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Abstract
The labeling of a graph G is said to be weighted Mean labelling (WML), if its vertices are labelled from
0,1,2,....9 where g is the number of edges of G such that the edges of G can be labelled with

f(8)deg(8)+f(n)deg(p) . .. ) :
[ 22 (6) 1329 () ] the resulting edge labels are distinct from 1,2,...,9. If a graph G admits WML then, G is

said to be Weighted Mean Graph (WMG). In this paper we study the WML of some Cycle related graphs.
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1. Introduction

Rosa introduced the graceful labeling method in
1967 [4] further S.Somasundaram and R.Ponraj
developed the concept of mean labeling of graphs
and studied the behavior [5][6]. R.Christina et.al
defined the Weighted mean labeling of graphs in

[1].
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The labeling of a graph G is said to be weighted
Mean labelling (WML), if its vertices are labelled
from 0,1,2,...,q where q is the number of edges of
G such that the edges of G can be labelled with

fwdeg(w)+f(w)deg(v) :

[ dog ()t deg (™) ] the resulting edge labels
are distinct from 1,2,...,9. If a graph G admits WML
then, G is said to be Weighted Mean Graph

(WMG).
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Figure 1

For standard terminology and notation the reader
can be refer to [3] and the study the graph labeling
the reader can be refer to Gallian(2022) [2].

2. Preliminaries

Definition 2.1[7]

trlangula'f“’tree is calculated by amalgamating each
vi with a leaf of P; We denote this tree by T, and
refer to Pnas the base of T,.

m(8s) =

3. Results

Theorem 3.1. The graph obtained by identifying a
vertex of any two cycles Cnand Cnis WMG.

Proof. Let 61,02,....,0m and #y,n2,...,mmbe  the
vertices of the cycle Cr, and C, respectively. Let
G be the resultant graph obtained by identifying
the vertex Jmof the cycle Cnto the vertex #n0f the
cycle Cn.

We define z :V (G) — {0,1,....m + n} as follows:

4m
a— 1if1 SOIS[?]—].

4m
"”’f[?]““m

] 3m+n
m+a1f1£a<[ ] m—2
m(na) = 3m+n
m+a+1lf[ ] m—1<asn-1
We attained the foIIowmg edge labeling as:
4m
aifl SCZS[?I—I
T (8¢0a+1) = Am
a+1if [?] <a<<m-1
. 4m
w@s) = [
. 3m+n
m+a+1ifl Sa<[ ] m—2
T (MaNa+1) = 3Im+n
m+a+21f[ ] m—1<asn-—-2
3m+n
T[(nn—lnn)Z[ 3 ]

" (Myn) = m+1

Thus the graph labelled with WML and hence we conclude the graph is WMG. o
WML of the graph G obtained by identifying a vertex of the cycles Cs and Cgis shown in Figure 2
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Figure 2

Theorem 3.2. The graph obtained by identifying an edge of any two cycles Cy,and C,is a WMG.
Proof. Let 01,02,...,0mand #1,72,...,nn be the vertices of the cycle Crnand C, respectively. Let G be the resultant

graph obtained by identifying an edge dm-10m Of the cycle Cr, with an edge #n-17n Of the cycle C..
We define 7:V(G)—{0,1,...,m+n—1}as follows:

a—1if1 SaSP?m]—l
m(6a) = m
a if [?] Sasm

) Sm+2n-3
m+aifl <a< [fl—m—z
m(Na) = 5m+2n—

m+a+1lf[ ]—m—lSaSn—l

We attained the following edge labeling as:

3m
aifl S(IS[?I—I
T (6q0q41) = 3Im
a+1 if [?l <a<<m-1

. 3m
' Giom) = [

. S5m+2n—
m+a+1ifl Sa<[—

] m—2
T (MeNa+1) = 5m + 2n —

m+a+21f[ ]—m—l <a<n-3

. Sm+2n—-3
T (n-2n-1) = [#]

Thus the graph labelled with WML and hence we conclude that the graph is WMG.o
WML of the graph G obtained by identifying a edge of the cycles Cio and Cyis shown in Figure 3.

(14)
14

(15)

Figure 3
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Theorem 3.3 The graph obtained by joining any two cycles Cnand C, by a path Pxis a WMG.
Proof. Let G be a graph obtained by joining any two cycles Cr and C, by a path Px. Let 61,05,...,0mand
n1.12,...,nbe the vertices of the cycle Cyand Cy respectively. Let y1,ys,...,pxbe the vertices of the path Py with
Om=y1and p= #n.

We define 7 :V (G) —{0,1,....m + k + n} as follows:

a—1if1 Sas[?)?m]—l
m(6q) = 3m
a if [?]Saﬁm

nyy)) = m+a—-1if 2 <a<k

5m+5k+2n—2]
5

l+1£a$ n—2

m+k+aifl SaS[

5m+5k+2n—-2
5

t(Mg) =

m+k+a+l if[

We attained the following edge labeling as:

] 3m
a—llfl Saﬁ[?]—l
T (8abq+1) = 3m
a+1if [?] <a<m-1

. 3m
™ (Giow) = |5
T*VaVar1) = M+ aifl <a< k-1
T (Opy2) = m+1if2 <a<k

5m+5k+2n—2]
5

1<usn-2

m+t+k+a+1ifl SaS[

5m+5k+2n—2]
5

n*(nuna+1) =

m+k+a+?2 if[

. 5m+ 5k + 2n
™ (ueame) = |5

n*(n“nl) =m+k+1

Thus the graph is labelled with WML and hence we conclude that the graph isWMG. m
WML of the graph G obtained by joining two cycles Co and Ci1 by a path P4is shown in Figure 4.

Figure 4

Theorem 3.4. A(D(T;,)) is a WMG.
Proof.  Let  V(A(D(T))) = (61,82, v, S M0, Mase sz, fia, by i} and the E(A(D(T)) =

(6,040 1<a<n—1}U {52a_1na: 1<a< g} U {52a_1ua: 1<a< g} U {820(770{: 1<a< ;} U
{62aya: 1<a< g}
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Define m: V(A(D(T,))) — {0,1,2,..,3n — 1} as follows:

m(6,)=0,
n(5):{3a—1 if a=evenand2 <a<n
@ 3a—3 if a=oddand3<a<n’
m(ny)=1,
n(e) = 6a —4,if2<a<?
m(uqy)=3 and

m(t) = 6a—2,if2<a<?.

we attain the following edge labeling as:
T (0g0p4+1) =3a,ifl<a<n-1.
m*(61m1) = 1,

a
T (82qMq) =3a—2,ifl1<a<
n*(6111) = 2,
1" (82q-1Hg) = 3a — 1,if 2 < @ < Zand
T (Ugb2q) =3a—1,ifl<a < %
Thus A(D(T,)) is labelled with WML and hence we conclude that A(D(T},)) is a WMG.

1 ] 14
(1) (4) (7) 10) (13 (16)
i I3
0 - Jt{'] . (19}12 - o
) (5) (8) 1) (14) (17)
N1 10 16 s

Figure 5:WML of A(D(T5))

Theorem 3.5.B,, X B, isaWMG form=3and n > 2.

Proof.Let V(P, X P,) = {0ap:1<a<m,1<p <n} be the vertex set of B, x B, andE(P, X P,) =

{Bapbarnpil<a<m—11<B <n}U{6p0up+1yl<a<ml<p<n-
1}be the edge set of P,, X P,.
If m=3andn=> 2.
Define m: V(B,, X B,) — {0,1,2,..,5n — 3} as follows:
0, if =1
"(513)={5/3—7, if gSBSn
n(623)=5[3—4, if 1<pB<n,
n(63[;)=5[3—1, if 1<p<n
The induced edge labeling is as follows:
1" (8apba+p) =a+5(B—1)ifl<a<2and 2<B<n
" (8apbapeny) =+ 5 —3ifl<a<3and 2<p<n-1,
" (8010(a+1)1) =2a—1,if 1 <a <2,

. 2, if 1<a<?2
T (6a16(a+1)1) = { 7, if a=3.

Thus P,, X P, is labelled with WML and hence we conclude that P,, x P,is a WMG.

0 (2) 3 (6) ] (11) 13 (16) 18 {21]23 (95 28
(1 (5 (10) (15) {20) (24) (30)
. M 16 (9) [ipay LL619) |21 (2402790 31
(3) (8) (13 (18) (23] (28 (32)

4(7) 9 (12) 14 (17) 19 (22) 24 (27]29 (31) 32

Figure 6 : WML of PsX P;
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Theorem 3.6.Each triangular tree T,is a WMG.

Proof.Assumeéd,, 6, ..., 8, be the vertices of the pathP, and each vertex adjoining the path that is represented

by 845, for @ =1,2,..nand § < a.
mmmmvmga@mzwfm“)
Case 1. nisodd

la(aTﬂ)J—l, if aisodd

} as follows:

7-[(805) =

a’-a+2 . . ’
l > J—l, if aiseven

{az—a+2 _ _
T—(ﬁ—l)—l, if aisoddandB <a

nwaﬂ>={[az_a+4
2

\

we attained the following edge labeling as:
TC*(8162) = 1,

" (840q+1) = [
( ala+1) . .
[Tj_ﬁ_l’ if aisoddandf <«

ﬂ*(6a5aﬁ) = { az —
k > +p8+1, if aisevenandpf < a.

j+(ﬁ—1)—1, if aisevenandp < a.

a(a+1)
2

LWZSasm

(|a(a+1) _ ,
T_ﬂ_l' if aisoddandf <a
ﬂ*(6a5aﬁ+1) = {

a’—a

j+ﬂ+1, if aisevenandpf < a.

Thus T,, is labelled with WML and hence we conclude that T,,is a WMG.
Case 2. niseven

( a’—a _
5 — , if 1<a<3
2
a’—a+1 _ )
(6,) =S — -1, if aisoddanda =5
ala+1)+2 ) )
— -2, if aisoddanda = 4.

( a’—a+2p _
5 |————1 if 1<a<3andf<a

a?—-1
”(5aﬁ)=< [ > ]+ﬁ. if aisoddanda>4andp <a
a(a+1) _ ]
LT—ﬁ—l, if aisevenanda =4 andandp < a.

we attained the following edge labeling as:

(. |a*?—a+1 _

| 5— — > | if 1<a<?2

T (640441) = 6, if a=3
ala+1) _
k | if 4 <a<n
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( a’?—a+p .

5—#, if 1<a<3andf<a
n*(6a8a[g) = 6, if aisoddanda =>4andf <a

a(a+1) _ _

— - B, if aisevenanda =>4andandf <a

if a=3andp =1

1,
(a(a+1) _ .
. —|-f-1 if aisoddandf <a
" (8aba(p+1)) = 2
a?—a
= j+ﬁ+1. if aisevenandp < a.

Thus T,, is labelled with WML and hence we conclude that T,,is a WMG.

5 523 2 (6 9 (10) 10 45 20 51y 9
(4& (2) (9) (11 (20 (22
o 1 8 11 19 22
3 (1) (8) (12) (19) (23)
7 12 18 23
° o (13} (1) (24)
‘. 13 17 24
0 (14 (17) (25
16 25
14

(16) (26

Figure 7:WML of T~
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