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Abstract: The notion of B,, - metric spaces is introduced as a generalization of B, - metric spaces. In this
paper, we consider the relationships between a B,, - metric space, B,,_; metric space, and a metric space.
We show that a B,, - metric space can be generated by B,,_; - metric space. We also show that a B,,_; -

metric space, gives rise to a B,, - metric space and give some examples. We also study the relationship of
contractions of self-maps on B,, - metric space and B,,_, - metric spaces.
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I. INTRODUCTION

In 1922, [5] Banach introduced the famous
Banach contraction principle. Since then,
generalizations of the contraction principle in
different directions as well as many new fixed
point results with applications have been
established by different researchers

([1] - [4],[7] - [10], [18]).

It is a well-known fact that every Banach
contraction is continuous. In 1968, [16] Kannan
proved the following result for not necessarily
continuous mappings.

Theorem 1.1. ([15] Kannan) Let (Y,, d,) be a
complete metric space. Suppose Ty: Y, — Y, isa
mapping such that

d(Tyxo, ToYo) < Aoldo(xg, Toxo)
+ do (Yo, ToYo)} ¥V X0, Y0 € Yy

Since, then much work has been done on the
contraction mappings and their extensions
((6], [11] — [13],[16], [17], [20], [24]).

We investigate relationships between B,, - metric

spaces and B,,_,- metric spaces. It is known that
every B,_; - metric generates an B,, - metric, and
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in [21], it was given an example of an B, - metric
which is generated by a S - metric. Here, we give
a new example of an B,, - metric which is
generated by a B,,_, metric, and use this new B, -
metric in the next sections. However, we give a
counterexample of this result.

1. Preliminaries

We begin by defining some of the terms used in
this paper. Sedghi, Shobe, and Aliouche defined
an S - metric space as a generalization of a metric
space in [23] in 2014 as following criteria:

Definition 2.1. [23] Let Y, # @, and
S:Y,> — [0, ) be a function satisfying the
following criteria: V xq, ¥o, Zo, ag € Yo

(1) S(x0,¥0,20) = 0 & x5 = Yo = 2o,

(2) S(x0, Y0, 20) < S(x0, %0, ag) + S(¥o, Yo, ag) +
S(zo, 2o, ap)

Then, S is called an S - metric on Y, and the pair
(Yy,S) is called an S - metric space.

Recently, K.K.M. Sarma, Ch. Srinivasa Rao and
S. Ravi Kumar [21] have defined the concept of a

5399


mailto:drcsr41@gmail.com
mailto:sangamravi4u@gmail.com
mailto:sarmakmkandala@yahoo.in

Contractive mappings on Bn - metric spaces

B, - metric space as a generalization of a metric
space as follows:

Definition 2.3. [21] Let Y, # ¢ and B,: Y,* - R
be a function that meets the following criteria:
V X1,X2,X3,X4,09 € Y

(I) B4-(x1'x2; X3, x4) =0 X1 = Xg = X3 = X4
(ii)
B4_(X1, XZ,Xg, X4_) <

{ By (x4, %1, %1, a0) + By (x5, x5, x5, a4) }
+B4(X3, X3,X3, ao) + B, (x4, X4, X4, ao)

Then, B, is called a B, - metric on Y,, and the pair
(Y,, B,) is called a B, - metric space. Using this
definition, Convergence, Cauchy sequence, and
Completeness are successfully introduced in B, -
metric spaces.

Example 2.2. [21] Let R = Y, and define the
function B,: Y,* = R by

By(x1, x5, X3, X4)

= |x; — x3| + |x; — x3] + |x; + x5, + x5 — 34|
V X1, X2,X3,X4 € R.

Then, B, isa B, - metric on Y,,.

Example 2.3. [21] Let Y, # ¢ and define the
function B,: Y,* - R as

O, 1fx1 = xz = x3 = x4_
By(x1, X, X3,X,4) = .
1, otherwise

Then, B, is a B, - metric on Y,,.

Now we introduce the notions of limits,
convergence, Cauchy sequence, and completeness
in a B, - metric space.

Definition 2.5. [21] Let (Y,, B,) be a B, - metric
space.

(1) Convergence: A sequence {x,} in Y,
Converges to x,

if B4(x0m, X011 X0 xo) — 0asm — oo,
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That isgiven e > 03 n, € N 3,
vm > n,, B4(x0m, X0 X0p xo) <e&.
We denote this by lim,,_,, xo,, = Xo.

(2) Cauchy Sequence: A sequence {x,_} in Y, is
called a Cauchy Sequence if

B, (xoml,xoml,xoml,xomz) - 0asmy,m, = oo.
That is, givene > 0,3n, E N3,V m;,m, > n,,

B, (xoml,xoml,xoml,xomz) <eg

(3) Completeness: A B, - metric space (Y, B,) is
called Complete if every Cauchy Sequence in Y; is
convergent to a point x, € Y.

We now prove a few lemmas, which we use in our
further development.

Lemma 2.3. [21] Let (Y;, B,) be a B,-metric
space, V x4, Vo € Y,. Then,
B4 (xg, X0, X0, ¥0) = B4(¥o, Yo, Yo, Xo)

Lemma 2.4. [21] x, , = X &
B4(x0,x0,x0,x0m) -0 asm — o

The following Lemma shows that a convergent
sequence has only one limit.

Lemma 2.5. [21] xo,, = X0, Xo,, = Yo
= Xo = Yo-

Lemma 2.6. [21] xo,, — xo

= {x,,} is a Cauchy Sequence.

In the following Lemma, we show that an S -
metric gives rise to a B,-metric.

Lemma 2.7. [21] Let (Y, S) be an S - metric
space and define the function Bs: Y,* — R by
BS(xO' Yo, Zo, tO) = S(yO'ZO' tO) + S(xOﬂZO' tO) +
S(x0, Y0, to) S(x0, Y0, Z0), ¥V X0, Y0, Zo, to € Yo.

Then By is a B,-metric on Y,,.

We call B as the B, - metric generated by S.

5400



Contractive mappings on Bn - metric spaces

Definition 2.6. [21] Let Y, # ¢, and 1, > 1.
Suppose S: Y,*> — R be a function meeting the
criteria below: V x,, vy, 29, a9 € Y,

(1) S(x0,¥0,20) = 0 & x5 =Yy = 2

(2) S(x0, 0, 20) < 20(S(xo, %0, @) +
$10,0,a+S20,20,a

Then, S is called a S - metric on Y, and the pair
(Yy,S) is called a S - metric space with index A,

Note: If 1, = 1 we get the usual S - metric space
(by definition 1)

Lemma 2.8. [21] Let (Yy, B,) be any B, - metric
space. Define S,: ¥,*> = R as follows:

Sy (X0, Yo, Zo) =

B4(x0, X0, Y0, Z0) + B4(X0, 9o, 9o, Z0) +

B4(x0, 9o, 20, Zo) V X0, Y0, 20 € Yo

Then (Y,,S,) isa S - metric space with index 2.
('S, is called S - metric space with index 2)

I11. Main Result

Notation: R stands for the set of real numbers,
and N stands for a set of positive integers. Now we
introduce the notion of B, - metric spaces.
Suppose n is a positive integer and n > 4.

Definition 3.1. Let Y, # ¢ and B,,: Y, —» R be a
function satisfying the following conditions:
VX1, X2, ey X, g € Yy

(i) Bn(xl,xZ, ...,xn) = O [=—1 xl = xz — e — xn

(") Bn(xly xZJ ---;xn) < Bn(xl: xll "'lel aO) +
B (X5, X5, ey X5, a0) + - + B (X, X, ooy Xy Q)

Then, B, is called a B,, - metric on Y, and the pair
(Yy, B,,) is called a B,, - metric space. Clearly, this
definition extends a B, - metric space to B,, -
metric space for n > 4.

The following two examples give an insight into
the concept of B,, - metric spaces.
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Example 3.1. Let Y, = R and n be a positive

integer, n > 4. Define the function B,: Y™ - R

by

B, (x4, %5, e, Xp) =

{ Ity = xn—q | + |z = 2xpg | + -+ + }
I%n—2 = Xpq| + |1 + x5 + -+ 21 — (n— D)xy]

Y X4, X3, .., X, € R.Then, B, isa B,, - metric on Y,

Example 3.2. Let Y, # ¢,n > 4 and define the
function B,,: Y," - R. Then, B, isa B, - metric
onY,.

0,ifx; =x, = =x,
1, otherwise

) =1

B, (x4, x5, ...

Observation: The S - metric space mentioned in
[2] is nothing but a B; - metric space (n = 3).

Definition 3.2. Let (Y,, B,,) be a B,, - metric space.

Now, we introduce the notions of Convergence,
Cauchy sequence, and completeness.

Convergence: A sequence {xom} in Y, converges
to x,

If By (X0, X0,y -+ » X0,y 1 X0) = 0 @S M > 0

(n—1) times
Thatis, givene > 03n, EN3V m > n,,

B (X0, X0, 40 X0,y 1 %X0) < E.

(n—1) times

We denote this by lim,_,e xo,, = Xo.

Cauchy sequence: A sequence {x,_}inY; is
called a Cauchy sequence if
Bn(xok,xok, ...,xok,xom) —»0askm-o o

(n—1) times

Thatis, givene > 0,3n, EN3V k,m > n,,

B (%04 Xogr 1 Xog » X0,) < €

(n—1) times

Completeness: A B,, - metric space (Y, By,) is
called complete if every Cauchy sequence in 'Y, is
convergent to a point x, € Y;.
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We now prove a few lemmas, which we use in our
further development.

Lemma 3.1. Let (Y,, B,,) be a B,, - metric space.

Then Bn(xl, xl, ...,xl, x2) = Bn(xZ, xZ, ...,xz, xl),

Proof. Suppose (Y;, B,,) is a B,, - metric space.
By definition 2, replacing a by x, we get,

B, (x4, %1, ) X1,X3)

< Bp (x4, %4, o, X1, %1) + By (X1, X1, v, X1, X1)
+B,, (X1, X1, oo, X1, %1) + By (3, X5, ..., X2, X1)

= Bn(xl,xl, ...,xl,xz) < 0+04+0+
B4_(.X2,.X2, ...,xz,xl)

= Bn(xl, xl, ...,xl, xz) < Bn(xz,xz, ...,xz, xl)
Similarly,
B, (x5, %5, ..., X3, x1) < By (x4, %1, ..., X1, X3)

From (1.1) and (1.2),
B, (x4, %1, .., X1,%X2) = By (X3, X5, .., X2, X1).

Lemma3.2. x,, = Xy &
Bn(xo,xo, ...,xo,xom) = 0asm — oo.
Lemma3.3. xq,, = Xo, Xo,, = Yo = Xo = Yo-

Lemma3.4. x, - xo = {x,,} isaCauchy
sequence.

Notation: Supposen > 5and B,,_; isa B,,_; -
metric on Yj,.

Thatis B,_,:Y,""* = R isa B,_; - metric.
We denote B,,_; - metric by K - metric.

Ifn=4,B,_, = Bs;isa$ - metric.

In the following Lemma, we show that a K -
metric gives rise to a B,, - metric.

Lemma 3.5. Supposen > 4. Let K bea
B,,_; - metricon Y,.
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Define the function B,: Y," — R by

B, (x1,%5, ..., x) = K(x3, %3, ..., x,) +
K(x1, X5 e, X)) + -+ K(xq, X5 oo, Xpq),
V Xq1,X3, ..., X, €Y.

Then B, isa B, - metricon Y.

Definition 3.3. Let Y, # 0,4, > 1 and let
B,:Y," — R be a function satisfying the following
conditions: Vxy, x5, ..., Xp, @y € Yy

() By (%1, X5, e, X)) =0 © X1 = x5 = -+ = X,
(i)
B, (x4, %5, ..., Xp) <

(

Bu| x1, %1, ., Xpn, a0 | + By | X2,%5, ..., X2,00

—_———— —_—————
(n—1) times (n—1) times
Ao 9
++ By XXy s X, Qo
—_——
\ (n—1) times

Then, B, is called B,, - metric with index A4, on Y,
and the pair (Y, B,,) is called a B,, - metric space
with index 4,.

Note: If 1, = 1 we get the usual B,, - metric space
(by definition 2).

Now we show that every B,, - metric gives rise to
a B,,_; - metric with index (n — 2).

Lemma 3.6. Let (Y,, B,) be any B,, - metric space.
Define K,: Y," ' — R as follows:

Ky (xq, %5 oo, Xp_q1)

B (%61, %1, %5, ey, Xn—q) + By (X1, %5, X5 oo, Xp2q)

= _.|_ e _.|_

Bn (xlﬂ X2y ey Xn—1, xn—l)
Vxl, x2 ...,xn_l E Yo. Then (Yo, Kb) iS a Bn—l =
metric space with index (n — 2). (K, is called K, -
metric space with index (n — 2) induced by B,,).
Proof. Suppose (Y,, B,) is a B, - metric space.
NOW K(xl, xz . xn_l) == 0

S B, (x4, %1, X5, ey Xp_1)
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+B—n_(xl, xZ, xZ ...,xn_l) + +
Bn(xl, X2y iy Xn—1» Xn_l) =0
(—4 Bn(xl, xl, XZ, ...,Xn_l) = O

B, (%1, %5, X5 o, Xp_1)
= O, ey Bn(xl, x2, ...,xn_l, xn_l)
=0

S X=Xy == Xpog
Now we show that K, (x4, x5, ..., Xp—1)

( )

Ky| x4, x4, o, X1, 04
N ————

(n—Z) times

<<s(m=2)1 +k,| % x5 0, x5, q ’
~—————
(n—Z) times
+ cee +
Ky (1, X1y e Xpq , @)
e —
\ (n—2) times J
YV X1,X2, .., Xn_1,Qy € Y.

Ky (x4, %5 o, Xp_q)

B (xy, %1, %2, ., Xp—1)
+B,, (%1, X2, X3 e, Xp_1)
+ .o +
By (%1, X2, we) X1, Xp—1)

( B, (x1, X1, X1, ..., X1, Ag) )
+B,, (%1, X1, X1, ..., X1, Ag)
+B,, (x5, X5, X5, vy X3, Ag)
+B, (Xn—1, Xn_1, Xn_1, ) Xn_1, @o)
+B,,(x1, X1, X1, o) X1, Ag)
+B,, (x5, X5, X5, ..., Xz, Q)
+B,, (x5, X5, X5, v, X3, Ag) T
+By, (Xn_1, Xn_1, Xn_1, =) Xn_1, @g)
+B,,(x1, X1, X1, o) X1, Q)
+B,, (x5, X5, X5, ..., Xz, Q)
+ .o +
By (Xn—1,Xn—1, Xn—1, -+, Xn_1, ao)
\+Bp, (Xn-1, Xn_1, Xn_1, ) Xn_1, )/

IA
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B, (x1,%1,%X5, ey Xp_1)
+B, (X1, X2, X5 o)y Xp—1)
+ cee +
Bn(xn—lrxn—lrxn—l ---:xn—l)

IA

It can be easily shown that

Kb(lele vy Xq, a) + Kb(XZJ X2y s X2, a) + e+
Ky (X1, Xp—q eve) Xp_1, @)

( A
By | x4,%1, -, X1, Qg
P —
(n—1) times

+Bn (xZ, X2, ey X2, a0>
i ——
(n—1) times

+ . F
Bn (xn—li Xn—1) ) Xn—1, aO)
=(n—2)¥¢ (n—1) times \
+Bn (xl, X1y ey X1, a())
N—— ——
(n—1) times
+B, (xz, X3, wer X, a0>
N—— ———
(n—1) times

+ e+

By (Xn-1,Xn—1, -, Xn-1,ao)
(n—1) times

From (6.2) and (6.3) we get,

n(Bp (xq, X1, ..., X1, Ag)

)
+B,, (x5, X3, ..., X2, Ag) }
+ cee + }

Bn(Xn—1, Xn_1 ) Xn—1, ao))

(
Kb (xl; X3, ...,Xn_l) = {
\

B, (x4, %1, v, X1, @)
+B, (x5, x5, ..., X3, ag)
+ “ee _.|_
B, (xp—1,Xp_1 ) Xn_1,a0)

N
S

Bn(xllxll "'lxll a)
+B, (x5, X5, 0, X2, Ag)
+ e +
(n—2) B, (Xp_1,Xp_1 ) Xn_1,a0)
+Bn(x1:x1: "'lxll a)
+B, (x5, X5, v, X2, Ag)
By (Xn-1,Xn_1 ) Xn_1, Qo)

< (n—2)4

~—
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(n—2) ( B, (xy, %1, o, X1, Q) )

+B,(xq, %1, .., X1, 0ap)

B, (x3,%5, ..., X5, Q)
+(n—-2 ( n )
( ) +B, (x5, x5, o, X3, a0)

B, (Xp—1,Xn—1, - Xn-1,Q
(Tl—Z)( n(nl n-1 n—-1 0))
+Bn(xn—1:xn—1 o Xn—1, aO)

=Mn-2)

Ky (x4, %4, 0, Xq, @)
+Ky, (x5, X3, ..., X2, aQg)
Ky (Xpn_1,Xn_1 ) Xn_1, Qo)

=(n-2)

Hence K,, is a B,,_, - metric on Y, with index
(n—2).

Definition 3.4. This K, is called the B,,_; - metric
on Y, induced by B,, - metric B,, and K, has index
(n—2)

Example 3.3. Let Y, # ¢, u > 0 and define the
function B,,:Y," - R as

0,ifx; =x, =+ =x,

B, (x{,%,,.. .
n (1, 2 u, otherwise

) Xp) = {
Then (Y,, B,,) is a B,, - metric space with index

(n—-1).

Definition 3.5: Suppose u > 0 and (Y, B,,) is a
B,, - metric space. T,: Y, — Y, is called a
contraction with contraction constant y, if

By (Tox1, ToXz, wv) ToXn) < ph Bp (X1, X3, -ov, X)),
VX1, X2, e, Xp € Y.

IV. Relation between B,, Contractions and

K = B,,_; Contractions

Theorem 4.1. Suppose Ty: Yy — Yy is a
contraction with contraction constant ¢ on

(Yy, B,), and K,, is the induced B,,_, - metric on Y,
induced by B,,. Then T, is a K}, - contraction on Y,
with contraction constant p.

Proof. Suppose x4, x5, ..., Xp_1 € Y.
Then, by definition,
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Ky (Toxy1, Toxz, -, ToXn_1)
B, (Tyxy, Toxq, ToXp, ooy ToXp_1)
+B,,(Tox1, Toxs, ToXy, oo, ToXp—1)
By, (Tox1, ToX2, v, ToXpn—1, ToXn-1)

B, (%1, %1, X5, e, X_1)
+B,, (X1, X5, X2, o) Xp_1)
Bn(xl, x2, ...,xn_l, xn_l)

<u

=uKp(xq, x5, 00, Xn_q)

Therefore T, is a contraction with respect to K,
with contraction constant u.

Now we establish some relations between B,
contractions and K contractions

Theorem 4.2. Let (Y,, B,) be a B,, - metric space.
Define K:Y,"~! - R by

By, (%1, %1, %5, e, X_1)
+B,(xq, %5, X5, 0, Xp_1)
Bn(xlfxzf"-'xn—lfxn—l)

K(xq1,%5, oy Xp_1)=

VX1, X5, o, Xn_1 € Yy, (Dy definition 05)

(i.e., K is the B,_; - metric on Y, induced by B,, )

Suppose
B, (Toxq, Toxy, ..., Toxy) <
( )
B, | Toxq1, Toxq, .o, Tox1,%x1 |,
(n—1) times
max « >
B | Toxa, Toxy, ooy Tox, x5 |,
(n—1) times
s Ba(Toxy, Toxp, o, ToXn , Xn)
\ (n—1)t times J

VX1, X0, e, Xn €Yy

(T, is called a generalized contraction on (Y, B,,)
if it satisfies (2.1)) Further suppose,
B, (Tyxy, Toxyq, .., Toxq, X1)

< By (Toxq, Toxq, -, Tox1,%1,%1), VX € Y.

(n—2) times

5404



Contractive mappings on Bn - metric spaces

Then

K(Toxq, Toxz, oy ToXp_1) <

K(Tyxy, Toxq, ..., Toxq, X1),
K(Tyx4, Toxo, ..., Togxs, X3)

) ey

K(Toxpn-1, ToXn—1, ) ToXn_1,Xn_1)

max

VX1, X5, 0, Xn_1 €Y
(i.e., Ty is a generalized contractions w.r.t K )
Proof. Suppose B,,(Tyx1, ToXx3, ..., ToXy)

BTl (Toxl, Toxl, ey Toxl, Xl),

< max B, (Tox3, ToXa, .., ToXz, X3)

)

B, (Tyx,, ’I’"O.;c.n, ey ToXp)
VX1, Xy, ..., Xp €Y
Then we show that
K(Toxy,Toxs, -, ToXp—1)

K(Tyxq, Toxq, .., ToXq, X1),
K(Tyx,,Toxy, ..., ToXxy, Xp),

e K(Toxy,_ ToXa, v ToXo,_,)

< max

YV Xq,X3, ..., Xn_1 €Y.

L.H.S: K(Tyxy, Toxy, oo, ToXp—1)
B (Tox1, Toxq, ToXz, v ToXn-1)
=13 +B,(Tox1, Toxz, ToXz, ooy ToXn—1)
+B,, (Toxy, ToXz, -+, ToXn-1, ToXn—1)

Now, B, (Tox1, Tox1, ToXz, -r) ToXn-1) <
( By, (Toxy, Tox1, ToXq, ..., ToXq, X1), \
I B, (Toxy, Tox1, ToXyq, ..., ToXq, X1), I
max{ B, (Toxz, Toxz, Toxa, ..., ToXz, X3), ¥
e [
an (ToXn—1, ToXn-1, ToXn—1, -+, ToXn_1, xn—1)J

= Bn(Toxl, Toxl, Toxl, . Toxl, xl) (Say)

B, (Tyx1, Toxy, ToXp, wooy ToXp—q1) <
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( B, (Toxy, Toxq, Toxq, o) ToXq1, X1), \
I B, (Tox3, Toxo, Toxa, .., ToXa, X2), I
max{ B, (Tyx5, Tox,, ToXy, ..., ToXy, X5) ¥
| |

e
an (Toxn-1, ToXn-1, ToXn—1, ) ToXn—1, Xn—1)

= BTl (Toxl, Toxl, Toxl, ey Toxl, xl) (Say)

By, (Toxy, ToX2, v, ToXn—1, ToXn_1)<

( B, (Toxy, Toxy, ToXq, v, ToX1, X1), \
| By (Toxy, Toxa, ToXa, vr) ToXa, X2, |
max{ . 5
I Bn(Toxn—l' Toxn—l' Toxn—l' ] TOxn—l' xn—l); I
an (Toxn—li Toxn—l' Toxn—l' e TOxn—l' xn—l)}

= BTl (Toxl, Toxl, Toxl, ey Toxl, xl) (Say)
Also, (a,)
K(Toxl, Toxl, ey Toxl, xl)

B,,(Toxq, Toxy, .., ToXq, X1)
+B,(Toxy, Toxq, - ToXx1, X1)
+ e +
B, (Toxy, Toxy, ..., X1, %1)

(ay) K(Toxy, Toxy, ..., ToXa, X2)

B,,(Tyx,, Toxy, ..., Toxy, x5)
+B,(Tox3, ToXg, v, ToX2, X3)
_.|_ cee _.|_

B, (Tox,, Toxy, ...\, X5, X5)

(ap-1)K <Toxn—1: ToXp-1, -, ToXn-1 'xn—1>

(n—2) times

( h
B, <Toxn—1' Toxp-1, ., ToXn-1, xn—1>

(n—1) times

g

=4{+Bx <Toxn—1' Toxp-1, -, ToXn—1 'xn—1>
(n—1) times
+ cen +
B (Toxn-1, ToXn-1, -, ToXn-1,%n-1)
\ (n—1) times J
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And
B, (Tox1, Toxy, ..., Tox1,x1) <
K(Tox1, ToX1, o) X1),

L.H.S: K(Toxq, ToX1, ) Xp—1)
( B, (Toxq1, Toxy, oo, ToX1, X1) )
+B,, (Tox1, Toxq, ..., ToXq1, X1)
+ cee +

<9 ;
Bn\ Toxn—1,ToXn-1, -, ToXn—1,Xn-1

(n—1) times

\ +B, (Tox1, ToXy, -, ToX1, X1) J

< Bn(Toxl, Toxl, ey Toxl, Xl)
+ B‘i’l (Toxl, Toxl, ey Toxl, Xl)

= K(Toxl, Toxl, ...,T0x1 ,xl)

(n—2) times

K(Tyxq, Toxq, ..\ X1),

< max K(Tyx,, Toxy, .\ X3),

")

K(Toxp_1, ToXp—1, es» Xn—1)
Therefore, K(Tyxq, ToXx3, .., ToXp—1)

K(Toxl, TOxll ey xl)l

< max K(Toxy, Toxy, o\ X3),

")

K(Toxp_1, ToXp_1, euer Xn—1)

Thus T, is a generalized contraction with respect
to the B,,_, - metric K.

Theorem 4.3. Let (Y,, B,,) be a B,,-metric space.
Define K:Y," ' — R by

By (%1, %1, X2, we), Xp—1)
+Bp, (X1, X3, X3 ey Xp—1)
+ e +
Bn (xli X2y ey Xn—1) xn—l)

K(xl, xZ ey xn_l) =

YV X1, X5 ..., Xp—1 € Yy. SUppoSe
Bn(xl, xl, xZ, ...,xn_l) = Bn(xl, xz, xz, ...,xn_l)

= Bn(xlle' ""xn—lixn—l) = (C) (Say)v
VX,Xy e, Xn_1 EY.
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Suppose Ty: Y, — Y, satisfies that

B, (Toxy, Tox, ) ToXpn—1, Toxpn) <

( B, (Toxy, Toxq, o, ToX1, X1), \

| By (Toxz, Toxa, ToXz oor) ToXz, X2) |

max $
I Bn(TOxn—l' TOxn—l' Toxn—l' e TOxn—l' xn—l); I

By (Toxpn, ToXn, ToXn, - ToXn, Xpn) }

V Xq,X3 o) Xpn_1,Xn € Y.
Further, suppose

BTl (Toxl, Toxl, ey Toxl, xl)
< Bn(Toxy, Toxy, o) X1, X1),

Vxi €Yy

Then
K(Tyxq, Toxs, oo, ToXp_q) <
( K(xq, %2 vy Xp_1), \
I K(Tyxq, Toxq, .., ToXq, X1), I
max{ K(Tyx,,Toxy, ..., Toxo, X3) I}
)

) ey
)

|
kK(Toxn_l,Toxn_ ey ToXn—1,Xn-1)
V Xq,X5 e, Xp_1 €Yy

(In other words, K is also a generalized
contraction that satisfies a condition similar to

(3.1)

Proof. L.H.S: K(Tyxy, Toxy, ..., ToXp_1) =
B, (Tyxy, Toxy, ToXs, .o, ToXp_1),
+B,, (Tox1, ToXz, ToXz, ooy ToXn—1)
+ ee +
By, (Toxy, ToXz, ) ToXn-1, ToXn_1)

Now
(a1) K(x1,%3, ) Xp_1) =
B, (%1, %1, %5, ey Xp_1)
+B,,(x1, X2, %5, ey Xp_1)
+ s +
Bn (xli X2, LR xn—li xn—l)

= (-1

(a)K(Toxq, Toxy, -.r ToX1, X1)
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B, (Tox1, Toxy, ..., Tox1, X1)
= +Bn(T0x1, Toxl, ...,Toxl, xl)
+B, (Tox1, ToXq, n) X1, X1)

> (Tl - 1)Bn(T0x1, Toxl, eny Toxl, xl)
(a3) K(Tyxz, Toxy, ..., Toxo, X3)

B, (Tox5, Toxy, ..., ToX, X3)
= +Bn(T0X2, T0X2, ...,Toxz,xZ)
+B,, (Toxz, ToXz, e\ X2, X3)

> (n - 1)Bn(T0x2, Toxz, ...,Toxz, XZ)

(an-1)K(ToXn-1, ToXn—1, -, ToXn—1, Xn—1)

By (Txp—1, TXp—1, oo, TXp—1, Xpn—1)
+ B (Txp_1, TXp—1, oo, TXp—1, Xpn—1)
+ .o +
B, (Txp—1, TXp—1, oo, TXp—1, Xn—1)

> —1)B,(Txp_1, TxXp_1, o, TXp_1, Xn_1)
(by(4.2))
Also B, (Toxy, Toxy, ToXo, vy Toxp_1) <
( B, (Tox1, Toxy, oo, ToX1, X1), \
I B,,(Toxy, Toxy, .., ToXxq, X1), I
max{ B,,(Tyx,, Toxy, ..., Toxy, X5) ¥
| |
\ )

) )

Bn (Toxn_p TOxn—ll e Toxn—ll xn—l)

By, (Toxy, Toxz, ToXz, ) ToXn—_1)
B, (Tyx1, Toxy, ..., Toxq,X1),
B, (Tox5, Toxy, ..., ToXz, X3), }
B, (Tyx5, Toxy, .., ToXo, X5),

By (Toxn-1, ToXp—1, > ToXn—1, Xn—1)

< max{

B, (Tox1, Tox2, oo, ToXpn—1, ToXn—1),
B, (Tox1, Toxq, -, ToXq, X1),
< max B, (Tox5, ToXy, .oy ToXxz, X3),

Bn(Toxn—1, ToXn—1, ) ToXn—1, Xn—1),
B (Toxn-1, ToXn—1, -, ToXn—1, Xn—1)

By hypothesis, B, (Toxq, Toxq1, ToXz, o) ToXpn—1)
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== Bn(TOxl, Toxz, Toxz, ...,Toxn_l)
== BTl (Toxl, Toxz, ey Toxn_l, Toxn_l).

Without loss of generality, we may assume that

B, (Toxy, Toxy, ..., Tox1, X1),
B, (Tox5, Tox4, ..., ToX2, X3)

-
B, (Toxpn—1,ToXp—1, -, ToXn—1, Xn—1)

= Bn(TOxl, Toxl, ey Toxl, xl)

Then B, (Tyx1, Toxy, ToXg, v ToXp—1)
< max{(C), By (Tyx1, Tox1, ..., ToX1,%1)}

B, (Tox1, Tox5, ToXxz, o), ToXn_1)
<max{(C), B,(Tox, Tox, ..., ToX2, X2)}

B, (Tox1, Tox3, o, ToXn-1,ToXn_1)
< max{(C), By (ToXpn-1,ToXn—1, » ToXn—1, Xn-1)}

LHS = K(Toxl, Toxz, ...,Toxn_l)

( )
B, <Tox1, Toxq, ., Toxq, x1>

(n—1) times

.y +B, <Tox2,Tox2, vy ToXy ,x2>

(n—1) times

Bn Toxn—li Toxn—lf e Toxn—l » Xn-1
\ J

(n—1) times

v~

< (n - 1)maX{(C), Bn(TO'xll TOxlﬁ ey TOxlﬁ xl)}
=max {(n — 1)(C), (n — 1)B,(Tyx1, ToXq, -, Toxq, %1)}

K(Tx1,Txy, oo, TXp_1),
K(Txy,Txq, ..., Txq1,%71),

( B
| |

< max{ K(Txy,Txy, ..., Txy,x5) 5
| |

)

kK(Txn_l, TxXp_1, ey TXp—q,Xp_1)
= R.H.S

Therefore, K(Tyxq, ToXs, .., ToXp_1) <
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( K(xq, x5 oy Xn—1), )

K (Toxp Toxq, .., ToXq, x1> )

(n—2) times

max <
K| Tox,, Toxa, ..., Toxy, X5

(n—2) times
) aeny

K(Toxn—1, Toxn—1, -, ToXn-1, Xn-1)
\ (n—2) times J

~—

Vxl, Xz ...,Xn_l € YO

Theorem 4.4. Let (Y,, B,,) be a B,,-metric space.

Define K:Y," " — R by

K(xq,%5 oo, Xp_q1) =
B, (x4, %1, X5, ey, Xn_1)
+B,, (%1, X0, X5 euey Xp—1)
+B,, (X1, X0, ey Xp—1, Xn—1)

V Xq1,X3 .o, Xn_q1 €Y.

Suppose B,,(x1, %1, X3, ey Xp_1)

= B, (X1, X2, X2, ee)) Xp_1)

= Bn (X1, X1, o) X1, Xp—1)

= (C)(say )(4.1)

and suppose Ty: Yy — Y, satisfies that
Bn(Toxy, Toxz, .., ToXn—1, ToXn)

( Bn(xll x2; ---lxn—ll xn)l \

By (Tox1, ToXxs, -y X1, X1), |

< max{ By (Toxz, ToXz, -vv» X2, X2) }
|

| Bn(ToXn—1, ToXn—1 - Xn—1, Xn—1),
Bn (Toxn' Toxn' e X, xn)
VX,X0 e, Xn—1,Xn €Yy (4.2)

Further, suppose

B, (Txy,Txq, ..., X1,%1) <
Bn(Txl, Txl, ey Txl, xl) =
(D) (say) Vx, €Y (4.2). Then

Eur. Chem. Bull. 2023,12(5), 5399-5412
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K(Txy,Tx,,...,Txy_1)
( K(xq, %5, oy Xp_1), )
K(Txy, Txq, ..., X1), }
K(Tx,, Txy, ..., X5)
k, iy K(Txp—q, TXp—1, ...,xn_l))
V Xq,X3, ... Xp_1 E Y.

< max{

Proof. L.H.S: K(Tyxq, Tox3, ..., ToXp_1) =
B, (Toxy, Toxy, ToXz, -+, ToXn-1)
+B,, (Tox1, Toxz, ToXz, ooy ToXp—1)
By, (Tox1, ToX2, v s ToXpn—1, ToXn-1)

(al)K(x1,x2 ...,xn—1)
Bn(x1;x1:x2' . Xn_1)
— +Bn(x1,x2,x2 ...,xn_1)
+ -+ By (x4, X5, oo, X1, Xpn—1)

= (n—1)(C)(by (4.1))
(a)K (Toxy, ToXy, ..\ X1)

B,,(Toxy, Toxy, .., ToXq,X1)
= +Bn(T0x1, Toxl, ...,Toxl,xl)
+ By, (Toxq, ToXq, e X1, X1)

> (n — 1)By(Tox1, ToXy, ..., Tox1, x1) (by(4.2))
(a3)K(Tyxz, ToXs, oo\ Xp)

B,,(Tyx,, Toxs, ..., ToX, X3)
= +Bn(T0x2,T0x2, ...,Toxz,xZ)
+ B, (Tox,, ToXz, vy X2, X3)

> (n— 1)B,(Tyxy, Toxy, ..., ToXo, x5) (by(4.2))
(an- 1)K (Toxp_1, ToXn_1, ) Xp—1)

By (Toxn—1, ToXn-1, - ToXn—1, Xn—-1)
=4 +B, (Toxn_1, ToXn_1, -, ToXn_1, Xn—1)
+Bn (ToxXn—1, ToXn-1, -+» ToXn—_1, Xn_1)

> (Tl - 1)Bn(T0xn_1, Toxn_l, Ty Toxn_l, xn_l)
(by(4.2))

Also B, (Toxy, Tox1, ToXg, ooy ToXn—1)
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( Bn(ToxpToxp ""xlixl)' \ ( K(xl)xZJ "')xn—l)r )
I B, (Toxy, ToXq, ) X1, X1), I K(Toxy, Toxy, ..., ToXq, X1),
< max{ B, (Tox5, Toxs, .o\ X3, X3) & < max 9 K(Tyx,, Toxy, ..., ToXo, X3) g
| ) | R
an (ToXp—1, ToXp—1, «+e» Xn—1, xn_l)) \K (ToXp—1, ToXp—1, > ToXp—1, Xn—1)/
= Bn(Toxl,Toxl, ...,xl,xl) (SaY) ( K(XIJXZJ ---:xn—l)y )
K(Tyxq, Toxq, ..., ToXq1, X1),
B, (Toxy, ToX2, ToXz, o) ToXn—1) < max { K(Tyx,, Toxy, ..., Toxo, X3) r

) ey

Bn (TOX1’ TOXl’ e xl’ X1), \K(Toxn_l, Toxn_1 ey Toxn_l, xn_l)J

B, (Toxy, Toxy, ...y X3, X3),
< max{ n( 0t2, 4042 2 2) }
Bn(TOXZi T0x2' e X2, Xz), e ( K(x1: X2y ey xn—l)r )
Bn(Toxn—1, ToXn—1, ) ToXn_1, xn—l)) K(Tox1, Toxy, .., ToX1, X1),
< max < K(Toxz,Toxz,...,TOxz,xz) ;

= Bn(Toxl, Toxl, ey X1, xl)( Say)

) neey

\K (ToXp—1, ToXp—1, > ToXn—1, Xn_1)/

B, (Tox1, ToXz, e, ToXn—1, ToXn—1)

B, (Toxy, ToXy, ) X1, X1), K (Tox1, ToXy, e, %1)

)

|
B (Toxa, ToXa, -, Xa, X2) ¥ > (n — 1)B, (Toxy, Toxy, .., ToXy, %) from (D)
Bn (Toxn—lf Toxn—b v Xn—1) xn—l)l I

) = (n - 1)Bn(T0x1, Toxl, ...,Toxl,xl)
Bn (Toxn—lf Toxn—b v Xn—1) xn—l)

(
|
< max{
'k
Therefore if max{(C), B,,(Toxy, Toxq, ..., Tox1,%1)}
= B, (Tox1, ToXq, ..., Xq,%1)( s2Y )
= Bn (Toxl, Toxl, ey Toxl, xl)
B, (Toxq, Toxy, ToXs, vy ToXp—1)

< max{(C), By (Toxy, Toxq, ..., X1, %1)} B, (Tox1, Toxy, ToXg, ooy ToXp—1)
Then,{ +B,(Toxy, Toxo, Toxa, oo, ToXp—1)
Bn(TOxl’ TOxZ’ TOxZ’ e Toxn_l) +Bn (Toxl, Toxz, ey Toxn_l, Toxn_l)

< max{(C), By (Toxy, Tox1, ..., X1, %1)}
< (n— 1B, (Toxq, Toxy, - ToX1, X1)

Therefore,
Bn(Toxl, Toxl, Toxz, ey Toxn_l) < K(T0x1J Toxl’ . ’xl) <
+By (Tox1, ToX2, ToX, vy ToXn-1) ( K(xq, x5, ey Xp_1), \
+B, (Toxy, Toxa, -, ToXn—1, ToXn-1) I K(Tyxy, Toxq, ..., ToXxq, X1), I
max{ K(Tyx,, Toxs, ..., Toxo, X }
< (-1 (Toxz, Tox, 0%X2,X2) |

) meny
)

|
(if max{(C), By (Toxy, Toxs, ., x1,%1)} = (C)) \K (T, Tostn1 s ToXn-1, X))

< (n—1)(CO)(if max{(C), B, (Tyx1, ToX1, -, X1, %1)}

= (C) < K(Tyxy, Toxy, o, Toxp_1) <
( K(xlﬂxZ""'xn—l)' \
= K(Tyx1, ToXp, oo ToXp—1) K(Tyx1, Toxq, -, ToX1, X1),
max K(Tox,, Toxy, ..., ToXy, X5)

) neny
)

kK(Toxn_l, ToXp_1, ) ToXp—_1, xn_l)J
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V X1,X2, ., Xn_1 € Yp.

Theorem 4.5. Let (Y,, B,) be a B,,-metric space.
Define K:Y," " — R by

K(xq, %5 ooy Xp_q1) =
B, (x4, %1, %2, ey, Xp—1)
+B,, (X1, X3, X3 ey Xp—1)
+ .4 !
Bn(xlf X2y s Xp—1» xn—l)

V X1,X3 e, Xn_q1 €Y.

Suppose
Bn(Toxl, Toxl, X1, Xl) < Bn(Toxl, Toxl, Toxl, Xl)
V x; €Y. (5.1)

and suppose T,: Y, — Y, satisfies that

By, (Tox1, Tox3, -or s ToXn—1, ToXp)
B, (Tox1, Toxq, X1, X1), )
< { B, (Toxz, Toxz, X3, X2), }
Bn (Toxn—lf Toxn—lf Xn-1, xn—l)'
B, (Toxy, ToXyp, Xn, Xn)

V xX1,X5 ., X €Y

Then K (Tyxq, Toxy, ..., ToXpn—1)
K(Toxy1, Toxq, ..., ToXq, X1),
K(Tyx,, Toxy, ..., Toxy, X3)

) ey

K(Toxn—li Toxn—l ey Toxn—ll xn—l)

< max

V x1,X3 e, Xp €Y

(That is T, also satisfies a condition similar to
(5.2) with respect to K )

Proof: L.H.S: K(Tyx4, Toxy, ..., ToXp_1) =
By, (Toxy, Toxy, ToXz, -y ToXn—1)
+ B, (Tox1, ToXz, ToXg, ooy ToXn—1)
+ cee +
B, (Toxy, ToX2, s ToXn—1, ToXn_1)
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(1) K(Tyxq, Toxq, -y ToX1,%1)

(n—2) times

,
By | Toxq, Toxq, ..., ToX1, X1

(n—1) times

+B, | Tox1, Toxq, o, Tox1, X1

(n—1) times
+ -4
B, (Tox1, Toxq, - ToX1, X1)
\ (n—1) times

< (Tl - 1)Bn(T0X1, Toxl, ...,xl, xl)

(ll) K (Toxz, Toxz, ...,Ton ,x2>

(n—2) times

(n—1) times

+B, <Tox2, Toxy, ..., ToX2, X5
(n—1) times

B, (Tox,, Toxy, ..., ToXo, X5)
\ (n—1) times

(i) K <Toxn_1, ToXpn—1, e ToXpn—1,Xn-1

)

(n—2) times

(
Bn <T0xn—1: Toxn—lf -

J

'

( )
By | Toxy, Toxy, ..o, ToXo, xz)

g

J

(n—1) times

(n—1) times

\ (n—1) times

Also B,

(Tox1, Tox1, ToXp o, ToXp_1)

( B, (Toxy, Toxy, ..., ToXx1, X1),

< max

| ) e
an (Toxn-1, ToXn_1

B, (Tox1, Toxq, -y X1, X1),
B, (Tyx5, ToXxp, o) X0, X3)

)

S Bn(Toxl, Toxl, ey xl, xl) (Say)

5410

yeeey Xppe1y X

)

+B, <Toxn—1: Toxp-1, -, ToXn-1, xn—1>

+ By (ToXn-1, ToXn—1, -» ToXn-1,Xn_1)

)

1)

|

N
" Toxn—l ) xn—1>

g

J
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B, (Tyx1, Toxy, ToXp, ooy ToXp_1)
B, (Toxy, ToXy, ey X1, X1),
B, (Tox5, Toxs, v\, X3, X5), }
B, (Tox5, ToXxs, ey X2, X3), o)
Bn(Tbxn—l:Tbxn—l'"-'Tbxn—ltxn—l))

<max{

= Bn(Toxl, Toxl, ey X1, xl) (Say)

B, (Tox1, Tox3, oo, ToXn—1, ToXpn—1)
( By (Tox1, ToX1, ey X1, X1), \
| B, (Tox, Toxy, «-v ) X3, X3) I
< max{ )y &
| By, (Toxn—1, ToXn—1, «o» Xn—1, Xn-1), |
an(Toxn_l, ToXn—1, ) xn_l,xn_l))
= Bn(Toxl, Toxl, ey X1, xl) (Say)
Therefore,

B, (Toxq, Toxy, ToX, vy ToXp—1)
< B, (Toxq1, Toxq, -nr X1, X71)

B, (Toxq, Toxy, Toxy, .o, ToXpn_1)
< B, (Toxq1, Toxq, -.n\, X1, %71)

B, (Tox1, Toxy, .o, ToXp—1,ToXpn—1)
< B, (Toxq1, Toxq, -.nr X1, %71)

(n— DB, (Toxy, ToXq, o.v) X1, X1)
< K(Toxy, Toxq, oo Toxq, X1)

Therefore from (5.4)
we have K(Tyxq, Toxy, ..., ToXp_1)
< (Tl - 1)Bn(T0x1, Toxl, e ,xl, xl) (from (5.5))

< K(Toxy, Toxy, ooy Toxq, x1) <

K(Tox1, Toxq, .., Tox1, X1),
K(Tyxy, Toxy, ..., ToXy, X5)

K(Toxpn—1, ToXn—1, e ToXpn—1,Xn_1)

max

Thus (5.3) is established.

V. Conclusion and future work
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We show B,,_; - metric space, gives rise toa B,, -
metric space and B,, - metric space, gives rise to a
B,,_1 - metric space with give some examples. We
also study the relationship of contractions of self-
maps on B,, - metric space and B,,_; - metric
spaces. In future we will apply a fixed point
theorem on B,,- metric spaces.
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