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Abstract

T. Selvi and A. PunithaDharani [3] introduced pre*-closed sets and investigated some of their properties.This
paperis devoted to p*gb Border, p*gb Frontier and p*gbExterior of a subset of a topological space. We
investigate the fundamental properties of the above speculations and explore the inner relationship between
them.
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1. INTRODUCTION

The concept of generalized Closed sets introduced
by Levine [2] plays a significant role in General
Topology. In 2012, T. Selvi and A. Punitha
Dharani [3] introduced pre*-closed sets and
investigated some of their properties. The
characterizations of pre*-generalized b-closed sets
and pre*-generalized b-open sets are given in [4].
This paperis devoted to p*gb Border, p*gb
Frontier and p*gb Exterior of a subset of a
topological space. We investigate the fundamental
properties of the above speculations and explore
the inner relationship between them.

2.PRELIMINARIES

Throughout this paper (X, T ) represent a
topological space on which no separation axiom is
assumed unless otherwise mentioned. For a subset
A of a topological space X, cl(A) and int(A)
denote the closure of A and the interior of A
respectively. (X, T) will be replaced by X if there
is no changes of confusion. We recall the
following definitions and results.

Definition 2.1.[1] Let (X, t) be a topological
space. A subset A of the space X is said to be b-
open if Acint(cl(A))ucl(int(A)) and b-closed if
int(cl(A))Ncl(int(A)) cA.

Definition 2.2.[1] Let (X, ) be a topological
space and A< X. The b-closure of A, denoted by
bcl(A) and is defined by the intersection of all b-
closed sets containing A.

Definition 2.3.[2] Let (X, ) be a topological
space. A subset A of X is said to be generalized
closed (briefly g-closed) if cl(A) < U whenever A
c U and U is open in (X, t). The complements of
the above mentioned g closed set is g open set.

Definition 2.4. Let A be a subset of a topological
space (X, 1). Then the union of all g-open sets
contained in A is called the g-interior of A and it
is denoted by int*(A). That is, int*(A)=U{V:VcA
and Veg-O(X)}.

Definition 2.5. Let A be a subset of a topological
space (X, 1). Then the intersection of all g-closed
sets in X containing A is called the g-closure of A
and it is denoted by cl*(A). That is, cl*(A)=n{F:
AcF and Feg-C(X)}.

Definition 2.6. [3] Let (X, t) be a topological
space. A subset A of the space X is said to be
pre*-open if A int*(cl(A)) and pre*-closed if
cl*(int(A)) C A.
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Definition 2.7.[4] A subset A of a topological
space (X, 1) is called a pre* generalized b-closed
set (briefly, p*gb-closed) if bcl(A)cU whenever
AcU and U is pre*-open in (X, 7).

Lemma 2.8.[4]For a topological space (X, 1),
Every open set is p*gb-open.

Lemma 2.9. [4]

() Arbitrary intersection of p*gb-closed sets is
p*gb-closed.

(b)Arbitrary union of p*gb-open sets is p*gb-
open.

Remark 2.10.[4]

(a) The union of p*gb-closed sets need not be a
p*gb-closed set.

(b) The intersection of p*gb-open sets is p*gb-
open.

Definition 2.11.[5] Let X be a topological space
and let xeX. A subset N of X is said to be a p*gb-
neighbourhood (shortly, p*gb-nbhd) of x if there
exists a p*gb-open set U such that xeUSN.

Theorem 2.12.[5] Every nbhd N of xeX is a
p*gb-nbhd of x.

Definition 2.13.[5] Let A be a subset of a
topological space (X, t). Then the union of all
p*gb-open sets contained in A is called the p*gb-
interior of A and it is denoted by p*gbint(A). That
is, p*gbint(A)=U{V:VcA and Vep*gh-O(X)}.

Theorem 2.14.[5] Let A be a subset of a

topological space (X, t). Then

(@) p*gbint(A) is the largest p*gb-open set
contained in A.

(b) Ais p*gb-open if and only if p*gbint(A)=A.

(c) p*gbint( ¢)=¢ and p*gbint(X)=X.

(d) If AcB, then p*gbint(A)cp*gbint(B).

(e) p*gbint(p*gbint(A))=p*gbint(A).

Definition 2.15. [5] Let A be a subset of a
topological space (X, t). Then the intersection of
all p*gb-closed sets in X containing A is called
the p*gb-closure of A and it is denoted by
p*gbcl(A). That is, p*gbcl(A)=n {F:AcF and
Fep*gbh-C(X)}. The intersection of p*gb-closed
set is p*gb-closed, then p*gbcl(A) is p*gb-closed.

Theorem 2.16.[5] Let A be a subset of a

topological space (X, t). Then

(@) p*gbcl(A) is the smallest p*gb-closed set
containing A.

(b) A is p*gb-closed if and only if p*gbcl(A)=A.

3090



Some Operators On P*GB Closed Sets

(c) p*gbcl( ¢)= ¢pand p*gbcl(X)=X.
(d) If AcB, then p*gbcl(A)cp*gbcl(B).

(e) p*gbcl(p*gbcl(A))=p*gbcl(A).

3.p*gb-border and p*gb-frontier

Definition 3.1. Let A be a subset of X. Then the
set Bpgp(A)=A\p*ghint(A) is called the p*gb-
border of A. The set Fryg(A)=p*gbcl(A)
\p*gbint(A) is called the p*gb-frontier of A.

Example 3.2.Let X= {ab,c} with © = {X, ¢,
{a}.{a,b}}. Here, the p*gb closed sets are ={X, ¢,
{o}{c}.{b.c}}.

Let A={ac}. Then Bpgw(A)=A\p*gbint(A)
={aci\{act={ ¢ }and Fryg(A)=p*gbcl(A)
\p*gbint(A) = X \{a,c}={b}.

Theorem 3.3. If a subset A of X is p*gb-closed,
then Bpxgb(A)=Frpgo(A).

Proof: Let A be a p*gb-closed subset of X. Then
by Theorem 216, p*gbcl(A)=A. Now,
Frosgo(A)=p*gbcl(A)\p*gbint(A)=A\p*gbint(A)=B
prap(A)-

Theorem 3.4. For a subset A of X,
A=p*gbint(A)UBpgn(A)

Proof: Let xeA. If xep*gbint(A), then the result is
obvious. If xgp*gbint(A), then by the definition
of Bpgp(A), X € Bpsgp(A). Hence x € p*gbint
(A)UBp+g(A) and so Acp*gbint(A)UBg«g(A). On
the other hand, since p*gbint(A)cA and
Bpsgw(A)cA, then we have p*gbint(A) U Bpsgp
(A)A. This proves (i).

Theorem 35. For a subset A of X,
P*gbint(A)NBygn(A)= ¢

Proof. Suppose p*gbint(A) N Byg(A) = ¢ . Let
xep*gbint(A)NBp+gn(A). Then xep*gbint(A) and
X € Bpxgb(A). Since Bp=gn(A)=A\p*gbint(A), then
XEA. But xep*gbint(A), xeA. A contradiction
exists. Hence p*gbint(A)NBp«p(A)= ¢

Theorem 3.6For a subset A of X, A is a p*gb-
open set if and only if Bpxgn(A)= ¢

Proof. Necessity: Let A be p*gb-open. Then by
Theorem 3.4, p*gbint(A)=A. Now, Bpg(A)=A\p*
gbint(A)=A\A= ¢ . Sufficiency: Suppose By«
(A)=¢. This implies, A\p*gbint(A)= ¢. Therefore
A=p*ghint(A) and hence A is p*gb-open.

Theorem 3.7. For a subset A of X,
Bpgn(p*gbint(A))= ¢.

By the definition of p*gb-border, By-g(p*gbint
(A))=p*gbint(A)\p*gbint(p*gbint(A)). By
Theorem 3.4, p*gbint(p*gbint(A))=p*gbint(A)
and hence Bp+g(p*gbint(A))= ¢.
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Theorem 3.8. For a subset A of X,
p*gbint(Bp+g(A))= .

Proof. Let x € p*gbint(Byxu(A)). Since
Bpgw(A)cA, by Theorem 3.5,  p*gbint
(Bpgu(A))p*gbint(A). Hence x € p*gbint(A).
Since p*gbint(Bp+gn(A))Bp+g(A), then X € By«gp
(A). Therefore xep*gbint(A)NBp~p(A). By part
(i), x= ¢.

Theorem 3.9. For a subset A of X, Bp«g
(Bprgn(A))=Bp+an(A)

Proof. By the definition of p*gb-border,
Bprab(Bprgp(A)) =Bpran(A)\p*gbint(Bp=gp(A)). By
part (v), p*gbint(Bpgp(A))= ¢ and hence
Bp+ab(Bprgb(A))=Bprgo(A).

Corollary 3.10. For a topological space,
Bpan(¢)= ¢ and Bpgn(X)= ¢b.

Proof: As ¢ and X are p*gb-open, the
aforementioned theorem Bpg( ¢ )= ¢ and

Bpxgo(X)= ¢.

Theorem 3.11. For a subset A of a space and X,
the following statements are equivalent

(@) Aisp*gb-open

(b) A=p*gbint(A)

(€) Bpego(A)=9.

Proof: (a)—(b)Obvious from Theorem 2.14(b).
(b)—(c). Suppose that A=p*gbint(A). Then by
Definition, Bp~gp(A)= p*gbint(A)\p*gbint(A)=¢
(c)—(a). Let Bp«gp(A)=¢. Then by Definition,
A\p*gbint(A)=¢ and hence A=p*gbint(A).

Theorem 3.12. Let A be a subset of X. Then,
Bprgo(A)=ANp*gbcl(X\A)

Proof:Since  Bp+g(A)=A\p*gbint(A) and since
p*gbint(A)=X\p*gbcl(X\A),
Bp+gb(A)=A\(X\p*gbcl(X\A))

=A N (X\(X\p*gbcl(X\A))=A n p*gbcl(X\A). This
proves By«gn(A)=ANp*ghcl(X\A).

Theorem 3.13. Let A be a subset of X. Then A is
p*gb-closed if and only if Frpsg(A)ZA.

Proof: Necessity: Suppose A is p*gb-closed. Then
by Theorem 216, p*gbcl(A)=A. Now,
Frosg(A)=p*gbcl(A)\p*gbint(A)=A\p*gbint(A)c
A. Hence Fry«g(A)cA. Sufficiency: Assume that,
Frosgw(A)cA. Then p*gbcl(A)\p*gbint(A)cA.
Since p*gbint(A)cA, then we conclude that
p*gbcl(A)cA. Also Acp*gbcl(A). Therefore
p*gbcl(A)=A and hence A is p*gb-closed.

Theorem 3.14. For a subset A of X,
p*gbcl(A)=p*gbint(A)UFry«g(A).
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Proof:

Since  p*ghint(A)cp*gbcl(A) and  Frpg(A)
cp*gbcl(A), then  p*gbint(A) U  Frpg
(A)cp*gbcl(A).  Let x € p*gbcl(A). Suppose
xgFry«p(A). Since, then x € p*gbint(A). Hence
X € p*gbint(A) U Frpp(A) and  hence
p*gbcl(A)cp*gbint(A)UFryxgn(A).

Theorem 3.15. For a subset A of X,
p*gbint(A)NFry«gp(A)= ¢.

Proof. Suppose p*gbint(A) N Fry«gp(A)= ¢ . Let
xep*gbint(A)NFry«g(A). Then xep*gbint(A) and
XEFry+g(A), which is impossible to x belongs to
both p*gbint(A) and Frysgp(A), sinceFrp«g
(A)=p*gbcl(A)\p*gbint(A). Hence p*gbint(A) N
Frown (A)= ¢.

Theorem 3.16. For a subset A of X,
Bpran(A)=Froxgn(A).

Proof. Since Acp*gbcl(A), then A\p*gbint(A)
cp*gbcl(A)\p*gbint(A). That implies, Bpxgn(A)
gFl’p*gb(A).

4.p*gb-Exterior

Definition 4.1. Let A be a subset of a topological
space (X, t ). The p*gb-interior of X\A is called
the p*gb-exterior of A and it is denoted by
Extprgn(A). That is, EXtp«gp(A)=p*gbint(X\A).

Example 4.2. Let X= {ab,c} with t = {X, ¢,
{a}.{a,b}}. Here, the p*gb closed sets are ={X,
¢, {b}.{c}{b.c}}.
Let A={a,c}.Then Extyg(A)=p*gbint(X\A) =
p*gbint({b}) = ¢.

Theorem 4.3. For a subsets A and B of X, the

followings are valid.

(i) Extpgp(A)=X\p*gbcl(A).

(i) EXtpegn( EXtpxgn
(A))=p*gbint(p*gbcl(A))2p*gbint(A).

(iii) If ACB, then Extyxgp (B)S ExXtyegn (A).

(iv) Extpxgp (AUB)_ExXtysgo (A)NEXty=g (B).

(V) Extpgh(ANB)_ExXtygh (A)UEXty<go (B).

(Vi) Extyrgn(X)= ¢pand Extp«gr (¢p)=X.

(Vi) EXtyrgo(A)=EXtyrgn(X\EXtp=gn(A)).

Proof.
(i) We know that, X\p*gbcl(A)=p*gbint(X\A),
then Exty«go(A)=p*gbint(X\A)=X\p*gbcl(A).
(i) Now,
EXtprgh( EXtpgh(A))=ExXtprgn(p*gbint(X\A))
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=p*gbint(X\p*gbint(X\A))
=p*gbint(p*gbcl(A)) 2p*gbint(A).

(iif) Suppose A c B. Now,
Extyrgn(B)=p*gbint(X\B) < p*gbint(X\A)=Ext
pxgb(A). This proves (iii).

(iv) Extpxge(AUB)=p*gbint(X\(AUB))=p*gbint((
X\A)N(X\B)) < p*gh(X\A)Np*gbcl(X\B)=Ex
togb(A)NEXtpg (B).

(V)  ExXtprgp (ANB)=p*gbint(X\(ANB))=
p*gbint((X\A)U(X\B)) 2 p*gh(X\A)up*gbcl(
X\B)=EXtpgb(A)UEXtp<g (B).

(vi) Now, ExXtpgn(X)=p*gbint(X\X)=p*gbint(¢ )
and Extp«go( ¢p)= p*gbint(X\ ¢p)=p*gbint(X).
Since ¢ and X are p*gb-open sets, then
p*gbint( ¢ )= ¢ and p*gbint(X)=X. Hence
Extprgn( ¢)=X and Extpsg(X)= ¢b.

(vii) Now,
ExXtpxgh(X\EXty+gn(A))=EXtpegn(X\p*gbint(X\A
))=p*gbint(X\(X\p*gbint(X\A)))=p*gbint(p*
gbint(X\A)) =p*gbint(X\A)=EXtg«g(A). This
proves (vii).
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