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Abstract 

 The evolution of functions has been collated in Pythagorean Neutrosophic Refined sets in this article using 

a dynamical approach, leading rise to Pythagorean Neutrosophic Refined Orbit Topological space. With the help of 

appropriate cases, several of the fundamental characteristics and theorems were proven. 
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1.Introduction 

 Since the concept of the fuzzy set was initially put forward by Zadeh[1], the fuzzy concept has encroached 

upon practically all fields of Mathematics.The fuzzy set concept is accepted because it better manages 

uncertainty.As a result, Atanassov[2] developed an extension of fuzzy sets called intuitionistic fuzzy sets that deals 

with the degree of membership and non-membership.Neutosophic sets, which are a generalization of intuitionistic 

fuzzy sets, were developed by Smarandache[3-5]. 

 The notions of intuitionistic fuzzy orbit topological space by Priscilla and Irudayam [6] and fuzzy orbit set 

by Majeed and El-Sheikh [7] were introduced. Madhumathi was the first to present the idea of a neutrosophic orbit 

[8].With the proof of certain fundamental work, the Pythagorean Neutrosophic Refined Orbit Topological space was 

also introduced in this study. 

2.Preliminaries 

DEFINITION: 2.1[9] 

 Let U be a Universe. A Pythagorean Neutrosophic Refined Set can be defined as follows: 

𝑃𝑃𝑁𝑅={ < x , (𝑇𝑃
1 𝑋 , 𝑇𝑃

2 𝑋 , 𝑇𝑃
3 𝑋 , … . . 𝑇𝑃

𝐾 𝑋 ) ,  ( 𝐼𝑃
1 𝑋 , 𝐼𝑃

2 𝑋 , 𝐼𝑃
3 𝑋 , … . . 𝐼𝑃

𝑘𝑋 ) , 

( 𝐹𝑃
1 𝑋 , 𝐹𝑃

2 𝑋 , 𝐹𝑃
3 𝑋 , … . . 𝐹𝑃

𝑘 𝑋 )>: x ∈ U} 

Where 𝑇𝑃
1 𝑋 , 𝑇𝑃

2 𝑋 , 𝑇𝑃
3 𝑋 , … . . 𝑇𝑃

𝑘 𝑋 : U → [0,1] , 

𝐼𝑃
1 𝑋 , 𝐼𝑃

2 𝑋 , 𝐼𝑃
3 𝑋 , … . . 𝐼𝑃

𝑘 𝑋 ∶  U →  [0,1] and 

𝐹𝑃
1 𝑋 , 𝐹𝑃

2 𝑋 , 𝐹𝑃
3 𝑋 , … . . 𝐹𝑃

𝑘 𝑋 : U →  [0,1] such that 

And 0 ≤ (𝑇𝑃
𝑘(𝑋))2 +(𝐼𝑃

𝑘(𝑋))2 + (𝐹𝑃
𝑘(𝑋))2 ≤ 2  

 for j = 1,2,3,…p and for any x ∈ U .𝑇𝑃
𝑘(𝑋)is the degree of membership sequence, 𝐼𝑃

𝑘(𝑋)is the degree of 

indeterminacy membership sequence and  𝐹𝑃
𝑘(𝑋)is the degree of non-membership sequence. 

 

DEFINITION: 2.2[9] 
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 Let X be a non empty set in U,  

𝑃𝑃𝑁𝑅  = { < x , (𝑇𝑃
1 𝑋 , 𝑇𝑃

2 𝑋 , 𝑇𝑃
3 𝑋 , … . . 𝑇𝑃

𝐾 𝑋 ) ,  𝐼𝑃
1 𝑋 , 𝐼𝑃

2 𝑋 , 𝐼𝑃
3 𝑋 , … . . 𝐼𝑃

𝑘𝑋 ) , 

( 𝐹𝑃
1 𝑋 , 𝐹𝑃

2 𝑋 , 𝐹𝑃
3 𝑋 , … . . 𝐹𝑃

𝑘 𝑋 )>: x ∈ U} 

𝑄𝑃𝑁𝑅   = { < x , (𝑇𝑄
1 𝑋 , 𝑇𝑄

2 𝑋 , 𝑇𝑄
3 𝑋 , … . . 𝑇𝑄

𝐾 𝑋 ) ,  𝐼𝑄
1 𝑋 , 𝐼𝑄

2 𝑋 , 𝐼𝑄
3 𝑋 , … . . 𝐼𝑄

𝑘𝑋 ) , 

( 𝐹𝑄
1 𝑋 , 𝐹𝑄

2 𝑋 , 𝐹𝑄
3 𝑋 , … . . 𝐹𝑄

𝑘 𝑋 )>: x ∈ U} 

 are Pythagorean Neutrosophic Refined sets (PNRS) in U.  

The union of 𝑃𝑃𝑁𝑅   and 𝑄𝑃𝑁𝑅 is defined as Follows : 

𝑃𝑃𝑁𝑅 ∪ 𝑄𝑃𝑁𝑅= { < x, s((𝑇𝑃
1 𝑋 , 𝑇𝑄

1 𝑋 ), (𝑇𝑃
2 𝑋 , 𝑇𝑄

2 𝑋 , … . . (𝑇𝑃
𝑘 𝑋 , 𝑇𝑄

𝑘 𝑋 ),  

t( 𝐼𝑃
1 𝑋 , 𝐼𝑄

2 𝑋 , (𝐼𝑃
2 𝑋 , 𝐼𝑄

2 𝑋 , … . . (𝐼𝑃
𝑘 𝑋 , 𝐼𝑄

𝑘 𝑋  , 

t(( 𝐹𝑃
1 𝑋 , 𝐹𝑄

1 𝑋 ), (𝐹𝑃
2 𝑋 , 𝐹𝑄

2 𝑋 ), … . . (𝐹𝑃
𝑘 𝑋 , 𝐹𝑄

𝑘 𝑋 )> : x ∈ U}. 

The intersection of  𝑃𝑃𝑁𝑅  and  𝑄𝑃𝑁𝑅  is defined as Follows: 

𝑃𝑃𝑁𝑅 ∩ 𝑄𝑃𝑁𝑅= { < x, t((𝑇𝑃
1 𝑋 , 𝑇𝑄

1 𝑋 ), (𝑇𝑃
2 𝑋 , 𝑇𝑄

2 𝑋 , … . . (𝑇𝑃
𝑘 𝑋 , 𝑇𝑄

𝑘 𝑋 ),  

s( 𝐼𝑃
1 𝑋 , 𝐼𝑄

2 𝑋 , (𝐼𝑃
2 𝑋 , 𝐼𝑄

2 𝑋 , … . . (𝐼𝑃
𝑘 𝑋 , 𝐼𝑄

𝑘 𝑋  , 

  s(( 𝐹𝑃
1 𝑋 , 𝐹𝑄

1 𝑋 ), (𝐹𝑃
2 𝑋 , 𝐹𝑄

2 𝑋 ), … . . (𝐹𝑃
𝑘 𝑋 , 𝐹𝑄

𝑘 𝑋 )> : x ∈ U}. 

DEFINITION:2.3[10] 

A Pythagorean Neutrosophic Refined topology  (PNRT)  is a non-empty set X  is a family  of a Pythagorean 

Neutrosophic Refined sets  in X satisfying the following conditions 

a. (PNRT 1)  0𝑃𝑁𝑅𝑆 , 𝐼𝑃𝑁𝑅𝑆 

b. (PNRT 2 ) 𝐺𝑃𝑁𝑅𝑆 𝑖  for every {𝐺𝑃𝑁𝑅𝑆 𝑖 ; 𝑖 j }  ⊆  

c. (PNRT 3)   𝑃𝑃𝑁𝑅𝑆1
∩ 𝑃𝑃𝑁𝑅𝑆2

  for any 𝑃𝑃𝑁𝑅𝑆1
, 𝑃𝑃𝑁𝑅𝑆2

 

In this case (X,τ)  is called a Pythagorean Neutrosophic Refined topological space. 

Definition:2.4[10] 

1) PNRcl(𝐴𝑃𝑁𝑅 ) = ∩ { 𝐴𝑃𝑁𝑅 ⊆ 𝑃𝑃𝑁𝑅 , where 𝑃𝑃𝑁𝑅  is a collection of Pythagorean Neutrosophic Refined closed 

sets in X(PNRCS)} 

2) PNRint(𝐴𝑃𝑁𝑅 ) = ∪ {𝑄𝑃𝑁𝑅𝑆 ⊆ 𝐴𝑃𝑁𝑅  , where 𝑄𝑃𝑁𝑅 is a collection of Pythagorean Neutrosophic Refined open 

sets in X(PNROS)} 

Definition:2.5[11] 

 Orbit of a point u of U under the mapping f is 𝑂∎
𝑓(𝑢) =  {u , f(u), f 2(u),…….} 

Definition:2.6[8] 
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 Let U be a non empty set and f: U→ U be any mapping . Let 𝑎 be any neutrosophic set in U. The 

Nuetrosophic orbit 𝑂∎
𝑓 (𝑎) under the mapping f , 𝑂∎

𝑓𝑇(𝑎) ={ (𝑎, f(𝑎), f 2(𝑎),…….},𝑂∎
𝑓𝐼(𝑎) ={ (𝑎, f(𝑎), 

f 2(𝑎),…….},𝑂∎
𝑓𝐹(𝑎) ={ (𝑎, f(𝑎), f 2(𝑎),…….} for 𝑎 ∈ U. 

3.Pythagorean Neutrosophic Refined Orbit Set 

Definition:3.1 

 Let 𝑋𝒫𝒩ℛ  be a non empty set ,ℎ𝒫𝒩ℛ: 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  be any mapping. Let 𝜌be any Pythagorean 

Neutrosophic Refined set in X. The Pythagorean Neutrosophic Refined Orbit 𝑂∎ of  𝜌 under the mapping ℎ𝒫𝒩ℛ  is 

defined as 𝑂∎ℎ𝑃𝑁𝑅  (𝜌) = ( 𝜌, 𝑂∎ℎ𝒫𝒩ℛ
𝑇 𝜌 , 𝑂∎ℎ𝒫𝒩ℛ

𝐼 𝜌 , 𝑂∎ℎ𝒫𝒩ℛ
𝐹 𝜌 )  where𝑂∎ℎ𝒫𝒩ℛ

𝑇 𝜌  = 

{𝑡(𝜌, ℎ𝒫𝒩ℛ(𝑇)
1 𝜌 , ℎ𝒫𝒩ℛ(𝑇)

2 𝜌 ,…..ℎ𝒫𝒩ℛ(𝑇)
𝑛 𝜌 )}, 

𝑂∎ℎ𝒫𝒩ℛ
𝐼 𝜌 =

{𝑠(𝜌, ℎ𝒫𝒩ℛ(𝐼)
1 𝜌 , ℎ𝒫𝒩ℛ(𝐼)

2 𝜌 ,…..ℎ𝒫𝒩ℛ(𝐼)
𝑛 𝜌 )},𝑂∎ℎ𝒫𝒩ℛ

𝐹 𝜌 ) ={𝑠(𝜌, ℎ𝒫𝒩ℛ(𝐹)
1 𝜌 , ℎ𝒫𝒩ℛ(𝐹)

2 𝜌 ,…..

ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝜌 ) } for all 𝜌 ∈ 𝑋𝒫𝒩ℛ , 𝑛 ∈ 𝑍+, where (𝜌, ℎ𝒫𝒩ℛ(𝑇)

1 𝜌 , ℎ𝒫𝒩ℛ(𝑇)
2 𝜌 ,…..ℎ𝒫𝒩ℛ(𝑇)

𝑛 𝜌 ), 

ℎ𝒫𝒩ℛ(𝐼)
1 𝜌 , ℎ𝒫𝒩ℛ(𝐼)

2 𝜌 ,…..ℎ𝒫𝒩ℛ(𝐼)
𝑛 𝜌 ), ℎ𝒫𝒩ℛ(𝐹)

1 𝜌 , ℎ𝒫𝒩ℛ(𝐹)
2 𝜌 ,…..ℎ𝒫𝒩ℛ(𝐹)

𝑛 𝜌  demonstrate the grades of 

membership, indeterminacy and non membership values under the mapping ℎ𝑃𝑁𝑅 . 

Definition:3.2 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space. Let ℎ𝒫𝒩ℛ: 𝑋 → 𝑋 be any 

mapping. The Pythagorean Neutrosophic Refined Orbit set under the mapping ℎ𝒫𝒩ℛ  is called Pythagorean 

Neutrosophic Refined Orbit open set. Its complement is called a Pythagorean Neutrosophic Refined Orbit closed set 

under the mapping ℎ𝒫𝒩ℛ . 

Example:3.3 

Let 𝑋𝒫𝒩ℛ , 𝑌𝒫𝒩ℛ  = { a,b,c,d} . Let 𝜏𝒫𝒩ℛ  = { 0𝒫𝒩ℛ , 1𝒫𝒩ℛ , 𝑈𝒫𝒩ℛ,𝑉𝒫𝒩ℛ } where 𝑈𝒫𝒩ℛ,𝑉𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ  → [0,1]  are 

defined as : 

𝑈𝒫𝒩ℛ(𝑎) = { (0.1,0.1,0.1,0.1),(0.3,0.3,0.3,0.3),(0.9,0.9,0.9,0.9)} 

𝑈𝒫𝒩ℛ(𝑏) = { (0.2,0.2,0.3,0.4),(0.2,0.3,0.4,0.4),(0.8,0.8,0.7,0.6)} 

𝑈𝒫𝒩ℛ(𝑐) = { (0.7,0.8,0.7,0.8),(0.5,0.5,0.5,0.5),(0.3,0.2,0.3,0.2)} 

𝑈𝒫𝒩ℛ 𝑑  = { (0.3,0.2,0.3,0.3),(0.1,0.1,0.1,0.1),(0.7,0.8,0.7,0.7)} 

𝑉𝒫𝒩ℛ 𝑎  = { (0.1,0.1,0.1,0.1),(0.5,0.5,0.5,0.5),(0.9,0.9,0.9,0.9)} 

𝑉𝒫𝒩ℛ 𝑏  = { (0.1,0.1,0.1,0.1),(0.5,0.5,0.5,0.5),(0.9,0.9,0.9,0.9)} 

𝑉𝒫𝒩ℛ 𝑐  = { (0.1,0.1,0.1,0.1),(0.5,0.5,0.5,0.5),(0.9,0.9,0.9,0.9)} 

𝑉𝒫𝒩ℛ 𝑑  = { (0.1,0.1,0.1,0.1),(0.5,0.5,0.5,0.5),(0.9,0.9,0.9,0.9)} 

Define  ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  as ℎ𝒫𝒩ℛ(a) = a ,ℎ𝒫𝒩ℛ(b) = b, ℎ𝒫𝒩ℛ(c) = c. The Pythagorean Neutrosophic Refined 

Orbit set under the mapping ℎ𝒫𝒩ℛ  is defined as  

𝑂∎ℎ𝒫𝒩ℛ(𝑈𝒫𝒩ℛ)={(𝑡(𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝑇)
1 𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝑇)

2 𝑈𝒫𝒩ℛ ,…..ℎ𝒫𝒩ℛ(𝑇)
𝑛 𝑈𝒫𝒩ℛ ),

 𝑠(𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝐼)
1 𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝐼)

2 𝑈𝒫𝒩ℛ ,…..ℎ𝒫𝒩ℛ(𝐼)
𝑛 𝑈𝒫𝒩ℛ ), 𝑠(𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝐹)

1 𝑈𝒫𝒩ℛ , ℎ𝒫𝒩ℛ(𝐹)
2 𝑈𝒫𝒩ℛ ,…

..ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝑈𝒫𝒩ℛ ) } = 𝑉𝒫𝒩ℛ .Then 𝑉𝒫𝒩ℛis a Pythagorean Neutrosophic Refined Orbit set under the mapping 

ℎ𝒫𝒩ℛ . 
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Remark:3.4 

Every Pythagorean Neutrosophic Refined Orbit open set under the mapping ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is 

Pythagorean Neutrosophic Refined open set in 𝑋𝒫𝒩ℛ . But the converse is not true.Consider the above example, the 

𝑈𝒫𝒩ℛ  is a Pythagorean Neutrosophic Refined open set but its not a Pythagorean Neutrosophic Refined Orbit open 

set under the mapping ℎ𝒫𝒩ℛ . 

In the following sessions consider 𝑋𝒫𝒩ℛas a countable non empty set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is a mapping to 

obtain a fixed Pythagorean Neutrosophic Refined Orbit open set (ℎ𝒫𝒩ℛ(𝜌) = 𝜌) for any Pythagorean Neutrosophic 

Refined Orbit open set 𝜌. 

Theorem:3.5 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any bijective mapping. Then ℎ𝒫𝒩ℛ(𝜌) = 𝜌 for any Pythagorean Neutrosophic Refined Orbit open set under 

the mapping ℎ𝒫𝒩ℛ . 

Proof: 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any bijective mapping. Then we have 3 cases: 

Case 1: 

If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ;𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝑃𝑁𝑅 such that i ≠ j for all i,j∈  𝑁. Suppose 𝑋𝒫𝒩ℛ  = { 𝑢1,𝑢2} and ℎ𝒫𝒩ℛ  : 

𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is defined as ℎ𝒫𝒩ℛ(𝑢1) = 𝑢2 , ℎ𝒫𝒩ℛ(𝑢2) = 𝑢1.  

Let 𝜌 be a Pythagorean Neutrosophic Refined Orbit open set under the mapping ℎ𝒫𝒩ℛ .Then there exists a 

Pythagorean Neutrosophic Refined set 𝜗 ∈  𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛsuch that , 𝑂∎ℎ𝒫𝒩ℛ  (𝜗) = 

{( 𝑡(𝜗, ℎ𝒫𝒩ℛ(𝑇)
1 𝜗 , ℎ𝒫𝒩ℛ(𝑇)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝑇)
𝑛 𝜗 ), 𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐼)

1 𝜗 , ℎ𝒫𝒩ℛ(𝐼)
2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐼)

𝑛 𝜗 ),

 𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐹)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐹)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝜗 )} = 𝜌. 

𝜗 = { (𝑢1, 𝑎1 , 𝑏1,𝑐1) ,(𝑢2, 𝑎2, 𝑏2,𝑐2) }; 𝑢1, 𝑢2 ∈ 𝑋𝒫𝒩ℛ , 𝑎1 , 𝑏1,𝑐1,𝑎2 , 𝑏2,𝑐2 ∈ 𝑌𝒫𝒩ℛ , 

ℎ𝒫𝒩ℛ
1 𝜗  ={ (𝑢1, 𝑎2 , 𝑏2,𝑐2) , (𝑢2,𝑎1, 𝑏1,𝑐1) },ℎ𝒫𝒩ℛ

2 𝜗  = { (𝑢1, 𝑎1, 𝑏1,𝑐1) ,(𝑢2, 𝑎2 , 𝑏2,𝑐2) } 

𝑂∎ℎ𝒫𝒩ℛ 𝜗  = { ((𝑢1, inf(𝑎1 , 𝑎2,𝑎1,…….), sup(𝑏1,𝑏2,𝑏1, …… . . ), sup(𝑐1 , 𝑐2, 𝑐1 , ………)), ((𝑢2, sup(𝑎1 , 𝑎2,𝑎1,…….), 

inf(𝑏1,𝑏2,𝑏1, …… . . ), inf(𝑐1 , 𝑐2 , 𝑐1, ……… )) } 

𝑂∎ℎ𝒫𝒩ℛ 𝜗  = { ((𝑢1, min(𝑎1 , 𝑎2,𝑎1,…….), max(𝑏1,𝑏2,𝑏1, …… . . ), max(𝑐1 , 𝑐2 , 𝑐1, ……… )), ((𝑢2, 

max(𝑎1 , 𝑎2,𝑎1,…….), min(𝑏1,𝑏2,𝑏1, …… . . ), min(𝑐1, 𝑐2 , 𝑐1 , ……… )) } = 𝜌. 

Thus  for each 𝑢𝑖 ∈ 𝑋𝒫𝒩ℛ , we get  

ℎ𝒫𝒩ℛ  (𝜌) (𝑢𝑗 ) =   
 𝜌 (𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢 𝑖 =𝑢𝑗

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1 𝑢𝑗  =  ∅

  

From the definition and hypothesis of ℎ𝒫𝒩ℛ , we obtain ℎ𝒫𝒩ℛ  (𝜌)(𝑢𝑗 ) = 𝜌(𝑢𝑗 ). Hence ℎ𝒫𝒩ℛ(𝜌) = (𝜌). 

Case 2: 
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If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝒫𝒩ℛsuch that i = j for some i,j∈  𝑁.  Suppose 𝑋𝒫𝒩ℛ  = { 𝑢1, 𝑢2 , 𝑢3} and ℎ𝒫𝒩ℛ  

: 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is defined as ℎ𝒫𝒩ℛ(𝑢) = 𝑢1 , ℎ𝒫𝒩ℛ(𝑢2) = 𝑢3, ℎ𝒫𝒩ℛ(𝑢3) = 𝑢2. (i.e ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 , i=j=1 and 

ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ,i≠j, i,j ∈ {2,3} ). 

Let 𝜌 be a Pythagorean Neutrosophic Refined Orbit open set under the mapping ℎ𝑃𝑁𝑅 .Then there exists a 

Pythagorean Neutrosophic Refined set 𝜗 ∈  𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛsuch that , 

𝑂∎ℎ𝒫𝒩ℛ(𝜗)={( 𝑡(𝜗, ℎ𝒫𝒩ℛ(𝑇)
1 𝜗 , ℎ𝒫𝒩ℛ(𝑇)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝑇)
𝑛 𝜗 ), 𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐼)

1 𝜗 , ℎ𝒫𝒩ℛ(𝐼)
2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐼)

𝑛 𝜗 )

, 𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐹)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐹)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝜗 )} = 𝜌. 

.𝜗 = { (𝑢1, 𝑎1, 𝑏1,𝑐1) ,(𝑢2, 𝑎2 , 𝑏2,𝑐2), (𝑢3, 𝑎3, 𝑏3,𝑐3)  }; 𝑢1, 𝑢2,𝑢3 ∈ 𝑋𝑃𝑁𝑅 , 𝑎1 , 𝑏1,𝑐1,𝑎2 , 𝑏2,𝑐2, 𝑎3 , 𝑏3 , 𝑐3 ∈ 𝑌𝒫𝒩ℛ , 

ℎ𝒫𝒩ℛ
1 𝜗  ={ (𝑢1, 𝑎1 , 𝑏1,𝑐1) , (𝑢2,𝑎3 , 𝑏3,𝑐3) , (𝑢3, 𝑎2, 𝑏2,𝑐2)},ℎ𝑃𝑁𝑅

2 𝜗  = { (𝑢1, 𝑎1 , 𝑏1,𝑐1) ,(𝑢2, 𝑎2 , 𝑏2,𝑐2), (𝑢3, 

𝑎3 , 𝑏3,𝑐3) } 

𝑂∎ℎ𝒫𝒩ℛ 𝜗  = { ((𝑢1, 𝑎1 , 𝑏1,𝑐1) , (𝑢2,inf(𝑎2 , 𝑎3,𝑎2,…….), sup(𝑏2,𝑏3,𝑏2, …… . . ), sup(𝑐2 , 𝑐3, 𝑐2 , ………)), ((𝑢3, 

inf(𝑎3 , 𝑎2,𝑎3,…….), sup(𝑏3,𝑏2,𝑏3, …… . . ), sup(𝑐3, 𝑐2 , 𝑐3 , ……… )) } 

𝑂∎ℎ𝒫𝒩ℛ 𝜗  = { ((𝑢1, 𝑎1 , 𝑏1,𝑐1) , (𝑢2,min(𝑎2 , 𝑎3,𝑎2,…….), max(𝑏2,𝑏3,𝑏2, …… . . ), max(𝑐2, 𝑐3 , 𝑐2, ……… )), ((𝑢3, 

min(𝑎3 , 𝑎2,𝑎3,…….), max(𝑏3,𝑏2,𝑏3, …… . . ), max(𝑐3 , 𝑐2 , 𝑐3, ………)) }= 𝜌 

Thus  for each 𝑢𝑖 ∈ 𝑋𝒫𝒩ℛ , we get  

ℎ𝒫𝒩ℛ  (𝜌) (𝑢𝑗 ) =   
 𝜌(𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢 𝑖 =𝑢𝑗

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) =  ∅

  

From the definition and hypothesis of ℎ𝑃𝑁𝑅 , we obtain 

ℎ𝒫𝒩ℛ  (𝜌) (𝑢𝑗 ) =  
 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖                   𝑖𝑓 𝑖 = 𝑗

(inf 𝑎𝑖 , sup 𝑏𝑖 , sup 𝑐𝑖 )               𝑖𝑓 𝑖 ≠ 𝑗                              
  

Hence ℎ𝒫𝒩ℛ(𝜌) = (𝜌). 

Case 3: 

 If  ℎ𝒫𝒩ℛ  is a identity mapping. Then every Pythagorean Neutrosophic Refined Orbit open set under this 

mapping results that, ℎ𝒫𝒩ℛ(𝜌) = (𝜌). For every Pythagorean Neutrosophic Refined set 𝜌 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ . Hence the 

proof. 

Theorem :3.6 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any constant mapping. Then ℎ𝒫𝒩ℛ(𝜌) = 𝜌 for any Pythagorean Neutrosophic Refined Orbit open set under 

the mapping ℎ𝒫𝒩ℛ . 

Proof: 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space and 𝜌 be a Pythagorean 

Neutrosophic Refined Orbit open set under the mapping ℎ𝒫𝒩ℛ .Then from the definition, there exists a Pythagorean 

Neutrosophic Refined set 𝜗 = { (𝑢𝑘 , 𝑎𝑘 , 𝑏𝑘 ,𝑐𝑘 ) ; 𝑢𝑘 ∈ 𝑋𝒫𝒩ℛand 𝑎𝑘 , 𝑏𝑘 ,𝑐𝑘  ∈  𝑌𝒫𝒩ℛ  for all k ∈  𝑁, such that 

𝑂∎ℎ𝒫𝒩ℛ 𝜗  = 𝜌. Since ℎ𝒫𝒩ℛ  is constant mapping , this implies there exists a fixed element 𝑢𝑘 ∈ 𝑋𝒫𝒩ℛsuch that 

ℎ𝒫𝒩ℛ(𝑢𝑖) = (𝑢𝑘), for all 𝑢𝑖 ∈ 𝑋𝒫𝒩ℛ  and i∈ 𝑁 
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 From the definition 3.1 we get, 

ℎ𝒫𝒩ℛ  (𝜗) (𝑢𝑗 ) =   
 𝜗 (𝑢𝑗 )ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑘

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

Thus  

ℎ𝒫𝒩ℛ  (𝜗) (𝑢𝑗 ) =   
(𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖   , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖 )    𝑖𝑓 𝑢𝑗 = 𝑢𝑘 ,

 0,1,1                                                                         𝑖𝑓 𝑢𝑗 ≠ 𝑢𝑘
  

𝜗 = { (𝑢1, 𝑎1 , 𝑏1,𝑐1) ,(𝑢2, 𝑎2, 𝑏2,𝑐2),……… (𝑢𝑘 , 𝑎𝑘 , 𝑏𝑘 ,𝑐𝑘 )  }; 

ℎ𝒫𝒩ℛ(𝜗)={(𝑢1,(0,1,1)),(𝑢2,(0,1,1)),(𝑢3,(0,1,1)),…………(𝑢𝑘,( 𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  )}, 

ℎ𝒫𝒩ℛ
2 𝜗 = {(𝑢1,(0,1,1)),(𝑢2,(0,1,1)),(𝑢3,(0,1,1)),…………(𝑢𝑘,( 𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  )}, 

ℎ𝒫𝒩ℛ
3 𝜗 = {(𝑢1,(0,1,1)),(𝑢2,(0,1,1)),(𝑢3,(0,1,1)),…………(𝑢𝑘,( 𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  )} 

 thus we generalize  by, 𝑂∎ℎ𝒫𝒩ℛ  (𝜗) = ( 𝜗, 𝑂∎ℎ𝒫𝒩ℛ
𝑇 𝜗 , 𝑂∎ℎ𝒫𝒩ℛ

𝐼 𝜗 , 𝑂∎ℎ𝒫𝒩ℛ
𝐹 𝜗 )  where 

𝑂∎ℎ𝒫𝒩ℛ
𝑇 𝜗 ={𝑡(𝜗, ℎ𝒫𝒩ℛ(𝑇)

1 𝜗 , ℎ𝒫𝒩ℛ(𝑇)
2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝑇)

𝑛 𝜗 )},𝑂∎ℎ𝒫𝒩ℛ
𝐼 𝜗 =

{𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐼)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐼)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐼)
𝑛 𝜗 )},𝑂∎ℎ𝒫𝒩ℛ

𝐹 𝜗 ) ={𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐹)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐹)

2 𝑣 ,…..

ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝑣 ) } 

𝑂∎ℎ𝒫𝒩ℛ(𝜗)={(𝑢1,(0,1,1)),(𝑢2,(0,1,1)),(𝑢3,(0,1,1)),…………(𝑢𝑘,(min(𝑎𝑘 , 𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  ,max(𝑏𝑘 , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  , 

max(𝑐𝑘 , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  }, 

 

𝑂∎ℎ𝒫𝒩ℛ(𝜗) =  
 𝑢𝑘 ,  0,1,1                             if i ≠ k

(𝑢𝑘,(min(𝑎𝑘 , 𝑠𝑢𝑝𝑖  𝜗 𝑢𝑖  , max(𝑏𝑘 , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖  , max 𝑐𝑘 , 𝑖𝑛𝑓𝑖  𝜗 𝑢𝑖      if i = k             
  

                   = 𝜌 

From the definition of ℎ𝒫𝒩ℛ , thus we get ℎ𝒫𝒩ℛ(𝜌) = (𝜌). 

Remark:3.7 

 The condition ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is bijective or constant is necessary condition to obtain fixed 

Pythagorean Neutrosophic Refined Orbit open sets for any Pythagorean Neutrosophic Refined Orbit open set 𝜌 

under the mapping ℎ𝒫𝒩ℛ . 

 

Example:3.8 

 Let 𝑋𝒫𝒩ℛ  = { 𝑢1,𝑢2,𝑢3, 𝑢4 } and 𝔊𝒫𝒩ℛ) = {0𝒫𝒩ℛ , 1𝒫𝒩ℛ , 𝜌} where 𝜌 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ  and defined as,𝜌 = { 

(𝑢1,(0.1,0.3,0.9)),(𝑢2, (0.1,0.3,0.9)),(𝑢3,(0.2,0.6,0.8)),(𝑢4,(0.2,0.6,0.8))}.Let ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  be a mapping 

defined as ℎ𝒫𝒩ℛ(𝑢1) = 𝑢2, ℎ𝒫𝒩ℛ(𝑢2) = 𝑢1,ℎ𝒫𝒩ℛ(𝑢3) = 𝑢4,ℎ𝒫𝒩ℛ(𝑢4) = 𝑢3.ℎ𝒫𝒩ℛ  is not a bijective mapping. Let 

𝜗 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ  be difined as, 𝜗 = {(𝑢1,(0.5,0.1,0.5)),(𝑢2, (0.1,0.3,0.9)),(𝑢3,(0.8,0.2,0.2)),(𝑢4,(0.2,0.6,0.8))}. 

𝑂∎ℎ𝒫𝒩ℛ  (𝜗) = ( 𝜗, 𝑂∎ℎ𝒫𝒩ℛ
𝑇 𝜗 , 𝑂∎ℎ𝒫𝒩ℛ

𝐼 𝜗 , 𝑂∎ℎ𝒫𝒩ℛ
𝐹 𝜗 )  where 

𝑂∎ℎ𝒫𝒩ℛ
𝑇 𝜗 ={𝑡(𝜗, ℎ𝒫𝒩ℛ(𝑇)

1 𝜗 , ℎ𝒫𝒩ℛ(𝑇)
2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝑇)

𝑛 𝜗 )},𝑂∎ℎ𝒫𝒩ℛ
𝐼 𝜗 =
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{𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐼)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐼)

2 𝜗 ,…..ℎ𝒫𝒩ℛ(𝐼)
𝑛 𝜗 )},𝑂∎ℎ𝒫𝒩ℛ

𝐹 𝜗 ) ={𝑠(𝜗, ℎ𝒫𝒩ℛ(𝐹)
1 𝜗 , ℎ𝒫𝒩ℛ(𝐹)

2 𝑣 ,…..

ℎ𝒫𝒩ℛ(𝐹)
𝑛 𝑣 ) } 

𝑂∎ℎ𝒫𝒩ℛ(𝜗)={(𝑢1,t(0.1,0.5,0.1,…),s(0.3,0.1,0.3,…),s(0.9,0.5,0.9,….)),(𝑢2,𝑡(0.5,0.1,0.5,….),s(0.1,0.3,0.1,...),s(0.5,0.

9,0.5,…)),(𝑢3,t(0.2,0.8,0.2,….)s(0.6,0.2,0.6,…),s(0.8,0.2,0.8,…)),(𝑢4,t(0.8,0.2,0.8,….),s(0.2,0.6,0.2,….),s(0.2,0.8,0.

2,….)) 

𝑂∎ℎ𝒫𝒩ℛ(𝜗) = {(𝑢1,(0.1,0.3,0.9)),(𝑢2, (0.1,0.3,0.9)),(𝑢3,(0.2,0.6,0.8)),(𝑢4,(0.2,0.6,0.8))} = 𝜌. 

Thus we Proved the Pythagorean Neutrosophic Refined open set 𝜌 is Pythagorean Neutrosophic Refined Orbit open 

set 𝜌 under the mapping ℎ𝒫𝒩ℛ .But ℎ𝒫𝒩ℛ(𝜌) ≠ (𝜌). 

Result:3.9 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be either constant or bijective mapping and 𝜌 is a Pythagorean Neutrosophic Refined Orbit open set under 

ℎ𝒫𝒩ℛ , then ℎ𝒫𝒩ℛ(𝜌) = (𝜌). 

Theorem:3.10 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any mapping . If 𝜌 is Pythagorean Neutrosophic Refined Orbit open set then,𝑂∎ℎ𝒫𝒩ℛ(𝜌) = 𝜌. 

Proof: 

 From the dentition3.1 and the result 3.9the proof is obvious. 

Theorem :3.11 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any mapping. If 𝜌1, 𝜌2 are Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ , 

then 𝑂∎ℎ𝒫𝒩ℛ(𝜌1 ∩ 𝜌2) = 𝑂∎ℎ𝒫𝒩ℛ(𝜌1) ∩ 𝑂∎ℎ𝒫𝒩ℛ(𝜌2) 

Proof: 

We have 3 cases to prove the theorem, 

Case1: 

 Suppose ℎ𝒫𝒩ℛ  is a bijective mapping and If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝒫𝒩ℛsuch that i ≠ j for all i,j∈  𝑁. 

Let 𝜌1 and 𝜌2 are Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ. Then ∃𝜗1, 𝜗2 ∈ 𝑌𝑃𝑁𝑅  

defined as 𝜗1 = {(𝑢𝑖 , 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖)}, 𝜗2 = {(𝑢𝑖 , 𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖)}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  and 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖 ,𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖 ,∈ 𝑌𝒫𝒩ℛ  such that 

𝑂∎ℎ𝒫𝒩ℛ(𝜌1) = 𝜌1and 𝑂∎ℎ𝒫𝒩ℛ(𝜌2) = 𝜌2 

From the theorem3.5 ,case1, we have  

𝑂∎ℎ𝒫𝒩ℛ 𝜗1  = { ((𝑢𝑖 , (inf(𝑎𝑖),sup(𝑏𝑖),sup(𝑐𝑖)), i ∈  𝑁}= 𝜌1;𝑂∎ℎ𝒫𝒩ℛ 𝜗2 ={((𝑢𝑖 ,(inf(𝑑𝑖),sup(𝑒𝑖),sup(𝑓𝑖)), i ∈  𝑁}= 

𝜌2 

𝜌1 ∩ 𝜌2 = {𝑢𝑖 , min (𝑎𝑖 ,𝑑𝑖), max (𝑏𝑖 , 𝑒𝑖), max (𝑐𝑖 , 𝑓𝑖), i ∈  𝑁 } 

𝜌1 ∩ 𝜌2={𝑢𝑖 , l,m,n} where l = min (𝑎𝑖 ,𝑑𝑖), m = max (𝑏𝑖 , 𝑒𝑖), n = (𝑐𝑖 , 𝑓𝑖). 

Thus we genaralise, for all 𝑢𝑖 ∈ 𝑋𝒫𝒩ℛ , 
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ℎ𝒫𝒩ℛ  (𝜌1 ∩ 𝜌2) (𝑢𝑗 ) =   
 𝜌1 ∩ 𝜌2(𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑗

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) =  ∅

  

          = (l,m,n) 

Hence ℎ𝑃𝑁𝑅  (𝜌1 ∩ 𝜌2) = 𝜌1 ∩ 𝜌2 which implies ,ℎ𝒫𝒩ℛ
2
(𝜌1 ∩ 𝜌2) = ℎ𝒫𝒩ℛ

3
(𝜌1 ∩ 𝜌2)  = 𝜌1 ∩ 𝜌2.Then from the 

definition and theorem 𝑂∎ℎ𝒫𝒩ℛ(𝜌1 ∩ 𝜌2) =𝜌1 ∩ 𝜌2  =  𝑂∎ℎ𝒫𝒩ℛ(𝜌1) ∩ 𝑂∎ℎ𝒫𝒩ℛ(𝜌2) 

Case 2: 

 Suppose ℎ𝒫𝒩ℛ  is a bijective mapping and If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝑃𝑁𝑅 such that i = j for all i,j∈  𝑁. 

Let 𝜌1 and 𝜌2 are Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ. Then ∃𝜗1, 𝜗2 ∈

𝑌𝒫𝒩ℛ  defined as 𝜗1 = {(𝑢𝑖 , 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖)}, 𝜗2 = {(𝑢𝑖 , 𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖)}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  and 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖 ,𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖 ,∈ 𝑌𝒫𝒩ℛ  such that 

𝑂∎ℎ𝒫𝒩ℛ(𝜌1) = 𝜌1and 𝑂∎ℎ𝒫𝒩ℛ(𝜌2) = 𝜌2 

From the theorem3.5 ,case2, we have  

𝑂∎ℎ𝒫𝒩ℛ 𝜗1  = {(𝑢𝑖 , (inf(𝑎𝑖),sup(𝑏𝑖),sup(𝑐𝑖))), i ∈  𝑁,;(i.e ℎ𝑃𝑁𝑅 (𝑢𝑖) = 𝑢𝑗 , i=j=1 and ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ,i≠j, 

i,j ∈  2,3, …   )}= 𝜌1 

𝑂∎ℎ𝒫𝒩ℛ 𝜗2 ={(𝑢𝑖 ,(inf(𝑑𝑖),sup(𝑒𝑖),sup(𝑓𝑖))), i ∈  𝑁;(i.e ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 , i=j=1 and ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ,i≠j, 

i,j ∈ {2,3, … })}= 𝜌2 

Then 𝜌1 ∩ 𝜌2 =  
 𝑢𝑖 ,  min 𝑎𝑖 , 𝑑𝑖 , max 𝑏𝑖 , 𝑒𝑖 , max 𝑐𝑖 , 𝑓𝑖   ;       𝑖𝑓 ℎ𝒫𝒩ℛ 𝑢𝑖 =  𝑢𝑗 , i = j,

       (𝑢𝑖 , (min 𝑎, 𝑑 , max 𝑏, 𝑒 , max 𝑐, 𝑓 )) ;        𝑖𝑓 ℎ𝒫𝒩ℛ 𝑢𝑖 =  𝑢𝑗 , i ≠ j
  

 

ℎ𝒫𝒩ℛ  (𝜌1 ∩ 𝜌2) (𝑢𝑗 ) =   
 𝜌1 ∩ 𝜌2(𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑗

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) =  ∅

  

Hence ℎ𝒫𝒩ℛ  (𝜌1 ∩ 𝜌2) = 𝜌1 ∩ 𝜌2 , which implies ℎ𝒫𝒩ℛ
2
(𝜌1 ∩ 𝜌2) = ℎ𝒫𝒩ℛ

3
(𝜌1 ∩ 𝜌2)  = 𝜌1 ∩ 𝜌2.Then from the 

definition 3.1 and theorem3.5𝑂∎ℎ𝒫𝒩ℛ(𝜌1 ∩ 𝜌2) =𝜌1 ∩ 𝜌2 =  𝑂∎ℎ𝒫𝒩ℛ(𝜌1) ∩ 𝑂∎ℎ𝒫𝒩ℛ(𝜌2). 

Case 3: 

If  ℎ𝒫𝒩ℛ  is constant mapping, let 𝜌1 and 𝜌2 are Pythagorean Neutrosophic Refined Orbit open sets under 

the mapping ℎ𝒫𝒩ℛ . Then ∃𝜗1, 𝜗2 ∈ 𝑌𝒫𝒩ℛ  defined as 𝜗1 = {(𝑢𝑖 , 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖)}, 𝜗2 = {(𝑢𝑖 , 𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖)}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  

and 𝑎𝑖 , 𝑏𝑖 ,𝑐𝑖 ,𝑑𝑖 , 𝑒𝑖 ,𝑓𝑖 ,∈ 𝑌𝑃𝑁𝑅  such that 𝑂∎ℎ𝒫𝒩ℛ(𝜌1) = 𝜌1and 𝑂∎ℎ𝒫𝒩ℛ(𝜌2) = 𝜌2, 

From the theorem 3.5 we have, 

𝑂∎ℎ𝒫𝒩ℛ 𝜗1  =  
 𝑢𝑖 ,  0,1,1                                    𝑖𝑓 𝑖 ≠ 𝑘

(𝑢𝑘,(min(𝑎𝑘 , 𝑠𝑢𝑝𝑖𝜗1 𝑢𝑖  , max(𝑏𝑘 , 𝑖𝑛𝑓𝑖𝜗1 𝑢𝑖  , max 𝑐𝑘 , 𝑖𝑛𝑓𝑖𝜗1 𝑢𝑖  )          if 𝑖 =  𝑘
  

                      = 𝜌1 

𝑂∎ℎ𝒫𝒩ℛ 𝜗2  =  
 𝑢𝑖 ,  0,1,1                                    𝑖𝑓 𝑖 ≠ 𝑘

(𝑢𝑘,(min(𝑑𝑘 , 𝑠𝑢𝑝𝑖𝜗2 𝑢𝑖  , max(𝑒𝑘 , 𝑖𝑛𝑓𝑖𝜗2 𝑢𝑖  , max 𝑓𝑘 , 𝑖𝑛𝑓𝑖𝜗2 𝑢𝑖  )          if 𝑖 =  𝑘
  

          = 𝜌2 
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𝜌1 ∩ 𝜌2= 

 𝑢𝑖 ,  0,1,1                                    𝑖𝑓 𝑖 ≠ 𝑘

(𝑢𝑘,(min((𝑎𝑘 , 𝑠𝑢𝑝𝑖𝜗1 𝑢𝑖  ), (𝑑𝑘 , 𝑠𝑢𝑝𝑖𝜗2 𝑢𝑖  ), max((𝑏𝑘 , 𝑖𝑛𝑓𝑖𝜗1 𝑢𝑖  ), (𝑒𝑘 , 𝑖𝑛𝑓𝑖𝜗2 𝑢𝑖  ),

 max 𝑐𝑘 , 𝑖𝑛𝑓𝑖𝜗1 𝑢𝑖  )(𝑓𝑘 , 𝑖𝑛𝑓𝑖𝜗2 𝑢𝑖  )          if 𝑖 =  𝑘

  

ℎ𝒫𝒩ℛ 𝜌1 ∩ 𝜌2 =𝜌1 ∩ 𝜌2; ℎ𝒫𝒩ℛ
2 𝜌1 ∩ 𝜌2 = 𝜌1 ∩ 𝜌2;ℎ𝒫𝒩ℛ

3 𝜌1 ∩ 𝜌2 = 𝜌1 ∩ 𝜌2,……. 

From the definition 3.1 and theorem3.5 we get ,𝑂∎ℎ𝒫𝒩ℛ(𝜌1 ∩ 𝜌2) =𝜌1 ∩ 𝜌2 =  𝑂∎ℎ𝒫𝒩ℛ(𝜌1) ∩ 𝑂∎ℎ𝒫𝒩ℛ(𝜌2). 

Theorem:3.12 

 Let (𝑋𝒫𝒩ℛ,𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space with set and ℎ𝒫𝒩ℛ  : 𝑋𝒫𝒩ℛ →

𝑋𝒫𝒩ℛ  be any mapping . If {𝜌𝛿 }, 𝛿 ∈ ∆𝒫𝒩ℛ  is any family of Pythagorean Neutrosophic Refined Orbit open set under 

ℎ𝒫𝒩ℛ ,then,𝑂∎ℎ𝒫𝒩ℛ( {𝜌𝛿}𝛿 ) = 𝑂∎ℎ𝒫𝒩ℛ({𝜌𝛿})𝛿 . 

Proof : 

Case 1: 

 Suppose ℎ𝒫𝒩ℛ  is a bijective mapping and If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝒫𝒩ℛsuch that i ≠ j for all i,j∈  𝑁. 

Let {𝜌𝛿}, 𝛿 ∈ ∆𝒫𝒩ℛ  is any family of Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ . 

Then ∃𝜗𝛿 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ , 𝛿 ∈ ∆𝒫𝒩ℛdefined as 𝜗𝛿  = {(𝑢𝑖 , 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 )}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  and 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 ∈ 𝑌𝒫𝒩ℛ  

such that 𝑂∎ℎ𝒫𝒩ℛ(𝜗𝛿) = 𝜗𝛿 , 𝛿 ∈ ∆𝒫𝒩ℛ  

From theorem 3.5,case 1 we get, 

𝑂∎ℎ𝒫𝒩ℛ 𝜗𝛿  = { ((𝑢𝑖 , (𝑙𝛿 ,𝑚𝛿 , 𝑛𝛿 )), 𝛿 ∈ ∆𝒫𝒩ℛ}= 𝜌𝛿 , where 𝑙𝛿 =  (inf(𝑎𝑖𝛿 ),𝑚𝛿 = sup(𝑏𝑖𝛿 ), 𝑛𝛿 = sup(𝑐𝑖𝛿 ).  Thus 

( {𝜌𝛿 }𝛿 ) ={ ((𝑢𝑖 , (sup(𝑎𝑖𝛿 ),inf(𝑏𝑖𝛿 ),inf(𝑐𝑖𝛿 )), i ∈  𝑁, 𝛿 ∈ ∆𝒫𝒩ℛ}= 𝜌𝛿 ,  

ℎ𝒫𝒩ℛ  ( {𝜌𝛿}𝛿 ) (𝑢𝑗 ) =   
  ( {𝜌𝛿})ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑗

(𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑗
     𝑖𝑓  ℎ𝒫𝒩ℛ 

−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) =  ∅

  

                               = (𝑙𝛿 ,𝑚𝛿 , 𝑛𝛿 ) =  {𝜌𝛿}𝛿  

Thus ℎ𝒫𝒩ℛ  ( {𝜌𝛿}𝛿 ) =  {𝜌𝛿}𝛿  , which implies ℎ𝒫𝒩ℛ
2
 ( {𝜌𝛿 }𝛿 ) =  {𝜌𝛿}𝛿 , ℎ𝒫𝒩ℛ

3
 ( {𝜌𝛿}𝛿 ) =  {𝜌𝛿}𝛿 ,,…. 

From the definition 3.1 and theorem 3.5we get,  

𝑂∎ℎ𝒫𝒩ℛ( {𝜌𝛿 }𝛿 ) = {𝜌𝛿}𝛿  =  𝑂∎ℎ𝒫𝒩ℛ({𝜌𝛿})𝛿  

Case 2: 

             Suppose ℎ𝒫𝒩ℛ  is a bijective mapping and If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝒫𝒩ℛsuch that i = j for all i,j∈  𝑁. Let 

{𝜌𝛿 }, 𝛿 ∈ ∆𝒫𝒩ℛ   is any family of  Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ. 

Then ∃𝜗𝛿 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ , 𝛿 ∈ ∆𝒫𝒩ℛ  defined as 𝜗𝛿  = {(𝑢𝑖 , 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 )}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  and 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 ∈ 𝑌𝒫𝒩ℛ  

such that 𝑂∎ℎ𝒫𝒩ℛ(𝜗𝛿) = 𝜗𝛿 , 𝛿 ∈ ∆𝒫𝒩ℛ  

From the theorem3.5 ,case2, we have  

𝑂∎ℎ𝒫𝒩ℛ 𝜗𝛿  = {(𝑢𝑖 , (inf(𝑎𝑖𝛿 ),sup(𝑏𝑖𝛿 ),sup(𝑐𝑖𝛿 ))), i ∈  𝑁,;(i.e ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 , i=j=1 and ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ,i≠j, 

i,j ∈  2,3, . .   )} 

ℎ𝒫𝒩ℛ  ( {𝜌𝛿}𝛿 ) (𝑢𝑗 ) =   
( {𝜌𝛿})(𝑢𝑖)ℎ𝒫𝒩ℛ 𝑢𝑖 =𝑢𝑗

     𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) ≠ ∅

 0,1,1                                        𝑖𝑓  ℎ𝒫𝒩ℛ 
−1(𝑢𝑗 ) =  ∅
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Hence ℎ𝒫𝒩ℛ  ( {𝜌𝛿 }𝛿 ) =  {𝜌𝛿}𝛿 , which implies ℎ𝒫𝒩ℛ
2
( {𝜌𝛿}𝛿 ) = ℎ𝒫𝒩ℛ

3
( {𝜌𝛿}𝛿 )  =  {𝜌𝛿 }𝛿 .Then from the 

definition 3.1 and theorem 3.5 we get, 𝑂∎ℎ𝒫𝒩ℛ( {𝜌𝛿}𝛿 ) = {𝜌𝛿 }𝛿  =  𝑂∎ℎ𝒫𝒩ℛ({𝜌𝛿 })𝛿  

Case 3: 

 Suppose ℎ𝒫𝒩ℛ  is a constant mapping and If  ℎ𝒫𝒩ℛ(𝑢𝑖) = 𝑢𝑗 ; 𝑢𝑖 ,𝑢𝑗  ∈  𝑋𝒫𝒩ℛsuch that i = j for all i,j∈  𝑁. 

Let {𝜌𝛿}, 𝛿 ∈ ∆𝒫𝒩ℛ   is any family of  Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝒫𝒩ℛ . 

Then ∃𝜗𝛿 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ , 𝛿 ∈ ∆𝒫𝒩ℛ  defined as 𝜗𝛿  = {(𝑢𝑖 , 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 )}, where 𝑢𝑖 ∈  𝑋𝒫𝒩ℛ  and 𝑎𝑖𝛿 , 𝑏𝑖𝛿 ,𝑐𝑖𝛿 ∈ 𝑌𝒫𝒩ℛ  

such that 𝑂∎ℎ𝒫𝒩ℛ(𝜗𝛿) = 𝜗𝛿 , 𝛿 ∈ ∆𝒫𝒩ℛ  

From the theorem (2) we have, 

𝑂∎ℎ𝒫𝒩ℛ 𝜗𝛿  =  
 𝑢𝑖 ,  0,1,1                                    𝑖𝑓 𝑖 ≠ 𝑘

(𝑢𝑘,(min(𝑎𝑖𝛿 , 𝑠𝑢𝑝𝑖𝜗𝛿 𝑢𝑖  , max(𝑏𝑖𝛿 , 𝑖𝑛𝑓𝑖𝜗𝛿 𝑢𝑖  , max 𝑐𝑖𝛿 , 𝑖𝑛𝑓𝑖𝜗𝛿 𝑢𝑖  )          if 𝑖 =  𝑘
  

Thus, {𝜌𝛿} =𝛿  

 𝑢𝑖 ,  0,1,1                                    𝑖𝑓 𝑖 ≠ 𝑘

(𝑢𝑘,(min⁡(min(𝑎𝑖𝛿 , 𝑠𝑢𝑝𝑖𝜗𝛿 𝑢𝑖  ), max⁡(max(𝑏𝑖𝛿 , 𝑖𝑛𝑓𝑖𝜗𝛿 𝑢𝑖  ),

 max⁡(max 𝑐𝑖𝛿 , 𝑖𝑛𝑓𝑖𝜗𝛿 𝑢𝑖  ))          if 𝑖 =  𝑘

  

Clearly,  {𝜌𝛿}𝛿  is a point in 𝑋𝒫𝒩ℛ .Henceℎ𝒫𝒩ℛ  ( {𝜌𝛿}𝛿 ) =  {𝜌𝛿}𝛿 , which implies ℎ𝒫𝒩ℛ
2
( {𝜌𝛿}𝛿 ) = 

ℎ𝒫𝒩ℛ
3
( {𝜌𝛿}𝛿 )  =  {𝜌𝛿 }𝛿 .Then from the definition and theorem we get, 𝑂∎ℎ𝒫𝒩ℛ( {𝜌𝛿}𝛿 ) = {𝜌𝛿}𝛿  = 

 𝑂∎ℎ𝒫𝒩ℛ({𝜌𝛿})𝛿 . 

4.Pythagorean Neutrosophic Refined Orbit Topological space 

Theorem:4.1 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space. Let ℎ𝒫𝒩ℛ: 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  

be a mapping. Let 𝔊𝒫𝒩ℛ𝑂
 denote the family of all 𝒫𝒩ℛ Orbit open sets under the mapping ℎ𝑃𝑁𝑅 .Then 𝔊𝒫𝒩ℛ𝑂

 is a 

𝒫𝒩ℛ Topology on 𝑋𝒫𝒩ℛ  coaser than 𝔊𝒫𝒩ℛ . 

Proof: 

i)We know that 0𝒫𝒩ℛ  and 1𝒫𝒩ℛ are 𝒫𝒩ℛ Orbit open sets under the mapping ℎ𝑃𝑁𝑅because ∃𝜌 = 0𝒫𝒩ℛ  

and 𝜗 = 1𝒫𝒩ℛ  such that 𝑂∎ℎ𝒫𝒩ℛ 𝜌 =  0𝒫𝒩ℛ ∈ 𝔊𝒫𝒩ℛ  and 𝑂∎ℎ𝒫𝒩ℛ 𝜗 = 1𝒫𝒩ℛ ∈  𝔊𝒫𝒩ℛ. Thus 0𝒫𝒩ℛ ∈

 𝔊𝒫𝒩ℛ𝑂 and 1𝒫𝒩ℛ ∈  𝔊𝒫𝒩ℛ𝑂  

 ii)Let𝑢1, 𝑢2 are Pythagorean Neutrosophic Refined Orbit open sets under the mapping ℎ𝑃𝑁𝑅 , To Prove 

𝑢1 ∩ 𝑢2 is also a Pythagorean Neutrosophic Refined Orbit open set under the mapping ℎ𝑃𝑁𝑅 , have to find a 

𝒫𝒩ℛ 𝑠𝑒𝑡  𝜗 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ  such that , 𝑂∎ℎ𝒫𝒩ℛ 𝜗  = 𝑢1 ∩ 𝑢2 ∈ 𝔊𝒫𝒩ℛ . 

By choosing  𝜗 = 𝑢1 ∩ 𝑢2 from the theorem and also from the preposition we get,𝑂∎ℎ𝒫𝒩ℛ 𝜗  = 

𝑂∎ℎ𝒫𝒩ℛ 𝑢1 ∩ 𝑢2  = 𝑂∎ℎ𝒫𝒩ℛ 𝑢1) ∩ 𝑂∎ℎ𝒫𝒩ℛ(𝑢2  = 𝑢1 ∩ 𝑢2. Since every 𝒫𝒩ℛ Orbit open set is 𝒫𝒩ℛ open set 

in 𝑋𝒫𝒩ℛ , Thus 𝑢1 ∩ 𝑢2 ∈ 𝔊𝒫𝒩ℛ . Then 𝑢1 ∩ 𝑢2 ∈ 𝔊𝒫𝒩ℛ𝑂 . 

iii) Let {𝜌𝛿 }, 𝛿 ∈ ∆𝒫𝒩ℛ  is any family of Pythagorean Neutrosophic Refined Orbit open set under ℎ𝒫𝒩ℛ , Let 

𝜗 = ( {𝜌𝛿}𝛿 ) , then from the theorem 𝑂∎ℎ𝑃𝑁𝑅 (𝜗) = 𝑂∎ℎ𝑃𝑁𝑅 ( {𝜌𝛿 }𝛿 ) =  𝑂∎ℎ𝑃𝑁𝑅 ({𝜌𝛿})𝛿  = ( {𝜌𝛿}𝛿 ) ∈  𝔊𝒫𝒩ℛ  . 

Thus {𝜌𝛿}, 𝛿 ∈ ∆𝒫𝒩ℛ∈ 𝔊𝒫𝒩ℛ𝑂
 

Thus we proved 𝔊𝒫𝒩ℛ𝑂
 is a 𝒫𝒩ℛ Topology on 𝑋𝒫𝒩ℛ  coaser than 𝔊𝒫𝒩ℛ  

Definition:4.2 
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 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛ) be a Pythagorean Neutrosophic Refined Topological space. Let ℎ𝒫𝒩ℛ: 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  

be a mapping . Then (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space 

associated with (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛ) when it satisfies the following axioms; 

1) 0𝒫𝒩ℛ ∈  𝔊𝒫𝒩ℛ𝑂
and 1𝒫𝒩ℛ ∈  𝔊𝒫𝒩ℛ𝑂

 

2) 𝑄1 ∩ 𝑄2 ∈ 𝔊𝒫𝒩ℛ𝑂
, for any 𝑄1,𝑄2 ∈ 𝔊𝒫𝒩ℛ𝑂

 

3)  {𝑄𝛿 } ∈ 𝔊𝒫𝒩ℛ𝑂
, where {𝑄𝛿 } , 𝛿 ∈ ∆𝒫𝒩ℛbe any arbitrary family 𝒫𝒩ℛ orbit open sets 

Example:4.3 

1) Let 𝑋𝒫𝒩ℛbe any non empty countable set , then 𝔊𝒫𝒩ℛ𝑂
= ( 0𝒫𝒩ℛ , 1𝒫𝒩ℛ) is a 𝒫𝒩ℛ orbit topology on 

𝑋𝒫𝒩ℛ . 

2)  Let 𝑋𝒫𝒩ℛbe any non empty countable set , if  ℎ𝒫𝒩ℛ: 𝑋𝒫𝒩ℛ → 𝑋𝒫𝒩ℛ  is the identity mapping, then 𝔊𝒫𝒩ℛ𝑂
= 

𝔊𝒫𝒩ℛ  

Definition:4.4 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ . Then 𝒫𝒩ℛ orbit closure of  𝜗,𝒞𝑙∗(𝜗) is the intersection of all 𝒫𝒩ℛ orbit closed supersets under the 

mapping ℎ𝒫𝒩ℛ, 𝒞𝑙∗(𝜗) = ∩{𝜎 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ  / 𝜎 ⊇  𝜗, 1𝒫𝒩ℛ  - 𝜎 ∈ 𝔊𝒫𝒩ℛ𝑂 }.𝒞𝑙∗(𝜗) is the smallest 𝒫𝒩ℛ orbit closed 

set which contains  𝜗 under the mapping ℎ𝒫𝒩ℛ . 

 

Definition:4.5 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ . Then 𝒫𝒩ℛ orbit interior of  𝜗,ℐ𝓃𝓉∗(𝜗) is the union of all 𝒫𝒩ℛ orbit open subsets under the mapping 

ℎ𝒫𝒩ℛ , ℐ𝓃𝓉∗(𝜗) = ∪{𝜎 ∈ 𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ  / 𝜎 ⊆  𝜗,  𝜎 ∈ 𝔊𝒫𝒩ℛ𝑂 }.ℐ𝓃𝓉∗(𝜗) is the largest 𝒫𝒩ℛ orbit open set which 

contained in 𝜗 under the mapping ℎ𝒫𝒩ℛ . 

Theorem:4.6 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗, 𝜎 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ .Then ℐ𝓃𝓉∗(𝜗) ⊆ 𝑖𝑛𝑡𝑃𝑁𝑅  𝜗 ⊆  𝜗 ⊆ 𝐶𝑙𝑃𝑁𝑅 (𝜗) ⊆ 𝒞𝑙∗(𝜗) 

Proof: 

 It is obvious, because every 𝒫𝒩ℛ orbit closed set is 𝒫𝒩ℛ closed under the mapping ℎ𝒫𝒩ℛ  , similarly 

every 𝒫𝒩ℛ orbit open set is 𝒫𝒩ℛ open under the mapping ℎ𝒫𝒩ℛ . 

Theorem:4.7 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗, 𝜎 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ .Then  

1) ℐ𝓃𝓉∗ (0𝒫𝒩ℛ) = 0𝒫𝒩ℛ  and ℐ𝓃𝓉∗(1𝒫𝒩ℛ) = 1𝒫𝒩ℛ  

2) ℐ𝓃𝓉∗(𝜗) ⊆ 𝜗 

3) ℐ𝓃𝓉∗(𝜗 ∪ 𝜎 ) = ℐ𝓃𝓉∗(𝜗 ) ∪ ℐ𝓃𝓉∗(𝜎) 

4) If 𝜗 ⊆ 𝜎 then ℐ𝓃𝓉∗(𝜗 ) ⊆ ℐ𝓃𝓉∗(𝜎) 

5) ℐ𝓃𝓉∗(ℐ𝓃𝓉∗(𝜗 )) = ℐ𝓃𝓉∗(𝜗 ) 

6) If 𝜗 is a 𝒫𝒩ℛ orbit open set if and only if 𝜗 = ℐ𝓃𝓉∗(𝜗 ) under the mapping ℎ𝒫𝒩ℛ  
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Theorem:4.8 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗, 𝜎 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ .Then 

1) 𝒞𝑙∗(0𝒫𝒩ℛ) = 0𝒫𝒩ℛ  and 𝒞𝑙∗(1𝒫𝒩ℛ) = 1𝒫𝒩ℛ  

2) 𝜗 ⊆ 𝒞𝑙∗(𝜗 ) 

3) 𝒞𝑙∗(𝜗 ∪ 𝜎 ) = 𝒞𝑙∗(𝜗 ) ∪ 𝒞𝑙∗(𝜎) 

4) If 𝜗 ⊆ 𝜎 then 𝒞𝑙∗(𝜗 ) ⊆ 𝒞𝑙∗(𝜎) 

5) 𝒞𝑙∗(𝒞𝑙∗(𝜗 )) = 𝒞𝑙∗(𝜗 ) 

6) If 𝜗 is a 𝒫𝒩ℛ orbit closed set if and only if 𝜗 = 𝒞𝑙∗(𝜗 ) under the mapping ℎ𝒫𝒩ℛ  

Theorem:4.9 

 Let (𝑋𝒫𝒩ℛ , 𝔊𝒫𝒩ℛO
) is called Pythagorean Neutrosophic Refined Orbit Topological space and 𝜗 ∈

𝑌𝒫𝒩ℛ
𝑋𝒫𝒩ℛ .Then , 

1) 1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗 ) = 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗 ) 

2) 1𝒫𝒩ℛ − 𝒞𝑙∗(𝜗 ) = ℐ𝓃𝓉∗(1𝒫𝒩ℛ − 𝜗 ) 

Proof: 

From Proposition(2) , we know that ℐ𝓃𝓉∗(𝜗) ⊆ 𝜗, taking complement on both sides,1𝒫𝒩ℛ − 𝜗 ⊆

1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗). Thus 1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗) is 𝒫𝒩ℛ orbit closed set and by Proposition (4)𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗) ⊆

𝒞𝑙∗(1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗)) = 1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗).Thus we proved 1𝒫𝒩ℛ − ℐ𝓃𝓉∗(𝜗 ) = 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗 ).Conversely ,  by 

proposition(2) we have (1𝒫𝒩ℛ − 𝜗 ) ⊆ 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗 ), taking complement 1𝒫𝒩ℛ − 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗 ) ⊆ 𝜗 .Thus 

𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗) is 𝒫𝒩ℛ orbit closed set. Then 1𝒫𝒩ℛ − 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗) is 𝒫𝒩ℛ orbit open set. From 

proposition(6), we get 1𝒫𝒩ℛ − 𝒞𝑙∗(1𝒫𝒩ℛ − 𝜗 ) ⊆  ℐ𝓃𝓉∗(𝜗) 

Conclusion: 

 This led to the development of Pythagorean Neutrosophic Refined Orbit Topological Space and the 

evaluation of certain fundamental theorems and properties. Additionally, the prerequisites for determining the orbit 

of the PNR sets have been established. 

Abbreviations: PNR – Pythagorean Neutrosophic Refined 

            PNRT - Pythagorean Neutrosophic Refined Topology 

            Int – interior 

            Cl - Closure 
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