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Abstract 

In this paper, we introduce and study new class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏)  of meromorphic univalent 

functions defined in 𝑈∗ = {𝑧: 𝑧 ∈ 𝐶 and 0 < |𝑧| < 1} = U \{0}.We obtain coefficients inequaities, 

distortion theorems, extreme points, closure theorems, radius of convexity estimates and modified 

Hadamard products 
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1 Introduction 

Let 𝜎 be denote the class of functions 𝑓(𝑧) of the form 

𝑓(𝑧) =
1

𝑧
+ ∑ 𝑎𝑛

∞

𝑛=1

𝑧𝑛,  𝑛 ∈ ℕ = {1,2,3, ⋯ }                                     (1.1) 

which are analytic in the punctured unit disc 𝑈∗ = {𝑧 ∈ ℂ: 0 < |𝑧| < 1} = 𝑈\{0}. For functions 𝑓 ∈
𝜎 given by (1.1) and 𝑔 ∈ 𝜎 given by 

𝑔(𝑧) =
1

𝑧
+ ∑ 𝑏𝑛

∞

𝑛=1

𝑧𝑛 

their Hadamard product (or convolution) is defined by 

(𝑓 ∗ 𝑔)(𝑧) =
1

𝑧
+ ∑ 𝑎𝑛

∞

𝑛=1

𝑏𝑛𝑧𝑛. 

Analytically a function 𝑓 ∈ 𝜎 given by  (1.1) is said to be meromorphically starlike of order ℘ if it 

satisfies the following: 

𝑅𝑒 {− (
𝑧𝑓′(𝑧)

𝑓(𝑧)
)} > ℘,   (𝑧 ∈ 𝑈) 

for some ℘(0 ≤ ℘ < 1). We say that 𝑓 is in the class 𝜎∗(℘) of such functions. 

Similarly a function 𝑓 ∈ 𝜎 given by  (1.1) is said to be meromorphically convex of order ℘ if it 

satisfies the following: 

𝑅𝑒 {− (1 +
𝑧𝑓″(𝑧)

𝑓′(𝑧)
)} > ℘,   (𝑧 ∈ 𝑈) 

for some ℘(0 ≤ ℘ < 1). We say that 𝑓 is in the class 𝜎𝑘(℘) of such functions. 

For a function 𝑓 ∈ 𝜎 given by (1.1)  is said to be meromorphically close to convex of order ℏ and 

type ℘ if there exists a function 𝑔 ∈ 𝜎∗(℘) such that 

𝑅𝑒 {− (
𝑧𝑓′(𝑧)

𝑔(𝑧)
)} > ℏ,   (0 ≤ ℘ < 1,  0 ≤ ℏ < 1,  𝑧 ∈ 𝑈). 

We say that 𝑓 is in the class 𝐾(ℏ, ℘). 
The class 𝜎∗(℘) and various other subclasses of 𝜎 have been studied rather extensively by Clunie [3 

], Miller[9 ] , Pommerenke [10 ] , Royster [ 11]  and Akgul [1 ] . 

Recent years, many authors investigated the subclass of meromorphic functions with positive 

coefficient. In  [6],  Juneja and Reddy introduced the class of 𝜎𝑝 functions of the form 

𝑓(𝑧) =
1

𝑧
+ ∑ 𝑎𝑛

∞

𝑛=1

𝑧𝑛, 𝑎𝑛 ≥ 0                             (1.2) 

which are regular and univalent in 𝑈. The functions in this class are said to be meromorphic 

functions with positive coefficient. 

The following we recall a general Hurwitz-Lerch Zeta function 𝜙(𝑧, 𝑠, 𝑎) defined by (see [14], p. 

121) 

𝜙(𝑧, 𝑠, 𝑎) = ∑
𝑧𝑛

(𝑛 + 𝑎)𝑠

∞

𝑛=0

 

for 𝑎 ∈ ℂ\ℤ0
−, 𝑠 ∈ ℂ when |𝑧| < 1; ℜ(𝑠) > 1 when |𝑧| = 1, where ℤ0

− = ℤ\{ℕ},  ℤ =
{0, ±1, ±2, ⋯ },  ℕ = {1,2,3, ⋯ }. 
Several interesting properties and characteristics of the Hurwitz-Lerch Zeta function 𝜙(𝑧, 𝑠, 𝑎) can 

be found in the recent investigation by Ferreira and Lopez [ 4], Lin and Srivastava [7 ] , Luo and 

Srivastava [8], Thirupathi Reddy and Venkateswarlu [15 ] and others. 

By making use of Hurwitz-Lerch Zeta function 𝜙(𝑧, 𝑠, 𝑎), Srivastava and Attiya  recently introduced 

and investigated the integral operator 
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𝒮𝑠,𝑏𝑓(𝑧) = 𝑧 + ∑ (
1 + 𝑏

𝑘 + 𝑏
)

𝑠∞

𝑛=2

𝑐𝑛𝑧𝑛, (𝑏 ∈ ℂ\ℤ0
−, 𝑠 ∈ ℂ, 𝑧 ∈ 𝑈). 

Motivated essentially by the above mentioned Srivastava-Atiya operator 𝒮𝑠,𝑏, Zhi-Gang Wang and 

Lei Shi [17 ] introduced the linear operator 

𝒮𝑠,𝑏: 𝜎 → 𝜎 

defined in terms of the Hardmard product ( or convolution), by 

𝒮𝑠,𝑏𝑓(𝑧) = 𝑏𝑠,𝑏(𝑧) ∗ 𝑓(𝑧),     (𝑏 ∈ ℂ\ℤ0
− ∪ {1}, 𝑠 ∈ ℂ, 𝑓 ∈ 𝜎, 𝑧 ∈ 𝑈∗),                 (1.3) 

where for convenience, 

𝑏𝑠,𝑏(𝑧) = (𝑏 − 1)𝑠 [𝜙(𝑧, 𝑠, 𝑏) − 𝑏−𝑠 +
1

𝑧(𝑏 − 1)𝑠
] ,    (𝑧 ∈ 𝑈∗). 

It can be easily be seen from (1.3) that 

                                     𝒮𝑠,𝑏𝑓(𝑧) =
1

𝑧
+ ∑ 𝛩∞

𝑛=1 (𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛,                                                  (1.4) 

where  𝛩(𝑛, 𝑠, 𝑏) = (
𝑏 − 1

𝑏 + 𝑛
)

𝑠

. 

Indeed, the operator 𝒮𝑠,𝑏 can be defined for 𝑏 ∈ ℂ\ℤ0
− ∪ {1}, where 

𝒮𝑠,0𝑓(𝑧) = lim
𝑏 → 0

{𝒮𝑠,𝑏𝑓(𝑧)}. 

We observe that 

𝒮0,𝑏𝑓(𝑧) = 𝑓(𝑧) 

and 

𝒮1,𝛾 =
𝛾 − 1

𝑧𝛾
∫ 𝑡𝛾−1

𝑧

0

𝑓(𝑡)𝑑𝑡    (ℜ(𝛾) > 1). 

Furthermore, from the definition (1.4), we find that 

𝒮𝑠+1,𝑏𝑓(𝑧) =
𝑏 − 1

𝑧𝑏
∫ 𝑡𝑏−1

𝑧

0

𝒮𝑠,𝑏𝑓(𝑡)𝑑𝑡    (ℜ(𝑏) > 1).                       (1.5) 

Differentiating both sides of (1.5) with respect to 𝑧, we get the following useful relationship: 

𝑧(𝒮𝑠+1,𝑏𝑓)′(𝑧) = (𝑏 − 1)𝒮𝑠,𝑏𝑓(𝑧) − 𝑏𝒮𝑠+1,𝑏𝑓(𝑧). 

Definition 1.  For 0 ≤ ℘ < 1, 0 < ℏ ≤ 1, 
1

2
≤ 𝛾 ≤ 1, 0 ≤ 𝑠 ≤ 1, 0 ≤ 𝑏 ≤ 1, 𝑛 ∈ ℕ, we denote by 

𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) the subclass of 𝛴∗ consisting of functions of the form  (1.1) and satisfying the 

analytic criterion 

|
𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))

′

+ 1

(2𝛾 − 1)𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

+ (2℘𝛾 − 1)
| < ℏ.                              (1.6) 

2. Coefficient Estimates 
Unless otherwise mentioned, we assume throughout this paper that 0 ≤ ℘ < 1, 0 < ℏ ≤ 1, 

1

2
≤ 𝛾 ≤

1, 0 ≤ 𝑠 ≤ 1, 0 ≤ 𝑏 ≤ 1, 𝑛 ∈ ℕ and 𝑧 ∈ 𝑈∗ 

Theorem 2.1.  The function 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) if and only if 

∑[𝑛(1 + 2ℏ𝛾 − ℏ]

∞

𝑛=1

𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛 ≤ 2ℏ𝛾(1 − ℘).                         (2.1) 

Proof. Suppose ( 2.1) holds, so 

 

    |𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

+ 1| − ℏ |(2𝛾 − 1)𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

+ (2℘𝛾 − 1)| 
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= |∑ 𝑛

∞

𝑛=1

𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1| − ℏ |2𝛾(℘ − 1) + ∑ 𝑛

∞

𝑛=1

(2𝛾 − 1)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1| 

 

≤ ∑ 𝑛

∞

𝑛=1

𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑟𝑛+1| − ℏ {2𝛾(℘ − 1) + ∑ 𝑛

∞

𝑛=1

(2𝛾 − 1)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑟𝑛+1} 

 

= ∑ 𝑛

∞

𝑛=1

(1 + 2ℏ𝛾 − ℏ)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑟𝑛+1 − 2ℏ𝛾(1 − ℘) 

 

Since the above inequality holds for all 𝑟, 0 < 𝑟 < 1, 

 

letting 𝑟 → 1−, we have 

 

∑ 𝑛

∞

𝑛=1

(1 + 2ℏ𝛾 − ℏ)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛 − 2ℏ𝛾(1 − ℘) ≤ 0 

 

by (2.1), hence 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). 

 

Conversely, suppose that 𝑓(𝑧) is in the class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then 

|
𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))

′

+ 1

(2𝛾 − 1)𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

+ (2℘𝛾 − 1)
| = |

∑ 𝑛∞
𝑛=1 𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1

2𝛾(1 − ℘) − ∑ 𝑛∞
𝑛=1 (2𝛾 − 1)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1

| ≤ ℏ. 

Using the fact that 𝑅𝑒(𝑧) ≤ |𝑧| for all z, we have 

|
𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))

′

+ 1

(2𝛾 − 1)𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

+ (2℘𝛾 − 1)
| ≤ 

 

{
∑ 𝑛∞

𝑛=1 𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1

2𝛾(1 − ℘) − ∑ 𝑛∞
𝑛=1 (2𝛾 − 1)𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛𝑧𝑛+1

} ≤ ℏ                          (2.2). 

If we choose z to be real so that 𝑧2 (𝒮𝑠,𝑏𝑓(𝑧))
′

 is real. Upon cleaning the denominator in (2.2) and 

letting 𝑧 → 1− through positive values, we obtain 

∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛 ≤ 2ℏ𝛾(1 − ℘). 

This completes the proof of the theorem.  

Corollary 2.1.  Let the function 𝑓(𝑧) denoted by (1.1) be in the class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then 𝑎𝑛 ≤
2ℏ𝛾(1−℘)

𝑛[1+2ℏ𝛾−ℏ]𝛩(𝑛,𝑠,𝑏)
    (𝑛 ≥ 1), 

 with equality for the function 

                    𝑓(𝑧) =
1

𝑧
+

2ℏ𝛾(1−℘)

𝑛[1+2ℏ𝛾−ℏ]𝛩(𝑛,𝑠,𝑏)
𝑧𝑛                                                               (2.3) 

 
3.Distortion Theorems 

Theorem 3.1.  Let the function 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then for 

0 < |𝑧| = 𝛾 < 1 , we have 

 
1

𝑟
−

2ℏ𝛾(1−℘)

(1+2ℏ𝛾−ℏ)𝛩(1,𝑠,𝑏)
𝑟 ≤ |𝑓(𝑧)| ≤

1

𝑟
−

2ℏ𝛾(1−℘)

(1+2ℏ𝛾−ℏ)𝛩(1,𝑠,𝑏)
𝑟                                             (3.1)  
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with equality for the function 

 

                                   𝑓(𝑧) =
1

𝑧
+

2ℏ𝛾(1−℘)

(1+2ℏ𝛾−ℏ)𝛩(1,𝑠,𝑏)
𝑧𝑛                                                (3.2) 

Proof. Suppose that 𝑓 is in 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). In view of Theorem 2.1, we have 

(1 + 2ℏ𝛾 − ℏ)(1 − 𝑠)2(𝑏 + 1)(𝑏 + 2) ∑ 𝑎𝑛

∞

𝑛=1

≤ ∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛 

                                               ≤ 2ℏ𝛾(1 − ℘) 

. Then 

∑ 𝑎𝑛

∞

𝑛=1

≤
2ℏ𝛾(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)𝛩(1, 𝑠, 𝑏)
.                                            (3.3) 

Consequently, we obtain 

|𝑓(𝑧)| = |
1

𝑧
+ ∑ 𝑎𝑛

∞

𝑛=1

𝑧𝑛| ≤
1

|𝑧|
+ ∑ 𝑎𝑛

∞

𝑛=1

|𝑧|𝑛

≤
1

𝑟
+ 𝑟 ∑ 𝑎𝑛

∞

𝑛=1

≤
1

𝑟
+

2ℏ𝛾(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)𝛩(1, 𝑠, 𝑏)
𝑟                                    (3.4)

 

Also, 

|𝑓(𝑧)| = |
1

𝑧
+ ∑ 𝑎𝑛

∞

𝑛=1

𝑧𝑛| ≥
1

|𝑧|
− ∑ 𝑎𝑛

∞

𝑛=1

|𝑧|𝑛

≥
1

𝑟
− 𝑟 ∑ 𝑎𝑛

∞

𝑛=1

≥
1

𝑟
−

2ℏ𝛾(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)𝛩(1, 𝑠, 𝑏)
𝑟.                                       (3.5)

 

Hence, (3.1) follows.  

Theorem 3.2.  Let the function 𝑓 ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then for 0 < |𝑧| = 𝑟 < 1, we have  
1

𝑟2
−

2ℏ𝛾(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)𝛩(1, 𝑠, 𝑏))
≤ |𝑓′(𝑧)|

≤
1

𝑟2
+

2ℏ𝛾(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)𝛩(1, 𝑠, 𝑏))
                      (3.6)

 

 with equality for the function 𝑓(𝑧) given by (3.2). 

Proof. From theorem 2.1, and (3.3), we have, 

                                           ∑ 𝑛∞
𝑛=1 𝑎𝑛 ≤

2ℏ𝛾(1−℘)

(1+2ℏ𝛾−ℏ)𝛩(1,𝑠,𝑏)
.                                                       (3.7) 

The remaining part of the proof is similar to the proof of Theorem 3.1, so we omit the details.  
 

4. Closure Theorems 

Let the functions 𝑓𝑗(𝑧) be defined for j = 1,2,...,m by 

                                 𝑓𝑗(𝑧) =
1

𝑧
+ ∑ 𝑎𝑛,𝑗

∞
𝑛=1 𝑧𝑛,    (𝑎𝑛,𝑗 ≥ 0)                            (4.1) 

Theorem 4.1..  Let 𝑓𝑗(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), (𝑗 = 1,2, . . . . 𝑚). Then the function  

                       ℎ(𝑧) =
1

𝑧
+ ∑ (

1

𝑚
∑ 𝑎𝑛,𝑗

∞
𝑗=1 )∞

𝑛=1 𝑧𝑛                                               (4.2)  

is in 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). 

Proof. Since𝑓𝑗(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), (𝑗 = 1,2, . . . . 𝑚), it follows from Theorem 2.1, that 
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∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛,𝑗 ≤ 2ℏ𝛾(1 − ℘), 

for every j = 1,2,....,m. Hence 

∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏) (
1

𝑚
∑ 𝑎𝑛,𝑗

∞

𝑗=1

)

=
1

𝑚
∑ [∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛,𝑗]

∞

𝑗=1

≤ 2ℏ𝛾(1 − ℘).

 

From Theorem 2.1, it follows that ℎ(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) 

This completes the proof.  

 

Theorem 4.2.  The class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) is closed under convex linear combinations. 

Proof. Let 𝑓𝑗(𝑧), (𝑗 = 1,2) defined by (4.1) be in the class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then it is sufficient to 

show that 

ℎ(𝑧) = 𝜉𝑓1(𝑧) + (1 − 𝜉)𝑓2(𝑧),    (0 ≤ 𝜉 ≤ 1)                 (4.3) 

is in the class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). Since 

ℎ(𝑧) =
1

𝑧
+ ∑[𝜉𝑎𝑛,1 + (1 − 𝜉)𝑎𝑛,2]

∞

𝑛=1

𝑧𝑛,                          (4.4) 

then, we have from Theorem 2.1, that 

 

∑ 𝑛

∞

𝑛=1

[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)[𝜉𝑎𝑛,1 + (1 − 𝜉)𝑎𝑛,2] 

 

≤ 2𝜉ℏ𝛾(1 − ℘) + 2ℏ𝛾(1 − 𝜉)(1 − ℘) = 2ℏ𝛾(1 − ℘) 

 

So, ℎ(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏).  

 

Theorem 4.3.  Let 0 ≤ 𝜌 < 1, then 

 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) ≤ 𝑀𝑛(℘, ℏ, 1, 𝑠, 𝑏) = 𝑀𝑛(℘, ℏ, 𝑠, 𝑏)  

Where 

                         𝜌 = 1 −
𝛾(1+ℏ)(1−℘)

(1+2ℏ𝛾−ℏ)
.                                                                       (4.5) 

Proof. 𝐿𝑒𝑡𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then 

                       ∑
𝑛[1+2ℏ𝛾−ℏ]𝛩(𝑛,𝑠,𝑏)

2ℏ𝛾(1−℘)
∞
𝑛=1 𝑎𝑛 ≤ 1.                                                (4.6) 

We need to find the value of 𝜌 such that 

                                          ∑
𝑛(1+ℏ)

2ℏ(1−𝜌)
∞
𝑛=1 𝛩(𝑛, 𝑠, 𝑏)𝑎𝑛 ≤ 1.                                 (4.7) 

In view of equations (4.6) and (4.7), we have 

𝑛[1 + ℏ]

2ℏ(1 − 𝜌)
𝛩(𝑛, 𝑠, 𝑏) ≤

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
. 

That is 

𝜌 ≤ 1 −
𝛾(1 + ℏ)(1 − ℘)

(1 + 2ℏ𝛾 − ℏ)
 

. Which completes the proof of theorem.  

Theorem 4.4.  Let 𝑓0(𝑧) =
1

𝑧
 and 

            𝑓𝑛(𝑧) =
1

𝑧
+

2ℏ𝛾(1−℘)

𝑛[1+2ℏ𝛾−ℏ]𝛩(𝑛,𝑠,𝑏)
𝑧𝑛,    𝑛 ≥ 1.                                                             (4.8) 
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 Then 𝑓(𝑧) is in the class 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) if and only if, it can be expressed in the form  

                                        𝑓(𝑧) = ∑ 𝑠𝑛
∞
𝑛=0 𝑓𝑛(𝑧)                                                                     (4.9)  

where 𝑠𝑛 ≥ 0 and ∑ 𝑠𝑛
∞
𝑛=0 = 1. 

Proof. Assume that 

𝑓(𝑧) = ∑ 𝑠𝑛

∞

𝑛=0

𝑓𝑛(𝑧) =
1

𝑧
+ ∑

2ℏ𝛾(1 − ℘)

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

∞

𝑛=1

𝑠𝑛𝑧𝑛.                      (4.10) 

Then it follows that 

 

∑
2ℏ𝛾(1 − ℘)

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

∞

𝑛=1

𝑠𝑛.
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
 

 

= ∑ 𝑠𝑛
∞
𝑛=1 = 1 − 𝑠0 ≤ 1, 

 

which implies that 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). 

 

Conversely, assume that the function 𝑓(𝑧) defined by (1.1) be in the class 

𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). 

 

Then 

𝑎𝑛 ≤
2ℏ𝛾(1 − ℘)

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)
. 

Setting 

𝑠𝑛 =
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
,    𝑛 ≥ 1 

and 

𝑠0 = 1 − ∑ 𝑠𝑛

∞

𝑛=1

, 

we can see that 𝑓(𝑧) can be expressed in the form (4.9). 

 

This completes the proof of the theorem.  
 

5. Integral Operators 
Theorem 5.1.  Let the function 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). Then the integral operator 

 𝐹𝑐(𝑧) = 𝑐 ∫ 𝑢𝑐1

0
𝑓(𝑢, 𝑧)𝑑𝑧,    (0 < 𝑢 ≤ 1; 𝑐 > 0)                                                (5.1) 

 is in the class 𝑀0(𝜉), where  

                  𝜉 = 1 −
2ℏ𝛾𝑐(1−℘)

1+2ℏ𝛾−ℏ)(𝑐+2)
.                                                                            (5.2)  

The result is sharp for the function 𝑓(𝑧) given by (3.2) 

Proof. Let 𝑓(𝑧) ∈ 𝑀0(𝜉), then 

𝐹𝑐(𝑧) = 𝑐 ∫ 𝑢𝑐
1

0

𝑓(𝑢, 𝑧)𝑑𝑧 =
1

𝑧
+ ∑

𝑐

𝑛 + 𝑐 + 1

∞

𝑛=1

𝑎𝑛𝑧𝑛                          (5.3) 

It is sufficient to show that 

                                          ∑
𝑛𝑐

(𝑛+𝑐+1)(1−𝜉)
∞
𝑛=1 𝑎𝑛 ≤ 1                                               (5.4)            

Since 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏), then 

                                              ∑
𝑛(1+2ℏ𝛾−ℏ)𝛩(𝑛,𝑠,𝑏)

2ℏ𝛾(1−℘)
∞
𝑛=1 𝑎𝑛 ≤ 1                                   (5.5) 

From (5.3) and (5.5), we have 
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𝑛𝑐

(𝑛 + 𝑐 + 1)(1 − 𝜉)
≤

𝑛(1 + 2ℏ𝛾 − ℏ)𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
, 

Then 

𝜉 ≤ 1 −
2ℏ𝛾𝑐(1 − ℘)

𝑛(1 + 2ℏ𝛾 − ℏ)(𝑛 + 𝑐 + 1)
. 

Since 

𝐻(𝑛) = 1 −
2ℏ𝛾𝑐(1 − ℘)

𝑛(1 + 2ℏ𝛾 − ℏ)(𝑛 + 𝑐 + 1)
 

is an increasing function of 𝑛 (𝑛 ≥ 1), we obtain 

𝜉 ≤ 𝐻(1) = 1 −
2ℏ𝛾𝑐(1 − ℘)

𝑛(1 + 2ℏ𝛾 − ℏ)(𝑐 + 2)
 

and hence the proof of theorem 5.1 is completed.  

 
6. Radius of Convexity 

Theorem 6.1.  Let the function 𝑓(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏). Then 𝑓(𝑧) is meromorphically convex of 

order 𝛿 (0 ≤ 𝛿 < 1) in 0 < |𝑧| < 𝑟, where  

𝑟 ≤ {
(1 + 2ℏ𝛾 − ℏ)(1 − 𝛿)𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(𝑛 + 2 − 𝛿)(1 − ℘)
}

1
𝑛

+1

                 (6.1) 

 The result is sharp. 

Proof. We must show that 

|2 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| ≤ 1 − 𝛿  for 0 < |𝑧| < 𝑟,                      (6.2) 

where 𝑟 is given by (6.1). Indeed, we find from (6.2) that 

|2 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
| ≤ ∑

𝑛(𝑛 + 1)𝑎𝑛|𝑧|𝑛+1

1 − ∑ 𝑛∞
𝑛=1 𝑎𝑛|𝑧|𝑛+1

∞

𝑛=1

 

This will be bounded by 1 − 𝛿, if 

∑
𝑛(𝑛 + 2 − 𝛿)

1 − 𝛿

∞

𝑛=1

𝑎𝑛𝑟𝑛+1 ≤ 1.                    (6.3) 

But by using Theorem 2.1, (6.3) will be true, if 

𝑛(𝑛 + 2 − 𝛿)

1 − 𝛿
𝑟𝑛+1 ≤

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
 

. Then 

𝑟 ≤ {
(1 + 2ℏ𝛾 − ℏ)(1 − 𝛿)𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(𝑛 + 2 − 𝛿)(1 − ℘)
}

1/𝑛+1

 

This completes the proof of theorem.  
              

7. Modified Hadamard Product 

For 𝑓𝑗(𝑧) (𝑗 = 1,2) defined by (4.1), the modified Hadamard product of 𝑓1(𝑧) and 𝑓2(𝑧) defined by 

(𝑓1 ∗ 𝑓2)(𝑧) =
1

𝑧
+ ∑ 𝑎𝑛,1

∞

𝑛=1

𝑎𝑛,2𝑧𝑛 = (𝑓2 ∗ 𝑓1)(𝑧)                   (7.1) 

Theorem 12.  Let 𝑓𝑗(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏) (𝑗 = 1,2). Then (𝑓1 ∗ 𝑓2)(𝑧) ∈ 𝑀𝑛(𝜙, ℏ, 𝛾, 𝑠, 𝑏), where 

                                    𝜙 = 1 −
2ℏ𝛾(1−℘)2

(1+2ℏ𝛾−ℏ)𝛩(1,𝑠,𝑏)
                                          (7.2) 

The result is sharp for the functions 𝑓𝑗(𝑧), (𝑗 = 1,2) given by                 𝑓𝑗(𝑧) =
1

𝑧
+

2ℏ𝛾(1−℘)

(1+2ℏ𝛾−ℏ)(1−𝑠)2(𝑏+1)(𝑏+2)
.                                                (7.3) 
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Proof. Using the technique for Schild and Silverman [ 12] , we need to find the largest 𝜙 such that 

∑
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − 𝜙)

∞

𝑛=1

𝑎𝑛,1𝑎𝑛,2 ≤ 1                       (7.4) 

Since 𝑓𝑗(𝑧) ∈ 𝑀𝑛(℘, ℏ, 𝛾, 𝑠, 𝑏),   (𝑗 = 1,2), we readily see that 

∑
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)

∞

𝑛=1

𝑎𝑛,1 ≤ 1                 (7.5) 

and 

∑
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)

∞

𝑛=1

𝑎𝑛,2 ≤ 1.                    (7.6) 

By the Cauchy Schwarz inequality, we have 

∑
𝑛[1 + 2ℏ𝛾 − ℏ]

2ℏ𝛾(1 − ℘)

∞

𝑛=1

√𝑎𝑛,1𝑎𝑛,2 ≤ 1.                   (7.7) 

Thus it is sufficient to show that 
𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − 𝜙)
𝑎𝑛,1𝑎𝑛,2 ≤

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)

2ℏ𝛾(1 − ℘)
√𝑎𝑛,1𝑎𝑛,2       (7.8) 

or equivalently that 

√𝑎𝑛,1𝑎𝑛,2 ≤
1 − 𝜙)

(1 − ℘)
 

Connecting with (7.7), it is sufficient to prove that 

2ℏ𝛾(1 − ℘)

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)
≤

(1 − 𝜙)

(1 − ℘)
.                                             (7.9) 

It follows from (7.9) that 

𝜙 ≤ 1 −
2ℏ𝛾(1 − ℘)2

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)
. 

Now defining the function 𝐺(𝑛) by 

𝐺(𝑛) = 1 −
2ℏ𝛾(1 − ℘)2

𝑛[1 + 2ℏ𝛾 − ℏ]𝛩(𝑛, 𝑠, 𝑏)
. 

We see that G(n) is an increasing function of 𝑛(𝑛 ≥ 1). 

Therefore, we conclude that 

𝜙 ≤ 𝐺(1) = 1 −
2ℏ𝛾(1 − ℘)2

[1 + 2ℏ𝛾 − ℏ]𝛩(1, 𝑠, 𝑏)
. 

which evidently completes the proof of the theorem.  
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