ+1)
_ -1 2¢ 9%yo 1 2 o920 2 or9%y0
yl(gl ¢! 81 (l)) - S [36( —B)f [afz] + 36(u—ﬁ)¢ S[a¢2] + 36( —ﬁ)6 5[662]] (424)
2p
— 44404 @
- S rp+1’
2 or9%(Vo+y1) 1 2 or9*Vo+y1)
& ¢ 6w)y= S 36(u” f‘)f Sl 02 ]+36(u‘5)¢ Sl 992 ]
J’Z ’ T - + 1 625[6 (y0+y1)]
36(u-ﬁ) 952
2¢ 9%yo 2cr9°Yo
_g-1 36(u~ B)f [652] 36(u-ﬁ)¢ [a¢2] 495
L s25[2 Yy (429
36(uh) 962
— 4 404 0P 444‘0(’3)_444‘”(3)
- Gy r2p+1) +87¢%0 F(2ﬁ+1)) Gy r(25+1))
3B
— 4pist ot
- §7¢%0 rap+1)’

Therefore, solution of the problem is given by,
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Y& ¢.6,w) = yo(§, b6, w) +y:1(5, 9,6, w)+...

_ pagacap@P) W) | (%)
Y& 9 0,w)= $¢76 [FB+1 + r2p+1 + r3p+1 o (4.26)

= §pratEg(wf) — 11.

Where - Eg(t#) is mittage leffer function defined by (1.5).
Setting f = 1,equation(4.19)beome the heat equation of the 3-dimensional,

1,292 252 5292
V(& ¢,6,0) = et + = (X + B4 2

)
Y a¢? 952
with accurate solution (4.27)

(&, ¢,6,w) = §rptat(e” - 1).

() allying solution of equation (4.19) at 5¢* order for g = 0.2 (b)allying solution of equation (4.19) at 5 order for 8 = 0.6

P [ %
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(e) accurate solution of equation (4.19) for g =1
Figure 3

Remark:3 The linear fractional one-dimensional heat equation shown above. The allying
solutions of the linear fractional one-dimensional heat equation at different values for
p =0.2,0.6,0.8,1 and the accurate solution for B =1 are shown in Figures 11,12,13,14,15
respectively. The solution is straight forward to discover that it is constantly dependent on the
values of time-fractional derivatives.

Example 4.4 [40] We acknowlege the following one dimensional time fractional wave equation :

1., 0?2
Dhy(,w) =382 1<p <2

ag2’ (4.28)

Subject to the initial condition
¥(§,0) =¢§,5,(,0) =% (4.29)
employing Sumudu transform on the equation (4.28) and using the initial conditions of equation
(4.29) we get,

SY(E )] = € + 25 + 755152 (4.30)

employing inverse Sumudu transform of the equation (4.30) we get,
— gipg 88 8 o2y
y(f; (1)) = S [E + u-1 + Zu_BS[afz]]'
namely, (4.31)

yE @) = £+ + ST+ SIS

According to the NSTIM,we have
Yo w) = §{+§w

_1p &2 a2 (4.32)
K@ wl= S'H=+SEZI
By iterative method ,the following result are obtained :
Yo(§,0) = §+¢%0,
€w)= S s2)
Yils, @) = 2B >l 52 (4.33)
_ 2 wB+1
- ¢ r(g+2)’
1r £2 o 02(Vot+y1) _1p &2 02
v2(§,0) = ST oS E ) - ST i S5
_ 2 w?B+1 wbBt1 _ 2 wbBt1
B d F(2B+2)+F(2B+2)] Y F(2B+2)) (4.34)
” w?2B+1
- rp+2)"

Therefore, solution of the problem is given by,
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Y@ w) = yo(§w) +yi(§ w)+...

wht1 w2B+1

yGw)= §+lo+ o+t (4.35)
= f + fszﬂ,Z((l)B)
Where - Eg (w?) is mittage leffer function defined by (1.5).
Setting B = 2,equation (4.28) becomes the wave equation of order 1-dimensional ,
y 1 2
i
with accurate solution (4.36)

y(&, w) = & + E2sinhw.

(c) allying solution of equation (4.1) at 5"
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(e) accurate solution of equation (4.1) for g =1
Figure 4

Remark:4 The linear fractional one-dimensional heat equation shown above. The allying
solutions of the linear fractional one-dimensional heat equation at different values for
p =0.2,0.6,0.8,1 and the accurate solution for B =2 are shown in Figures 16,17,18,19,20
respectively. The solution is straight forward to discover that it is constantly dependent on the
values of time-fractional derivatives.

Example 4.5 [40] We acknowlege the following two- dimensional time fractional wave equation

B _ 1 z29% 2 9%y
Da)y(fﬂ ¢' w) - 12 [E 652 + d) 6¢2]’0 < [)) S 2 (437)
Subject to the initial condition
y(& $,0) =545, ¢,0) = o™ (4.38)

employing Sumudu transform on the equation (4.37) and using the initial conditions of equation
(4.38) we get,
_ P4 &z 0%y ¢? 9%y
Sy ¢ )] =& + 5+ 5 SEE] + S (4.39)
employing inverse Sumudu transform of the equation (4.39) we get,

_glppa P4 & o0y, 7 0%y
y(f’ ¢’ C()) - S [E + u-1 + 12u—‘85[a€2] + 12u—ﬁS[a¢2]]'

namely, (4.40)

_ z4 4 17§ 0%y > 0%y
y(f’ ¢! (1)) - f + ¢ w + S [12u—ﬁS[aEZ] + 12u—ﬁS[a¢2]]

According to the NSTIM,we have
Vo p0)=  {+dto,

KIy(E dw)] = ST = S[22] + 2 5]

12u~B " lLggz 12u~B

Sl (4.42)

By iterative method ,the following result are obtained

Yo, pw) = §*+dtw,

NE G = ST g SIS + e SS2] (4.42)

P 4 whtl

r(g+1) rg+2)’
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_ c-1p ¢ 0% (Yo+y1) §? 9% (o+y1)
yZ(fi ¢) 0)) - S 1[12u—ﬁ5[ 622 : ] + 12u—ﬁS[ a;z : ]]
o1 &z 9% (yo) 9% (yo)
S [12u B SI afz 1+ 12u~B SI ap? 1]
B

— 4, @ 4 4, wF 4

- ¢ (r(ﬁ+1)+r(zﬁ+1)) té (I‘(ﬁ+2) I‘(2[3’+2)) ¢ (I‘(ﬁ+1)) ¢ (I‘(ﬁ+2))

_ 4 w2B 4 w2B+1

- ¢ T(28+1) r(28+2)’

(4.43)

Therefore, solution of the problem is given by,

y(‘f;(p;w) = yO(E ¢ (‘)) +Y1(E;¢;(‘))+---

_ 2P 4 t(B+1)  p2p+1
vy pw)= x*[1+ l“[5’+1 + r2/3+1+"'] + vt + 52 Tt +...] (4.44)

= EEp(wP) + wop*Eg(wh).
Where - Eg (w?) is mittage leffer function defined by (1.5)

Setting f = 2,equation(4.37) becomes wave equation of order 2-dimensional ,
9y _ 29 2
at 12 [f afz d) 3¢2]

(4.45)

with accurate solution
v ¢, w) = &*coshw + ¢p*sinhw.

(¢ ) allying solution of equation (4.37) at 5 order for g = 0.8 (d) allying solution of equation (4.37) at 5¢* order for g = 1
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(e) accurate solution of equation (4.37) for g =1
Figure 5

Remark:5 The linear fractional one-dimensional heat equation shown above. The allying
solutions of the linear fractional one-dimensional heat equation at different values for
p =0.2,0.6,0.8,1 and the accurate solution for B =2 are shown in Figures 21,22,23,24,25
respectively. The solution is straight forward to discover that it is constantly dependent on the
values of time-fractional derivatives.

Example 4.6 [40] We acknowlege the following Three- dimensional time fractional wave
equation :

£2p2 $292y 53
Dy d.8,0) =& +¢7+82+5 (5 + 5+ 55

WL<B<=2 44

Subject to the initial condition

y(f: ¢l 6' 0) =0, Yo (fl ¢, 6' O) = 52 + ¢2 - 62' (447)

employing Sumudu transform on the equation (4.46) and using the initial conditions of equation
(4.47) we get,

EZ+¢2_62

SIy(§,¢,6,w)] = ";1

€2+¢2+82
)+ ()
pe 52 (4.48)
(afz) + 2_— (64’2) + 2u— B (682
employing inverse Sumudu transform of the equation (4.48) we get,
yE ¢80y = STHEED) + s-l[isuﬂ +¢?+67)

{2 2
+ u-F (afz) +2 = (aqbz) +2u = (652 ]

(4.49)

namely
wP

l"(ﬁ+1)
(652 ]

y(§ d.8,0) = w(@*+ ¢2 - 52) +(§% + ¢2 + 52)

+ [

2

According to the NSTIM,we have
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V(€ B8,0) = 0+ 7 =87+ (§+ 7 + 67 =

52 2%y
595521

(4.50)

- 2 a2 2 92
KIYE9.0,0)] = ST 555G + 575G +

By iterative method ,the following result are obtained
Vo6, #,8,w) = w(®+¢*—56%)+ (&% +¢*+67)
_ _ 62 aZy ¢2 aZy 52
& 80)= STE5SGR) + 555G T s

= w(§* + ¢* = 8%) +(§7 + ¢ +6%)

a)B
rg+1)’

62

S(ﬁ ] (4.51)
w?P

rep+1)’

wbBt1

r(B+2)

&2 9% (yo+y1) ¢? 02 (yo+y1)
y2(&,0,6,0) = S7! AT A T
2 ’ T + 82 S(az(y0+y1))
2u~B 062
62

—1[ & 9%y, ¢2 9%y, 9%y,
- § [Zu-ﬁs(afz )+ 2u-ﬁs(a¢2) + 2u-BS(662 )]
_ 24 42 _ &2 wzﬁﬂ_'_ 2 4 $2 + §2 w3k
- € +e ) 2 (B+2) € +e ) r(3+1)
Therefore, solution of the problem is given by,
}I(f,d),(s;w) = yo(f,qb,&w)+y1(§,(;b,6,w)+...

B+ B+ B+
y(f,d)'g,w): (§2+¢2_62)[(w 1) (2Pt (@3Bt

rB+2 r2p+2 r38+2 -]
+ (€ +¢* + 69

(4.52)

B 26 3p (4.53)
@) p @) p @) 4]

FB+1  T2B+1 T3B+1
= (&% + ¢? = §H)[Eg(wP)] + (8% + ¢* — 62 [Ep(wP) — 1].
Where - Eg(w?) is mittage leffer function defined by (1.5)
Setting B = 2,equation (4.46) becomes wave equation of order 3-dimensional ,
9y _ 2 2, <2, 1,8%09% | ¢*3%y | &%d%y
dw o +o +z(a§2+a¢2+652)
withaccuratesolution (4.54)

(& ¢, 6,w) = (% + PPe? +8%e7 — (§2 + ¢* + 57).

, d |
2 4
LTI ] |
~’.~.-.’~'-Z~'-Z~='-'Z~'f"~"’”l |
6000 27 ......0..... /[t

01

L7 <
.....'”"" 7

() allying solution of equation (4.46) at 5¢* order for g = 0.2 (b)allying solution of equation (4.46) at 5 order for g = 0.6
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d

150000 |
{

100000 |
50000 |

(e) accurate solution of equation (4.46) for g =1

Figure 6

Remark:6 The linear fractional one-dimensional heat equation shown above. The allying
solutions of the linear fractional one-dimensional heat equation at different values for
f$ =0.2,0.6,0.8,1 and the accurate solution for B =2 are shown in Figures 26,27,28,29,30
respectively. The solution is straight forward to discover that it is constantly dependent on the
values of time-fractional derivatives.

Table 1: analyze the solution with one, the 5th order allying solution of equation(4.1) and either

side of the accurate solution for f = 1.

p=1
f w y(NSTIM) y( accurate) |yNSTIM — Yaccurate
2 0.3 0.0539935 0.0539944 9 x 10797
4 0.5 0.26375 0.263795 5% 1079
.6 0.7 0.724381 0.724951 6 x 10704
.8 0.9 1.57046 1.57415 4 x 10703

Table 2:analyze the solution with one, the 5th order allying solution of equation(4.10) and the
either side of the accurate solution for § = 1.

B=1
E w y(NSTIM) y( accurate) |yNSTIM - yaccuratel
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2 0.3 0.109149 0.109032 1x107%
4 0.5 0.146032 0.143259 3x107%
.6 0.7 0.159643 0.139239 2x107%
8 0.9 0.204733 0.118578 9 x 107

Table 3: analyze the solution with one, the 5th order allying solution of equation(4.19) and the
either side of accurate solution for g = 1.

=1
5 w y(NSTIM) y( accurate) |yNSTIM — Yaccurate
2 0.3 0.00055977 0.000559774 2 %1079
A4 0.5 0.0166067 0.0166073 6 x 10797
.6 0.7 0.131359 0.131382 2% 10705
.8 0.9 0.597507 0.597853 3x107%

Table 4: analyze the solution with one,the 5th order allying solution of equation(4.28) and the
either side of accurate solution for g = 2.

=2
'S w y(NSTIM) y( accurate) |yNSTIM — yaccuratel
2 0.3 0.212181 0.212181 0
4 0.5 0.483375 0.483375 0
.6 0.7 0.87309 0.87309 0
8 0.9 1.45697 1.45697 0

Table 5: analyze the solution with one,the 5th order allying solution of equation(4.37) and the
either side of accurate solution for f = 2.

B=2
f w y(NSTIM) y( accurate) |yNSTIM — Yaccurate
2 0.3 0.306193 0.363853 0
A 0.5 0.752517 0.752517 0
.0 0.7 1.3787 1.3787 0
.8 0.9 2.39375 2.39375 0
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Table 6: analyze the solution with one,the 5th order allying solution of equation(4.46) and the

either side of accurate solution for g = 2.

p=2
f w y(NSTIM) y( accurate) |YNSTIM — Yaccurate
2 0.3 0.363853 0.363853 0
4 0.5 0.752517 0.752517 0
.6 0.7 1.3787 1.3787 0
8 0.9 2.39375 2.39375 0
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Figure 7: The absolute error |yysrim — Yaccurate| OF €quation (4.46) at 5 order for g = 1,2

Remark:7 Figures 31,32, and 33 depict the absolute error between allying and accurate solutions
for B=1, whereas Figures 34,35 and 36 depict the absolute error between allying and accurate
solutions for f=2. By comparison, it is clear that by computing additional terms, the efficiency
and accuracy of this method (NSTIM)can be greatly improved. We use a few terms in this post.
The precision of the estimated solution will be substantially enhanced if we employ additional
terms. As a result, the recommended method for solving the linear differential equation is precise
and efficient.
Conclusion

The new Sumudu transform iterative approach was successfully employed in this research
to get an allying solution for the time-fractional heat-like and wave-like equations. The New
Sumudu Transform Iterative Method (NSTIM) combines the New Iterative Method (N1M) and the
Sumudu transform to achieve accurate and allying analytical solutions for time-fractional heat and
wave equations. The numerical findings reveal that the Sumudu transform iterative method is more
efficient and accurate than previous methods, requiring less calculation.
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