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Abstract

In this paper, we introduce and study new class M,(,h,y,s,b) of meromorphic univalent
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1 Introduction
Let o be denote the class of functions f(2) of the form

f(z)_—+zan neN={123 ) (1.1)

which are analytic in the punctured unitdisc U* = {z € C: 0 < |z| < 1} = U\{0}. For functions f €
o given by (1.1) and g € o given by
1 oo
g(2) = —+anz”
d =1

n=
their Hadamard product (or convolution) is defined by

(f*g)(z)——+2an 2"

Analytically a function f € ¢ given by (1.1) is said to be meromorphically starlike of order g if it

satisfies the following:
Re {— <ﬁ>} >0, (z€el)
f(2) '

for some (0 < g < 1). We say that f is in the class o *(g) of such functions.
Similarly a function f € o given by (1.1) is said to be meromorphically convex of order g if it

satisfies the following:
zf"(2)
Re { <1+ f()>}>50' (z€el)

for some (0 < g < 1). We say that f is in the class gy, (§2) of such functions.
For a function f € o given by (1.1) is said to be meromorphically close to convex of order A and
type g if there exists a function g € o* () such that

(5}
Re{—|——=)i>h (0<p<1,0<h<1 zel).
9(2)

We say that f is in the class K (h, ).

The class o* () and various other subclasses of o have been studied rather extensively by Clunie [3
], Miller[9 ], Pommerenke [10 ], Royster [ 11] and Akgul [1].

Recent years, many authors investigated the subclass of meromorphic functions with positive
coefficient. In [6], Juneja and Reddy introduced the class of g, functions of the form

f(z)_—+zanz Ja, >0 (1.2)

which are regular and univalent in U. The functions in this class are said to be meromorphic
functions with positive coefficient.

The following we recall a general Hurwitz-Lerch Zeta function ¢ (z, s, a) defined by (see [14], p.
121)

$(zs a) = Z (n+a)s

fora € C\Zy,s € Cwhen |z| < 1; R(s) > 1 when |z| =1, where Z; = Z\{N}, Z =
{0,+#1,+2,-}, N={1,2,3,-+ }.

Several interesting properties and characteristics of the Hurwitz-Lerch Zeta function ¢(z, s, a) can
be found in the recent investigation by Ferreira and Lopez [ 4], Lin and Srivastava [7 ], Luo and
Srivastava [8], Thirupathi Reddy and Venkateswarlu [15 ] and others.

By making use of Hurwitz-Lerch Zeta function ¢ (z, s, a), Srivastava and Attiya recently introduced
and investigated the integral operator
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N

o (1+b
Sspf(z) =z + z (m) cnz™, (b € C\Zy,s € C,z € U).
n=2

Motivated essentially by the above mentioned Srivastava-Atiya operator S 5, Zhi-Gang Wang and
Lei Shi [17 ] introduced the linear operator

Ssp:0 >0
defined in terms of the Hardmard product ( or convolution), by
Sspf(2) = bsp(2) x f(2), (bEC\ZyU{l}seCfeo,zeU), (1.3)
where for convenience,
1
_ _ s _ h-S *
boo() = (b= 1)°[9(z5,0) = b~ + 55|, (2 U,
It can be easily be seen from (1.3) that
Sspf(2) ==+ iy 0 (n,5,b)ayz", (1.4)
here 6( b)—(b_l)s
where n,s,b) = )

Indeed, the operator S; ;, can be defined for b € C\Zj U {1}, where

‘Ss,Of(Z) = bliino{“ss,bf(z)}'
We observe that

Sopf(2) = f(2)
and
z
s =Y rwar o) > 1)
Ly — 2 Y .
0

Furthermore, from the definition (1.4), we find that

Z

b—1
Seanf @) == [ 7S, f@de @) > . (15)

0
Differentiating both sides of (1.5) with respect to z, we get the following useful relationship:

2(Ss41pf)'(2) = (b — DS pf (2) — bSsy1,5f (2).
Definition 1. For0 < g < 1,0<h§1,%£y§ 1,0<s<1,0<b<1,n €N, wedenote by
M, (%, h,v,s, b) the subclass of X2* consisting of functions of the form (1.1) and satisfying the
analytic criterion

z2 (Ss,bf(z)), +1

@2y = 122 (S5 f(2)) + 20y — 1)
2. Coefficient Estimates
Unless otherwise mentioned, we assume throughout this paperthat 0 < g < 1,0 < A < 1, % <y<
1,0<s<1,0<b<1,neNandzeU”
Theorem 2.1. The function f(z) € M,,(¢, h,y, s, b) if and only if

< h. (1.6)

Z [n(1 + 2y — k] O(n, 5, b)a, < 2hy(1 — ). (2.1)

Proof. Suppose ( 2.1) holds, so

|22 (800 @) +1| = 8|2y - D22 (500 @) + 207 — 1)
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o)

Z n0O(n,s,b)a,z"*1

n=1

—h

2y(pp — 1) + Z n(2y —1)@(n,s, b)a,z"t?!
n=1

< z nO(n,s,b)a,r"*| —h {Zy(go -1+ z n(2y —1)0(n,s, b)anr"“}

n=1 n=1

o)

= Z n(1+ 2hy — h)O(n,s, b)a,r™! — 2y (1 — p)

n=1
Since the above inequality holds forallr,0 < r < 1,

letting r —» 17, we have

o)

Z n(1l+2hy — h)O(n,s,b)a, —2ay(1 — ) <0

n=1
by (2.1), hence f(z) € M,,(, h,y,s,b).

Conversely, suppose that f(z) is in the class M,,(§, i, v, s, b), then
z? (Ss,bf(z)) +1 B ’ Yoo n0@(n,s, b)a,z"t?
g - _ RANS) _ n+1
(2y — 1)z2 (Ss,bf(z)) + 2y — 1) 2y(1 - ) anln 2y —1)0(n,s,b)a,z
Using the fact that Re(z) < |z| for all z, we have

22 (Spf@) +1
7 <
@y = D72 (Suf (D)) + 2y — 1)

<h

{ Yoo nB@(n,s, b)a,z"t?! } < 22)

2y(1 — ) — Yp=an 2y — DO(n, s, b)a,z™*?
If we choose z to be real so that z2 (Ss,bf(z)) is real. Upon cleaning the denominator in (2.2) and
letting z — 1~ through positive values, we obtain

Z n[1+ 2hy — hlO(n,s,b)a, < 2hy(1 — p).
n=1
This completes the proof of the theorem.
Corollary 2.1. Let the function f(z) denoted by (1.1) be in the class M,, (¢, h,v, s, b), then a,, <
Zhy(l_@) (n > 1)
n[1+2hy—-hle(n,s,b) -7
with equality for the function

_ l Zfl)/(l—jﬂ) n
f(Z) Tz + n[14+2hy—hle(n,s,b) z (2'3)

3.Distortion Theorems
Theorem 3.1. Let the function f(z) € M, (¢, h,v, s, b), then for
0<|z|=y<1,wehave

1 2hy (1-$) 1 2hy(1-)
r (1+2hy—h)@(1,s,b)r s |f(Z)| S r (1+2hy—h)9(1,s,b)r (3'1)
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with equality for the function

1 2hy(1-9) n
f@) = (1+2hy h)@(lsb)Z (3-2)

Proof. Suppose that f isin M (go h,v,s,b). In V|ew of Theorem 2.1, we have

(1+2hy — h)(1 —s)? (b+1)(b+2)2an_z [1+4 2hy — h]O(n,s,b)a,

n=1
< Zhy(l — )
. Then
N 2hy(1 - )
< . :
Zl =+ 2y — 0O, 5, b) 33
n=
Consequently, we obtain
1 v .1 < .
F@I =+ ) anz| ST+ ) anled
n=1 n=1
1
< ; +r Z a,
n=1
1 2ay(1 —
<>+ rd-o (3.4)
r (14 2hy —h)O(1,s,b)
Also,
1 v o1 < .
@l = ;+Zanz 2 i ) anll
n= n=1
1
= T rz a,
n=1
1 2hy(1 —
>—— r(d - o) . (3.5)
r (1+4+2hy—h)O(1,s,b)

Hence, (3.1) follows.
Theorem 3.2. Let the function f € M,,(, h,v, s, b), then for 0 < |z| = r < 1, we have

1 20y (1 — p) ,
Uty —measpy @
1 2hy(1 — )

(1+2ay —h)O(1,s,b))
with equality for the function f(z) given by (3.2).
Proof. From theorem 2.1, and (3.3), we have,

2hy(1-p)
Xn=1nay < (1+2hy-h)e(1,s,b)’ (3.7)

(3.6)

The remaining part of the proof is similar to the proof of Theorem 3.1, so we omit the details.

4. Closure Theorems
Let the functions fj(z) be defined for j = 1,2,...,m by

i@ =+ Ewan; 2" (an; 2 0) (4.1)
Theorem 4.1.. Let f;(z) € M, (%, h,v,s,b),(j = 1,2,....m). Then the function
h(z) =2+ iy (=552, ay,) 2" (4.2)

isin M,,(,h,y,s,b).
Proof. Sincef;(z) € M, (¢, h,y,s,b),(j = 1,2,....m), it follows from Theorem 2.1, that
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Zn [1+ 2hy —hlO(n,s,b)a,; < 2hy(1 — @),

n=
forevery j=1,2,...m. Henc e

n[1+ 2hy — h]lO(n,s, b) Zan‘j

mZ

From Theorem 2.1, it follows that h(z) € M,,(¢,h,y,s,b)
This completes the proof.

HMS

Z [1+4 2hy — h]O(n,s, b)an]] < 2hy(1 — ).

Theorem 4.2. The class M,,(, h,y, s, b) is closed under convex linear combinations.
Proof. Let f;(z), (j = 1,2) defined by (4.1) be in the class M, (¢, h,y, s, b), then it is sufficient to

show that

h(z2) =§f1(2) + (1= $)f2(2), (0=¢<1) (4.3)
is in the class M,, (¢, h,y, s, b). Since

h@)——+2§f%u+(1—8mukf (44)

then, we have from Theorem 2. 1 that

Z n[1+ 2hy — h]O(n,s, b)[fanll + (- f)an_z]

n=1

< 2¢hy(1—) +2ay(1 — (1 — ) = 2hy(1 — p)
So,h(z) € M, (¢, h,y,s,b).

Theorem 4.3. Let 0 < p < 1, then
M, (%,h,v,s,b) < M, (,h,1,s,b) = M, ($,h,s,b)

Where
_ 4 ya+n)(-p)
p=1 (1+2hy—h) (4.5)
Proof. Letf(z) € M, (¢, h,y,s, b), then
n[1+2hy— h]@(nsb)
D=1 2 hy (1) n <1 (4.6)
We need to find the value of p such that
o n(+h)
)y Ph(iep) O(n,s,b)a, < 1. 4.7)

In view of equations (4.6) and (4.7), we have

n|l+nh n|l1+ 2hy — hlO@(n,s, b

—[ ] O(n,s,b) < [ v — hoC )

2h(1 - p) 2hy (1 — )
That is

1+hr)(1-
P (L0
(1+2ny —h)
. Which completes the proof of theorem.
Theorem 4.4. Let f(z) = § and
fulz) =24 200 n g5,

z  n[1+2hy—-hlo(n,s,b)
Eur. Chem. Bull. 2022, 11(Regular Issue 12), 2721-2730
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Then f(z) is in the class M,, (¢, h, y, s, b) if and only if, it can be expressed in the form

f(2) = XizoSn fn(2) (4.9)

where s, > 0and Y5 s, = 1.
Proof. Assume that

[00]

1~ 2hy(1 -
F@=Y sh =ity VA (410)

n[1+ 2hy — h]O(n,s, b)

Then it follows that

= 2hy(1 — p) n[l+ 2hy — h]O(n,s, b)
z n[l + 2hy — h]O(n, s, b) Sn- 2ay(1 — )

n=1
=Yr1Sp=1—5,<1,
which implies that f(z) € M,,(, h,y, s, b).

Conversely, assume that the function f(z) defined by (1.1) be in the class
M, ($,h,v,s,b).

Then
. 2hy (1 — )
"~ n[1+ 2hy — h]lO(n,s,b)’
Setting
_ n[1+2hy —h]O(n,s,b) -
T om-e) T
and

—_— z STl’
n=1
we can see that f(z) can be expressed in the form (4.9).

This completes the proof of the theorem.

5. Integral Operators
Theorem 5.1. Let the function f(z) € M,,(, h,v, s, b). Then the integral operator

F.(2) = cfoluc fu,z2)dz, (O<u<1;c>0) (5.1)
is in the class M, (¢), where

14+2hy—h)(c+2)
The result is sharp for the function f(z) given by (3.2)
Proof. Let f(z) € My(£), then

F(z)—cju f(uz)dz——+z z" (5.3)

n+c+1 n?

It is sufficient to show that
o nc
Yn=1 (n+c+1)(1-8) n
Since f(z) € M,,(¢,h,y, s, b), then
200 n(1+2hy—h)e(n,s,b)
n=1

2hy (1)
From (5.3) and (5.5), we have

<1 (5.4)

a, <1 (5.5)
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nc < n(1+ 2ay — h)O(n,s, b)
n+c+1DA -8~ 2hy(1 — ) ’
Then
2hyc(1 —
f<1- ye(1 - ) .
n(l+2ay —h)(n+c+1)
Since
2hyc(1 —
H) = 1— ye(l - )
n(l+2ay —h)(n+c+1)
is an increasing function of n (n > 1), we obtain
2hyc(1 —
E<H) =1- ye(1— )

n(1+ 2ay — h)(c + 2)
and hence the proof of theorem 5.1 is completed.

6. Radius of Convexity
Theorem 6.1. Let the function f(z) € M,,(, h,v, s, b). Then f(z) is meromorphically convex of
order6 (0<6<1)in0 < |z| <r, where

1
1+ 28y —h)(1 = 6)0(n,s,b))n""
< ( y —)( )0(n, s, b) 6.1)
2hy(n+2—-6)(1 — ¢)
The result is sharp.
Proof. We must show that
zf"(z)
2+f’(z) <1-6 for0<|z|<T, (6.2)
where r is given by (6.1). Indeed, we find from (6.2) that
5+ zf"(@)| _ z n(n + Day|z|™*!
f@ |~ L1-T nalz™
This will be bounded by 1 — 6, if
cn(n+2-26
Z %anr”“ <1 (63)

n=1
But by using Theorem 2.1, (6.3) will be true, if

n(n+2-46) .. n[l+2hy —h]0(n,s,b)

_  7r <

1-6 - 2hy(1 — )

. Then

_ (@ +2hy — )1 - 8)6(n,s,b) 1/n+1
- 2hy(n+ 2 —-6)(1 — )
This completes the proof of theorem.

7. Modified Hadamard Product
For f;(z) (j = 1,2) defined by (4.1), the modified Hadamard product of f; (z) and f,(z) defined by

1
(s )@ =+ ) any ansz" = (fy * f)@) (7.1)
n=1
Theorem 12. Let f;(z) € M, (%, h,v,s,b) (j = 1,2). Then (f; = f,)(2) € M,,(¢p, h,v,s,b), where
_ 4 _ _ 2hy(1-p)*
¢ =1 (1+2ay-h)o(1,s,b) (7'2)
The result is sharp for the functions f;(z), (j = 1,2) given by fi(z) = i +
2hy (1-9) (7.3)

(1+2ay—-hn)(1-5)2(b+1)(b+2)’
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Proof. Using the technique for Schild and Silverman [ 12] , we need to find the largest ¢ such that

o

z n[l + 2hy — h]O(n,s, b)
o] 2hy(1 - ¢)
Since f;(z) € M, (%, h,v,s,b), (j =1,2), we readily see that

(0]

z n[l + 2hy — h]O(n,s, b)
2hy(1 - )

p1Qn <1 (7.4)

Ay <1 (7.5)

n=1
and

n[1+ 2hy — h]O(n,s, b)
] 2hy(1 - )
By the Cauchy Schwarz inequality, we have

[0e]

n[1+ 2hy — h]
Z (=) Jan1ano < 1. (7.7)
n=1 14

NgE

Upz < 1. (7.6)

Thus it is sufficient to show that
n[l + 2hy — ]O(n,s, b) <
2ny(—g) s
or equivalently that

n[l + 2hy — h]O(n,s, b)
2hy(1 — )

1-¢)
\an18n2 = =0
Connecting with (7.7), it is sufficient to prove that
2ny(1-g)  _(1-9)
n[1+ 2hy — h]O(n,s,b) ~ (1 — p)
It follows from (7.9) that

v An,1Gn2 (7.8)

(7.9)

2hy(1 — p)?

<1- :
¢=1 n[l + 2hy — h]O(n, s, b)

Now defining the function G (n) by

2hy(1 — $)?
n[1+ 2hy — h]O(n,s,b)’
We see that G(n) is an increasing function of n(n = 1).
Therefore, we conclude that

Gn)=1-

2hy(1 — )2
b<G)=1- ra-g-
[1+4+ 2hay — h]O(1,s,b)
which evidently completes the proof of the theorem. ]
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