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Abstract

Planar half spaces are fundamental in analysis structure. However many mathematical
method used to solve the equation associated with those structure their applicability. Finding
a solution usually requires a solution process where the form of a solution is assumed so that
governing equation are satisfied. This process is usually accomplished with the help of an
Airy stress function that is determined based on a few assumptions about the relationship
between the stress function and the true stress. The process is tedious and often a single
solution that is valid for a single.

In this work we represent a general solution to a bi harmonic equation using Fourier series
that works for a variety of boundary condition in polar coordinates. This function is
simplified with minor assumption about its form and solved analytically. A representative
problem and its solution is also shown.

Keywords: Introduction -Equations in polar coordinates- The stress — strain relations in
polar coordinates are similar to those in the rectangular coordinate system- A circular hole
in an infinite sheet subject under remote shear-Problems.

1. Introduction

The main purpose of this address is to bring to the attention of the workers in Airy stress
function and related branches of applied mathematics a simple general method of solution of
several important classes of 2-dimensional boundary value problem. A 2-dimensional polar
coordinate study in rings and disks, curved bars of narrow rectangular cross section with a
circular axis etc. Using the polar coordinates is advantageous to solve in airy stress function.

If we represent the material particle under the state of stress by a square in the (r,8)
coordinate system, the components of the stress state are o,.., ggg, T,-9.We know that the two

sets of the stress components are related as

Oxx T O Oxx — O. )
td ¥Y cos 26 + Tyy SiN 260

=T 2
Oyxx T O Oyxy — O .
Ogg = > ¥ _ > Y cos 26 — Ty, Sin 26
Oxx — O .
Trg = Twsm 260 + Ty, cos 26
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Equations in polar coordinates:

The Airy stress function is a function of the polar coordinates, ¢(x,y). The stresses are
expressed in terms of the Airy stress function
00y, 00y,
ox 9y
The Airy stress function ¢ (x, y) also needs to satisfy the stress compatibility
VZ(0yx +0y,) =0
ViV2p =0

=0

The bi harmonic equation is
Vip =0
The Airy stress function is a function of the polar coordinates, ¢(r,8). The stresses are
expressed in terms of the Airy stress function
ViV2p(r,0) =0

%¢  d¢

12062 " ror
0%¢
%0 = 5,2
Jd do

o = 75, (r66

Ory =

The bi harmonic equation is

a2 ] 0? 2%2p . 0@ , 0%@
—t —_— 4+ — =

ar2 = ror r2692) (6r2 + ror r2892) 0

The stress — strain relations in polar coordinates are similar to those in the rectangular

coordinate system:

The strain —displacement relations are
u,

Err or
u, OJdug
9o = —+ ——
90 = v T 106
Ju, OJdug uy

- roo ar T

Yro

A stress field symmetric about an axis.
Let the Airy stress function be ¢(7).
The bi harmonic equation is
Vip(r) =0
ViV2p(r) =0

d*> d\[(d*e(r) do(r)
(drz + rdr>< dr? + rdr > =0
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This equation has the same dimension in the independent variable r such an ODE is known as
an equi-dimensional equation. A solution to an equi-dimensional equation is of the form

p=r"
Inserting into the bi harmonic equation, we obtain that
m?(m—2)2=0
m = 0,0,2,2
The fourth order has a double root of 0 and a double root of 2.
The general solution to the ODE is
@(r) = Cilogr + C,r?logr + C3r2 + C,
Where C;, C,, C5 and C, are constants. The components of the stress field are

%2 0dp
Opy = 2502 W= r—2+C2(1+210gT)+ZC3
_aZ(P_ Gy 1
O'gg—ﬁ——r—2+cz(3+2 OgT')+ZC3

B 6(6(,0)_0
w0 = "o \rae) "

The stress field is linear in C;, C, and C5 .

The stress field in the sheet is
a
Oy = 5(1 - (;)2)
a 2
ogg = S(1+ (;) )

The stress concentration factor of this hole is 2. We may the spherical cavity in an infinite
elastic solid under remote tension:

=S(1 1a3
Opr = ( _E(;))

1 a 3
9o = S(1+5(2)°)
The stresses can be obtained from the Airy stress function
(o)
= Zorz(l — cos 20)

Problem
We will write the Airy stress function and the stresses in polar coordinates for a plate pulled
in the X-direction by a stress a.

0, = Oy, Oy = Tyy =0
The Airy stress function that would give this stress is
=202
==Y
y =rsinf
(o
Q= 70 (rsinf)?
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o
= ?0 r2(sinf)?

0o
oy = 7(1 + cos 20)

Op
Trg = ?sm0

0o
Og = 7(1 — cos 26)

A circular hole in an infinite sheet subject under remote shear:

The sheet is a state of pure shear
Ty =S5,0xx = 0y =0
We know that
_ 0% dp
o = 72302 T Tor
%¢
Ogg = 9r?
0 0d¢
oo =5 Gag
The stress function must be in the form
o(r,0) = f(r)sin26
The bi harmonic equation IS
9?2 kA 6(p+ 2%¢

arz rar r2692) (6r2 ror r2692) =0
62 of Afy _
ar? rar rz)(arz ror rz) =0
A solution to this equi-dimentional
f)y=rm

Inserting into the bi harmonic equation, we obtain that
((m—2)?-4)?(m?> - 4) =0
(m—2)2—4)2=0o0or(m*—4)=0
m=2,-2,0,4
The stress function is

C
o(r,0) = (C,r? + Cor* + r—i +C,) sin 26

Where C,, C,, C5 and C, are constants. The components of the stress field are

0%p  0dg 6C; 4C,
Urr:m-FT: —(2C1+—+—)Sll’129
2

6C;
Tog = 5 f = (2C; + 12C,r? +—) sin 26

d (0@ 5 6C
Trog = a‘l" (T@B) = ( 261 6CZT' +T_4+T_2) cos 26

To determine the constantsC;, C,, C5; and C,, We invoke the boundary conditions:

4955
Eur. Chem. Bull. 2023,12(Special Issue 7), 4952-4957



TWO DIMENSIONAL POLAR COORDINATE SYSTEMS IN Bl HARMONIC EQUATIONS Section: Research Paper

1. Remote from the hole, namely, r - o,0,, = Ssin26 ,1,4 = Scos26, giving

€, =-3,6,=0
2. O n the surface of the hole, namely, r =a, 0. =0,7,9 =0, giving C; =
4
3 €, =Sa?

2

The stress field inside the sheet is
a a
o = S[1+ 3(;)4 - 4(;)2] sin 26

a4 .
0'9925[1+3(;) ]stH
a 4 a 2
Tro 25[1—3(;) +2(;) ]COSZH

Problem:
Use the Airy stress function to guess at a solution for a hole in a plate problem.
Using the Airy stress function for a plate with no hole, We guess the solution for the plate

with a hole to be of the form ¢(r,8) = f,(r) + f,(r) cos 26
The Airy stress function in to the bi harmonic equation in polar coordinate .We obtain

d? d d’f, df
(dr2 + rdr) <dr2 + rdr) =0

<d2 d 4><d2f2 af, 4f2>_0

dr?2 rdr r?2)\dr? rdr 712

d d d ( dfl) — 0
rdr rdr [rdr rrdr I} =

d d d _d

3__
rdr “r3dr r dr [r3dr

(rf)1} =0

The solution are
f1 = C1T2 lOgT + C2T2 + C3 IOgT + C4
2 4 C7
fz = CST +C6T +T'_2+C8

The stresses are
Cs 6C, 4Cq
o, = C; (1 + 2logr) + 2C, +T'_2_ (2Cs +T‘_4+7) cos 20

Cs ,  6C;
og = C; (3+ 2logr) + 2C, — =2 + (2C5 + 12C4r +7) cos 26

6C, 2Cs.
Trg = (2C5 + 6C6T'2 - T_4' - T_Z) sin 260

The constants we use the boundary conditions:
C; and C4 become zeros because the stresses must be finite as r — oo ,they must assume the

forms for the plate with no hole giving us the expression for C, and Cg
0g = —4‘C5 = 4‘62
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Atr = a, 0, = 1,4 = 0 giving as the relations

Finally, stresses are

1 a., a* a?®
oy = 500[(1~ (;) )+ 1+ 35— 4—) cos 26

1 a, a*
Og = an[(l - (;) ) +(1+ 3r_4) cos 260

— 4 a?
Trg = 700(1 — 3r_4+ Zﬁ) sin 260
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